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TECHNICAL MEMORANDUM X-53268 

A METHOD OF IMPLEMENTING CUTOFF CONDITIONS FOR SATUEW V LUNAR MISSIONS 
OUT OF EARTH PARKING ORBIT ASSUMING A CONTINUOUS GROUND LAUNCH WINDOW 

SUMMARY -- f (,pJ 
/' 

A method of  implementing Saturn V l una r  miss ions  from an e a r t h  park-  
i n g  o r b i t  i s  p re sen ted .  The ground launch window i s  assumed cont inuous 
over  a fou r  and one-half  hour per iod .  The i t e r a t i v e  guidance scheme 
combined wi th  a s e t  of  a u x i l i a r y  equat ions t h a t  d e f i n e  s u i t a b l e  S - I V B  
c u t o f f  cond i t ions ,  i s  t h e  approach taken .  The f o u r  i n p u t s  t o  t h e  equa- 
t i o n s  t h a t  d e f i n e  c u t o f f  condi t ions  a r e  represented  as simple t h i r d -  
degree  polynomials a s  a f u n c t i o n  of i g n i t i o n  t i m e .  

E r r o r s  a t  l una r  a r r i v a l  caused by the  s e p a r a t e  and combined e f f e c t s  
of t h e  guidance equa t ions ,  cu to f f  equat ions  and inpu t  r e p r e s e n t a t i o n s  a r e  
shown. Vehicle performance v a r i a t i o n s  and pa rk ing  o r b i t  i n j e c t i o n  e r r o r s  
a r e  included a s  p e r t u r b a t i o n s .  

Appendix I e x p l a i n s  how aim vec tors  were computed f o r  t he  cu to f f  
e q u a t i o n s .  Appendix I1 p r e s e n t s  a l l  guidance equa t ions  and r e l a t e d  imple- 
mentat ion procedures .  Appendix I11 g ives  t h e  d e r i v a t i o n  of t he  a u x i l i a r y  I 
c u t o f f  equa t ions .  

No e r r o r  a t  l una r  a r r i v a l  was l a r g e  enough t o  r e q u i r e  a midcourse 
c o r r e c t i o n  g r e a t e r  than  one meter p e r  second assuming a t r a n s f e r  t i m e  of 
t h r e e  d a y s  and t h e  midcourse co r rec t ion  occurs  f i v e  hours  a f t e r  i n j e c t i o n .  
S ince  t h i s  r e s u l t  i s  i n s i g n i f i c a n t  when compared t o  expected hardware 
e r r o r s ,  t h e  implementation procedures presented  a r e  adequate  t o  d e f i n e  
c u t o f f  cond i t ions  f o r  Sa tu rn  V lunar  miss ions .  

I. INTROCUCTION 

The i t e r a t i v e  guidance scheme w i l l  genera te  s t e e r i n g  func t ions  which 
w i l l  i n su re  a t ta inment  of a des i red  c u t o f f  c o n d i t i o n .  S ince  these  s teer-  
ing  func t ions  a r e  updated i n  f l i g h t ,  t h e  c u t o f f  cond i t ion  does not  have t o  
be i n v a r i a n t  w i th  r e spec t  t o  t ime.  Each e v a l u a t i o n  of t he  guidance scheme 
g e n e r a t e s  s t e e r i n g  func t ions  which w i l l  d i r e c t  t h e  v e h i c l e ,  i n  a near  
optimum maneuver, toward whatever end c o n d i t i o n  was def ined  f o r  t h a t  
e v a l u a t i o n .  



