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A SIMPLIFIED TECHNIQUE FOR DETERMINING DEVIATION
IN THE LUNAR TRANSFER ORBIT EPHEMERIS

By Richard Reid
Langley Research Center

SUMMARY

A linear algebraic equation was derived to determine the altitude deviation
of a transfer orbit at selected anomaly angles as a function of errors in the
magnitude and direction of the transfer maneuver. The technique is applied to
both synchronous orbit and Hohmann transfer maneuvers of the lunar excursion
module from the Apollo vehicle in a circular lunar orbit. The technique requires
the pilot to make two altitude measurements with known included angles after the
orbit transfer msneuver. With precomputed constants, the altitude deviation at
any future anomaly angle may then be computed. The results indicate that the
technique would be useful for early determination of orbit deviations if accu-
rate altitude measurements can be made.

INTRODUCTION

In the Apollo mission involving manned soft landings on the moon, there are
savings in weight and complexity to separate the lunar excursion module (LEM)
from the orbiting Apollo vehicle during the orbital phase. The LEM then makes
an orbit transfer to an elliptical orbit with a low pericynthion from which it
begins a braking descent to the lunar surface. It is desirable that a technique
be developed in which the pilot monitors the transfer and determines the ephem-
eris independently of the automatic navigation system. The need for such a
technique is predicated on the fact that the transfer maneuver of the LEM may
not be performed with sufficient accuracy. Although automatic control of the
transfer maneuver may be sufficiently accurate to assure a safe transfer, the
possibility of a failure which would require manual takeover should be
considered.

When deviations in the transfer orbit are determined, there are several
procedures for making corrections. The success of any one of them will depend
on the accuracy with which the orbit deviation can be determined. A further
requirement is that the associated computations be performable in the time
available. Rather than to develop methods for all the possible correction pro-
cedures, the purpose of this report will be to present and analyze a method of
determining the deviation in pericynthion altitude with minimum computation.




The technique requires the measurement of the altitude deviation from nom-
inal at two prescribed angles of travel from the orbit transfer point. Each
pair of measurements produces a determination of altitude deviation at any future
anomaly angle. The technique is presented and analyzed for both a synchronous
orbit and Hobmann transfer maneuver of the LEM from the Apollo vehicle in an
established lunar orbit.

SYMBOIS
0
Ale) = S =
Vb_
Hro_ .
B(p) = ——1 - cos ) + cos @ - sin @ tan 7,_
K2
0
c(e) =3 =
70-
e eccentricity
g acceleration due to gravity at lunar surface
G constant defined in equation (19) for particular angle combination
H constant defined in equation (19) for particular angle combination
h altitude above lunar surface

K = rO_Vb_cos 70-

P semi-latus rectum

R remainder term in Taylor series

iy radial distance to vehicle position

Tm radius of moon

r derivative of r with respect to time

A total velocity of wvehicle

AV magnitude of orbit transfer velocity vector

a angle of AV

7 flight-path angle, defined with respect to local horizontal



) deviation from nominal

H gravitation constant, rm2g

P angular travel after orbit transfer

6 anomaly angle

) derivative of 8 with respect to time

Subscripts:

o+ condition immedliately preceding orbit transfer maneuver
O- condition immediately following orbit transfer maneuver

For synchronous orbit:

1 15° from injection point
2 30° from injection

3 45° from injection

b 60° from injection

5 750 from injection

6 9k.0ok° from injection

For Hohmann orbit:

1 30° from injection
2 60° from injection
80° from injection
120° from injection

150° from injection

() NN = W

180° from injection

Subscripts are used to indicate combinations of angles; for example, sub-
seript 126 indicates a combination of 15°, 30°, and 94.04° for the synchronous
orbit.



METHOD AND ANALYSIS

The effects of errors in magnitude and directlon of the transfer AV,
treated separately, are shown in figures 1 and 2 for the synchronous transfer
orbit and in figures 3 and 4 for the Hohmann transfer. In each case the nominal
transfer originated from an 80-nautical-mile circular orbit and had a pericyn-

thion of 50,000 feet.