A set  o f  equa t ions  desc r ib ing  a c u t o f f  cond i t ion  which w i l l  s a t i s f y  
a given mission i s  def ined  a s  a hypersur face .  The hypersur face  used i n  
t h i s  r e p o r t  r e q u i r e s  fou r  b a s i c  inpu t s :  a u n i t  aim v e c t o r ,  e c c e n t r i c i t y ,  
c u t o f f  energy and a n  aim vec to r  magnitude. For a cont inuous launch capa- 
b i l i t y ,  these f o u r  q u a n t i t i e s  a r e  generated i n  the  guidance computer a s  , 

a func t ion  of park ing  o r b i t  i g n i t i o n  t ime.  The u n i t  aim vec to r  was imple- 
mented by f i t t i n g  each component a s  a t h i rd -degree  l e a s t  square polynomial.  
The t h r e e  magnitudes, e c c e n t r i c i t y ,  cu to f f  energy and aim vec to r  magnitude, 
were a l s o  represented a s  th i rd-degree  l e a s t  square polynomials .  

A l l  nominal t r a , j e c t o r i e s  used t o  compute b a s i c  inpu t  d a t a  f o r  t h e  
hypersurface were optimized f o r  cu to f f  weight a t  l una r  i n j e c t i o n  s u b j e c t  
t o  t h r e e  lunar  end cond i t ions :  (1) r a d i u s  of c l o s e s t  approach equa l  t o  
1923 k i lometers  (RCA), (2)  a f l i g h t  t i m e  of  7 2  hours  from luna r  i n j e c t i o n  
t o  r ad ius  of c l o s e s t  approach ( T f ) ,  and (3) i n c l i n a t i o n  of t he  f l i g h t  
p lane  wi th  respec t  t o  the moon's e q u a t o r i a l  p lane  a t  a r r i v a l  minimized f o r  
t h e  chosen launch t i m e  (INC). For the  p a r t i c u l a r  launch day s e l e c t e d  f o r  
t h e  e r r o r  a n a l y s i s ,  t h e  d e c l i n a t i o n  of t he  moon a t  a r r i v a l  was near  
minimum. Therefore ,  launch azimuth i s  n o t  symmetrical  wi th  r e s p e c t  t o  
launch t i m e  , 

To eva lua te  t h e  e f f e c t i v e n e s s  of t he  method used t o  compute b a s i c  
hypersurface i n p u t s ,  implementation procedures ,  t h e  guidance equa t ions ,  
and hypersurface accuracy,  a s e t  of e r r o r  ana lyses  i s  shown. A measure 
of t he  accuracy of any luna r  i n j e c t i o n  guidance scheme i s  how f a r  t he  
nominal rad ius  o f , c l o s e s t  approach (RCA) i s  missed.  Each e r r o r  a n a l y s i s  
shows t h e  RCA m i s s  d i s t a n c e ,  time of f l i g h t  v a r i a t i o n ,  i n c l i n a t i o n  e r r o r s  
and payload , losses  f o r  s i x . l a u n c h  azimuths ranging from 7 2  t o  105 degrees .  
This  corresponds t o  a launch window of about  4 1 1 2  hours .  What each e r r o r  
a n a l y s i s  shows i s  b r i e f l y  descr ibed  a s  fo l lows:  

E r r o r s  and performance l o s s e s  caused by t h e  guidance 
scheme and hypersur face .  

E r r o r s  and performance l o s s e s  caused by t h e  hype r su r face .  

E r r o r s  and performance losses caused by t h e  guidance 
scheme, hypersur face  and implementat ion of b a s i c  hyper- 
su r f ace  inpu t s  by polynomial r e p r e s e n t a t i o n .  

Same a s  (3)  except  v e h i c l e  performance and park ing  o r b i t  
p e r t u r b a t i o n s  are  superimposed. On ly  a 7 2  degree launch 
azimuth case  i s  shown, s i n c e  i t  i s  r e p r e s e n t a t i v e  of 
o t h e r  azimuths.  

For r e fe rence ,  the c a l c u l u s  of v a r i a t i o n s  optimum nominals a r e  shown. 
From these  t r a j e c t o r i e s  t he  b a s i c  hypersur face  i n p u t s  were c a l c u l a t e d  a s  
descr ibed  i n  Appendix I .  
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11. GUIDANCE SCHEME AND HYPERSURFACE ERRORS 

E r r o r s  a t  l u n a r  a r r iva l  caused by the  guidance scheme and hyper- 
s u r f a c e  equat ions a r e  shown i n  Table I. Nominal i npu t  va lues  f o r  t he  
hypersur face  were taken from the  optimized nominal t r a j e c t o r i e s  shown 
i n  Table V. I n i t i a l  cond i t ions  and v e h i c l e  c h a r a c t e r i s t i c s  were the 
same as the  optimized nominals. 

TABLE I 

The r a d i u s  of  c l o s e s t  approach m i s s  d i s t a n c e  (ARCA) is  shown i n  
k i lome te r s .  The d e v i a t i o n  time of f l i g h t  (ATF) from the  72-hour nominal 
v a l u e  is shown i n  seconds.  I n c l i n a t i o n  e r r o r s  (AINC) a r e  u s u a l l y  v e r y  
s m a l l ,  and a r e  shown i n  degrees .  Payload lo s ses  ( N ) ,  d u e  a lmost  e n t i r e l y  
t o  t h e  guidance scheme, a r e  shown a s  the number of  pounds the  guided runs  
were below the  optimized nominals whose payloads were approximately 
128,000 l b s .  a t  l u n a r  i n j e c t i o n .  The same guidance equa t ions  which w e r e  
used f o r  ascent i n t o  a n  e a r t h  parking o r b i t  were used f o r  t he  luna r  
i n j e c t i o n  phase.  S l i g h t  modif icat ion of  the a s c e n t  guidance equa t ions  
can reduce payload l o s s e s  t o  about t h r e e  pounds. However, s i n c e  e i t h e r  
case i s  a c c e p t a b l e ,  the same guidance equat ions a re  used f o r  both opera-  
t i o n s  . 

Appendix I1 shows i n  d e t a i l  t he  guidance equa t ions ,  i n p u t s  r equ i r ed ,  
and hypersurface equa t ions  used fo r  t hese  e r r o r  a n a l y s e s .  
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111. HYPERSURFACE ERRORS 

E r r o r s  a t  l una r  a r r i v a l  caused by the  c u t o f f  hypersurface equat ions 
only a r e  shown i n  Table 11. The powered f l i g h t  phase was optimized f o r  
payload by calculus  of v a r i a t i o n s  techniques s u b j e c t  t o  the c u t o f f  con- 
d i t i o n  s p e c i f i e d  by the  hypersurface.  It is  emphasized t h a t  Table I1 
does n o t  r e p r e s e n t  guided t r a j e c t o r i e s .  

7 2  

7 7 . 7  

9 0  

93.7 

9 8 . 4  

105 

- 3  

-4 

-1 

- 3  

- 2  

- 2  

TABLE I1 

- 3  

- 2  

8 

4 

-1 

-7 

AINC 

-.02 

.02 

.16 

.10 

. 00 

. 2 1  
~- 

m 
(1bs 1 

0 .  

0 .  

0. 

0.  

0. 

0 .  

Therefore ,  the d e v i a t i o n s  frbm the optimized nominals r e p r e s e n t  only hyper- 
s u r f a c e  e r r o r s  and cu to f f  t o l e r a n c e  e r r o r s .  The cu to f f  t o l e r a n c e s  were 
s m a l l  enough t o  en fo rce  RCA t o  w i t h i n  one k i lome te r  and f l i g h t  time w i t h i n  
two seconds.  I n c l i n a t i o n  enforcement w a s  much more d i f f i c u l t  t o  ach ieve ,  
and th'e d i f f e r e n c e s  between the va lues  shown i n  Table I and I1 show t h e  
guidance scheme can c u t  o f f  i n  a given plane more a c c u r a t e l y  than a c a l -  
culus  of v a r i a t i o n s  program using a r easonab le  number of i s o l a t i o n  runs .  
Experience has shown t h a t  t h i s  is t r u e  f o r  o t h e r  types of missions as w e l l .  
Payload lo s ses  were l e s s  than one pound f o r  a l l  ca ses .  
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I V .  REPRESENTATION ERRORS 