The probable deviation in pericynthion altitude was determined by the use
of the Monte Carlo methed, simultaneous magnitude and direction errors being
taken into account. The results are shown as cumulative probability distribu-
tions in figures 5 and 6. Standard deviations in the thrusting maneuver were
0.5° and 5 feet per second. (The fact that the mean deviation in pericynthion
is not zero is indicative of the nonlinearity in the relationship between initial
errors and deviation in pericynthion altitude. The equations used were those of

ref. 1.)

If the aforementioned errors in the thrusting maneuver are accepted as rea-
sonable, it is apparent that determination of the orbit deviation will be nec-
essary. A method is derived in the following section whereby the deviations may
be computed manually if the altitudes at two different points along the orbit

can be measured.

Derivation of Equations

The equation of an ellipse in terms of its semi-latus rectum p, eccen-
tricity e, and true anomaly 6 1is (from ref. 2):

r=§__2—__ (l)
1 + e cos 6 .

2
or, since p = T

2
po K (2)
l + e cos 6

In terms of the anomaly at injection 90_, the radius at any later time is

r = K%y (3)
lL+e cos(eo_ + ¢)

where @ is the angular travel from injection to the point of observation.
Expansion of the cosine term gives

2
r = e (%)
1l + e cos eo_ cos @ - e sin 60_ sin @




An expression for e sin 8p. may be derived by differentiating equation (2)

to give
2
e sin 85_ = K 2(%%) (5)
HTo_ 0-
" The flight-path angle at injection is
70_ = tan'l _l_.<§_r_) (6)
ro_ 5] O-
Therefore equation (5) may be written
K2tan 7q_ n
e sin 6 = — T
0- HTo-

The substitution of equations (2) and (7) into equation (4) gives the
following:

K2/u (8)

K2 K>
1+ - ljcos ¢ - sin @ tan 7q_
BTG HTo_

r =

Multiplication of numerator and denominator of equation (8) by pro_/K2
gives
r
O-
T = (9)
——g:(l - cos @) + cos ¢ - sin @ tan 7y_
K

The deviation from nominal of r at selected angles is obtained with a
Taylor's series expansion of equation (9), second and higher order terms being

neglected.
or or or
S = e + oV + te] 10
r(o) (aro_> To- <avo_> 0- (57o-> 70- (10)

The partial derivatives in equation (10) are determined by taking the par-
tial derivative of equation (9) first with respect to o> Vo.» and then 74,

dr _ 1, rou(l - cos @)
ory_  B(9) K2B2( )




o 2r0_2u(l - cos ?)

5r To- sin o sec270 2urg_2(1 - cos @)tan 7q_
7. 52(g) K°B2(q)

where B(9) 1s the denominator of equation (9).

In the application of the technique it is assumed that the orbiting Apollo
vehicle has a well-established circular orbit (Sro_ = O). The only transfer

maneuver errors considered are in AV and «o; therefore, the resultant compo-
nents of velocity after the transfer maneuver are:

T = -AV cos a (11)
(r8),_ = (v8),, - &V sin (12)

The resultant flight-path angle is

~AV cos a
Vo = - (13)
0- (r9)0+ - AV sin o

and the resultant total velocity magnitude is

5 1/2
{(AV cos a)? + [(ré)o+ - AV sin cz] } (1k)

An error in either magnitude AV or direction o of the orbit transfer
thrusting maneuver will give an error in resultant flight-path angle 70- and

velocity magnitude V,_. Therefore, &V, and &y, of equation (10) are

determined with a Taylor's series expansion of equations (13) and (14) about
nominal AV and o as

ov, oV
5V, = (am(; )&w (-%)aa + R(BAV,5a) (15)
879- = (ZS’ )mv + <a;2'>5cc + R(3AV,5a) (16)



Equations (15) and (16) are substituted into equation (10) to obtain

_ &) (E"Q:) o
or(g) = BVO_IKAAV BAV + S 8a + R(3AV,5a)

d o
or ( 70- )aﬁv + ( 70')5@ + R(&AV,S@) (17)
oy 0- AAV da

which gives the altitude deviation at any angle as a function of the magnitude
and direction of the orbit-transfer thrusting maneuver.