I f  t he  b a s i c  hypersurface inputs (M, M, e ,  c3) a r e  r ep resen ted  as 
th i rd -degree  polynomials a s  a funct ion z f  i g n i t i o n  t i m e  (measured from 
midnight) ,  l a r g e r  e r r o r s  a t  lunar  a r r iva l  w i l l  occur  than  i f  nominal 
hypersurface inpu t s  are used. Table I11 r e p r e s e n t s  guided t r a j e c t o r i e s  
w i th  hypersurface i n p u t s  curve f i t  as a f u n c t i o n  of parking o r b i t  
i g n i t i o n  t i m e .  I g n i t i o n  occurred when the  v e h i c l e  w a s  a f i x e d  ang le  
from the  a i m  v e c t o r .  Since the  aim v e c t o r  i s  a f u n c t i o n  of i g n i t i o n  
t ime, a s e r i e s  of t e s t s  i s  necessary t o  determine i g n i t i o n  t i m e .  Th i s  
w i l l  be no problem f o r  the onboard camputer, and t h e  i n g i t i o n  c r i t e r i o n  
i s  s a t i s f a c t o r y .  

TABLE I11 

7 2  

7 7 . 7  

90 

93.7 

9 8 . 4  

105 

-15 

30 

-45 

- 24  

8 

- 24 

9 

4 5  

- 8 3  

- 8 6  

-51 

- 5 6  

' .47 

1 . 6 3  

.29 

1 . 6 4  

3.57 

.46 

c\w 
(1bs 1 

-26 

- 31 

- 25 

- 30 

- 4 0  

- 24 

A f t e r  time of i g n i t i o n  was determined, the polynomials were evaluated 
and t h e  r e s u l t s  used a s  inpu t s  to  t he  hypersurface.  

A comparison of Table I11 with Table I shows t h e  r a d i u s  of c l o s e s t  
approach e r r o r  increased s l i g h t l y  because of r e p r e s e n t a t i o n  e r r o r s .  The 
accuracy dec rease  is  a small cons ide ra t ion  when compared t o  the s i m p l i c i t y  
of implementation f o r  a n  e n t i r e  launch window. 
i n  t h i s  t a b l e  than would be expected, because the launch window w a s  con- 
s i d e r e d  t o  be 4 112  hours and the maximum allowed f o r  a r e a l i s t i c  mission 
w i l l  be 2 1 1 2  hours.  Therefore ,  t he  nonsymmetry of the hypersurface inpu t s  
v e r s u s  time r e s u l t e d  i n  l a r g e r  c u r v e - f i t  e r r o r s  than i f  t he  more l i n e a r  
p a r t  of t he  launch window were chosen. 

Larger e r r o r s  a r e  shown 
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V. VEHICLE AND PARKING ORBIT PERTURBATIONS 

Assuming t h e  S-IVB v e h i c l e  w i l l  n o t  perform nominally and t h a t  park- 
ing o r b i t  i n j e c t i o n  cond i t ions  w i l l  n o t  be p e r f e c t ,  Table I V  presen t s  
l u n a r  arrival e r r o r s  caused by these  type of p e r t u r b a t i o n s  f o r  a 72-degree 
launch azimuth. The r e s u l t s  a r e  r e p r e s e n t a t i v e  of any launch azimuth 
contained i n  the launch window. 

'er t u rba  t ion 

Nominal 

+F 

-F 

+Is p 

- 1 s p  

+W 
-W 

+R 

-R 

+V 
-V 

+ti 

- t i  

+t L 

- t L  

TABLE I V  

-15 

8 

-47 

- 24 

-16 

-23 

-16 

-3 

-38 

-16 

-11 

- 37 

12 

- 34 

6 

+9 

-23 

-37 

- 30 

-31 

- 26 

- 36. 

- 36 

- 25 

- 25 

-9 

-11 

-16 

-70 

32 

AIN C 

.47 

.39 

.52 

.46 

.44 

.47 

.42 

.41 

.49 

.45 

.49 

.58 

.39 

- .04 

1.84 

m 
( Ibs  1 

-26 

-29 

-29 

-25 

-25 

-25  

-25 

- 25 

- 25 

- 24 

- 27 

- 25 

- 25 

- 28 

- 26 
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A t y p i c a l  S-IVB v e h i c l e  w a s  used fo r  t h e  nominal case .  Magnitudes of t he  
p e r t u r b a t i o n s  were as fol lows.  

i-F +8000 l b s  t h r u s t  

21s p 

+W +2500 l b s  weight u n c e r t a i n t y  

k8.62 s e c  s p e c i f i c  impulse 

+R +30 km parking o r b i t  a l t i t u d e  v a r i a t i o n  

+V +15 mlsec parking o r b i t  v e l o c i t y  v a r i a t i o n  

+ti  +15 s e c  t i m e  of i g n i t i o n  e r r o r  

ttL k 1  minute time of launch (azimuth mis-alignment e r r o r ) .  

These magnitudes are  f a r  l a r g e r  than any expected v e h i c l e  p e r t u r b a t i o n s  
o r  parking o r b i t  v a r i a t i o n s .  

I f  t he  c u t o f f  e l l i p s e  were i n v a r i a n t  even when a parking o r b i t  a l t i -  
tude v a r i a t i o n  occurred,  l a r g e  payload l o s s e s  would r e s u l t .  However, 
smal l  payload l o s s e s  a r e  maintained by varying the  e c c e n t r i c i t y  of t h e  
c u t o f f  e l l i p s e  s o  t h a t  t he  a l t i t u d e  g a i n  by the optimum nominal p r o f i l e s  
i s  enforced.  This i s  accomplished a s  a p a r t  of the  c u t o f f  hypersur face  
equat ions by computing t h e  change i n  e c c e n t r i c i t y  as 

where &e/& i s  a n  a n a l y t i c  f i r s t  order approximation. The c u t o f f  hyper- 
s u r f a c e  equat ions a r e  shown i n  d e t a i l  i n  the  flow c h a r t  on page 16. 
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V I .  OPTIMUM NOMINALS 

The problem of computing optimum nominal l una r  t r a n s f e r  t r a j e c t o r i e s  
from a n  e a r t h  parking o r b i t  r e q u i r e s  a l a r g e  amount of computer time. 
A ca l cu lus  of v a r i a t i o n s  powered program assuming cons t an t  t h r u s t  and 
flow r a t e  was used. Once a parking o r b i t  is  e s t a b l i s h e d  and t h e  luna r  
end condi t ions  s p e c i f i e d ,  t he  problem can be reso lved  t o  f i n d i n g  the  
minimum time requ i r ed  t o  t r a n s f e r  t he  v e h i c l e  from some s e t  of i n i t i a l  
s t a t e  v a r i a b l e s  t o  some o t h e r  s e t  of te rmina l  s t a t e  v a r i a b l e s  s u b j e c t  t o  
the  l u n a r  end condi t ions .  The i n i t i a l  s t a t e  v a r i a b l e s  a r e  only  a func- 
t i o n  of  time of i g n i t i o n .  This problem can be  so lved  i n  f i v e  t o  t e n  
minutes on t h e  IBM 7 0 9 4  c6mputer. 