Equation (17) is used to develop a technique for determining altitude devi-
ation at any angle after injection by measuring the altitude deviation at two
prior angles and using precomputed constants. Equation (17) is written for
three angles of travel ¢. By solving the system of equations to eliminate the
terms in brackets, an equation is derived for the altitude deviation at the
third angle as a function of the deviations at the first two angles:

AP JA(2)C(P3) - A(P1)A(P3)0(P2) , A(95) [,

NEAERI00a) - (o) AE)]

| B2()0(93) - A(2)A(93)C(%2) r(91) (18)
A(@1)A(22)0(22) - 2%(%,)0(1)

or (¥5) =

or or

and

where A( ) and C( ) are the partial derivatives
Vo_ 570_

particular angles.

The use of the technique would require knowing the nominal orbit in advance
and deciding the angles after injection at which measurements of altitude would
be taken. The terms in brackets in equation (18) then could be precomputed and
equation (18) would reduce to

Sr(cp3) = GBr(cpe) - H&r(q:l) (19)
with a different G and H for each angle combination used.

Evaluation of Method

To illustrate the technique, an example using a synchronous orbit transfer
from the parent vehicle in an 80-nautical-mile circular lunar orbit is presented.
Table I lists the constants necessary to establish the ephemeris of the orbit
after making two altitude measurements. In this case the pilot would measure



his altitude after 15° of travel from the orbit transfer point to obtain 6r(m1).
A similar measurement at 30° gives Sr(mg). By using Gy and Hy,y, the
altitude deviation at pericynthion is determined from:

By using appropriate constants, the altitude deviation at other points in the
orbit can be determined with these two measurements. At 45° the process is
repeated with G136: H136: and so forth. The agreement of the measured and

predicted value of altitude deviation at orbit points provides a check on the
prior measurements. The process is again repeated at 60° and 75°. When the
pilot has a correlation between measured and analytically determined deviations
he can decide whether corrections or abort procedures are necessary. The nec-
essary constants for applying the technique to a Hohmann transfer are also
listed in table I. The constants are computed in 30° increments and an example
can easily be computed.

It should be pointed out that angular travel can be closely approximated
by time rather than by a direct measurement. By using a nominal time for 150°
of travel as the point of making the altitude measurement, errors in the trans-
fer maneuver of 5 feet per second in AV and 0.5° in a result in a 0.3° error
in the point of measurement. Since the angular rate of the LEM never exceeds
0.1° per second and the rate of descent is small, use of time as the reference
would have little effect on the accuracy of the technigue.

To determine the effect of systematic errors which result from dropping
second and higher order terms in equation (10), the equations of motion in ref-
erence 1 were solved to give altitude deviations along trajectories that had
discrete injection errors. The method of this report was then applied to errors
at various angle combinations to determine the deviation in altitude at the
pericynthion. The actual altitude deviation and the various predicted devia-
tions for both synchronous and Hohmann transfers are given in tables II and IIT.

An estimate of the random error in the predicted pericynthion may be

obtained by applying the theory of the propagation of error in linear systems.
Thus,

1/2
"ar(%) = EZ(%I'(%))E + Hg(dar(q)l))z:, (20)

where O5p s and GGr(ml) are the standard deviations in the measured values
of altitude.
For practical purposes, it may be assumed that (UST(QE))2 equals

(Uﬁr(ml))e and equation (20) may be written as

8



1/2
%or(95) °5r(q>1)(G2 + 1) (21)

1/2
The values of (G2 + HE) for angle combination where the constants were
computed is given in table I. For any given value of 05r(¢l)’ the standard

deviation of altitude determination can be computed.
RESULTS AND DISCUSSION

The results shown in tables II and III indicated that the linearized equa-
tion provides a very good determination of the pericynthion altitude deviation.
It is shown that the accuracy of the determination is increased by using the
first and most recent measurements. The equation is sufficiently accurate to
determine a large deviation early in the transfer orbit and small deviations can
be predicted accurately prior to reaching the pericynthion.

Table I indicates the effect of measurement errors. Some improvement
over the values in table I can be effected by making the first measurement
earlier. The second measurement should be made as late as possible but while
sufficient time remains to calculate and perform the corrective procedures.
The time required for the calculations and corrections depends on the final mis-
sion strategy; therefore no optimization has been attempted.

In applying the technique to the lunar mission, there are several suggested
methods of obtaining altitude measurements. When the LEM and Apollo spacecrafts
are 1n close proximity, visual sightings and rendezvous radar may be used to
obtain altitude information. At other points in the orbit the landing radar,
celestial navigation, or visual sightings on the lunar surface may be used to
obtain altitude measurements.

CONCLUDING REMARKS

A linear algebraic equation was derived and studied to determine the alti-
tude deviation of a transfer orbit at selected anomaly angles as a function of
errors in the magnitude and direction of the transfer maneuver. The technique
requires two altitude measurements at known angles of travel and simple calcula-
tions that could be performed onboard the lunar excursion module are required.
Systematic errors in the technique are small and the random errors depend pri-
marily on the accuracy of the altitude measurements.

Langley Research Center,
National Aeronautics and Space Administration,
Langley Station, Hampton, Va., July 21, 196k.
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TABLE I.- CONSTANTS FOR ORBIT DETERMINATION

Angle
combination

126
136
146
156

126
136

156

G

Synchronous orbit transfer

12.798
k. 495
2.381
1.519

Hohmann transfer orbit

7.482
2.737
1.579
1.155

H

20.438
8.068
3,848
1.664

12.968
5.481
2.740
1.158

(62 + r2)t/2

24,11k
9.236
4.525
2.253

14.972
6.126
3.162
1.636
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TABLE II.- SYSTEMATIC ERRORS IN APPLYING THE TECHNIQUE

TO SYNCHRONOUS TRANSFER ORBIT

Injection errors Predicted pericynthion altitude
for - Pericynthion altitude deviation for measured deviations
deviation, ft
AV, fps|a, deg Angle combination® |Predicted error, ft

126 -1,274
136 358

5.0 0.5 2,425 16 1,277
156 2,087
126 -12,836
136 -12,821

5.0 0.5 -12,180 146 12,604
156 -12,119
126 13,918

5.0 | -o. 13,160 136 15,823

5 5 3, The 13 200
156 15,519
126 -b2o
136 -1,906

-5.0 0. -1,0 2

2 2 ,095 116 -1,808
156 -1,141

*See symbol list for angles indicated by the numbers.
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TABLE ITI.- SYSTEMATIC ERRORS IN APPLYING THE TECHNIQUE

TO HOHMANN TRANSFER ORBIT

Injection errors Predicted pericynthion altitude
for - Pericynthion altitude deviation for measured deviations
deviation, ft
AV, fps|a, deg Angle combinations|Predicted error, ft
126 -22,146
136 -21,469
5.0 -0.5 -21,360 156 _21, 291
156 -21,154
126 -24 T
0 | o. -21,366 136 -22,615
2 2 )36 . 146 -21,584
156 -21,400
126 23,574
-5.0 | -0. 21,486 136 22,686
2 2 ’ 146 21,963
156 21,516
126 2k, 780
-5.0 0. 21,k 136 23,202
2 2 496 146 22,203
156 21,630

13
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Figure 1.- Variation of altitude deviation with range angle for errors in magnitude of the synchi‘onous orbit transfer AV.
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Figure 2.- Variation of altitude deviation with range angle for errors in direction of the synchronous orbit transfer AV.



9T

§h, ft

70 x 103

AV deficit, ft/sec
60 -15

[

50

Q0

30

20

10

-10 —

AV excess, ft/sec
5

| [ [ ! | | | | | | | | | | | | | | |
0 20 L] 60 80 100 120 140 160 180 200 220 240 260 280 300 320 340 360

Range angle, ¢, deg

Figure 3.- Variation of altltude deviation with range angle for errors in magnitude of the Hohmenn orbit trensfer AV.



LT

[

a error, deg
-2.0

ft

6h,

L I I | I I l I | |
0 40 80 120 160 200 240 280 320 360

Range angle, ¢, deg

Figure U4.- Variation of altitude deviation with range angle for errors in direction of the Hohmann orbit transfer AV.



8T

20 x 103

16 |-

12

ft

’

Altitude deviation
©

12 -

~16 | | 1 J | I | | I 1 I A 1 | | J
.01 .02 .05 .10 .20 .30 .40 .50 .60 .70 .80 .90 .95 .98 .99 .998.999 .9999

Probability of altitude deviation exceeding a given value

Figure 5.- Probability distribution of altitude deviation at normal pericynthion of synchronous orbit
for injection errors with zero mean and ¢ of 0.5° in angle and 5.0 feet per second in AV.
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