Table  V shows t h e  nominal t r a j e c t o r i e s  that were used t o  o b t a i n  
i n p u t  d a t a  f o r  t h e  c u t o f f  hypersur face .  
f l i g h t  time a r e  caused by i s o l a t i o n  to l e rances .  T i m e  of launch is shown 
t o  i l l u s t r a t e  the  nonsymmetry of launch azimuth versus  launch t ime. A 
3-hour launch window is poss ib l e  between 7 2  and 9 0  degrees  launch azimuth.  
However, the hypersur face  inpu t s  were th i rd-degree  polynomials i n  t i m e  
from 7 2  t o  1 0 5  degrees  launch azimuth. 

Smal l  v a r i a t i o n s  i n  RCA and 

7 2  

77.7 

9 0  

93.7 

9 8 . 4  

105 

1 9 2 1  

1 9 2 2  

1 9 2 2  

1 9 2 1  

1 9 2 3  

1 9 2 2  

TABLE V 

TF 
( h r l  sec) 

7217 

7 2 1 5  

7 2 1 3  

7 2 1 3  

7 2 / 1 3  

7 2 1 3  

1.11 

. 3 2  

.75 

. 7 0  

. 3 0  

. 4 6  

Time of Launch 
(hr  Imin) 

61 25 

7 1  32 

9 / 4 3  

1017 

101 27 

1 0 1 4 2  
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V I I .  OONCLUSIONS 

Lunar a r r i v a l  e r r o r s  caused by t h e  i t e r a t i v e  guidance scheme, c u t -  
o f f  hype r su r face ,  and r e p r e s e n t a t  ion of i npu t s  by simple polynomials a r e  
i n s i g n i f i c a n t  when compared t o  expected e r r o r s  caused by v e h i c l e  hard- 
ware. Therefore ,  the implementation procedures as presented a r e  adequate  
t o  d e f i n e  cu to f f  cond i t ions  f o r  the S - I V B  v e h i c l e .  

N o  plane change cases  have been presented.  Current s t u d i e s  i n d i c a t e  
t h a t  a s l i g h t  mod i f i ca t ion  of t h e  hypersurface equat ions w i l l  i n c r e a s e  
performance f o r  missions t h a t  r e q u i r e  a plane change maneuver. 
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APPENDIX I 

A i m  Vector  Ca lcu la t ion  

A f t e r  a nominal powered t r a j e c t o r y  is obtained which s a t i s f i e s  a l l  
mission c o n s t r a i n t s  , b a s i c  inputs  r equ i r ed  by the  hype r su r face  can be 
computed. The b a s i c  inpu t s  a r e  a u n i t  a i m  v e c t o r  (M), e c c e n t r i c i t y  ( e ) ,  
c u t o f f  energy (c,), and an  a i m  vector  magnitude (M): An optimum nominal 
t r a j e c t o r y  is n o t  e s s e n t i a l .  However, t h e  s e t  of equat ions t h a t  d e f i n e  
the  hypersurface w i l l  assume the c u t o f f  cond i t ion  of t he  nominal only 
when fu rn i shed  the nominal range ang le .  Since the  range a n g l e  as com- 
puted by t h e  I t e r a t i v e  Guidance Scheme'will be nea r ly  optimum, i f  t he  
r e f e r e n c e  is  n o t  an  optimum t r a j e c t o r y ,  nominal cu to f f  w i l l  not  occur.  
Therefore ,  i t  is  u s u a l l y  d e s i r a b l e  t h a t  t he  r e fe rence  t r a j e c t o r y  be an  
optimum s o  t h a t  any d e v i a t i o n  i n  c u t o f f  cond i t ions  w i l l  cause perforrrance 
l o s s e s .  

A l l  t r a j e c t o r i e s  used t o  def ine b a s i c  hypersurface inpu t  va lues  
were optimized f o r  payload s u b j e c t  t o  mis s ion  c o n s t r a i n t s .  N o  plane 
change maneuver w a s  performed. Payload w a s  optimized s u b j e c t  t o  an 
energy c u t o f f  va lue  that  r e s u l t e d  i n  a d e s i r e d  f l i g h t  time. Time of 
c o a s t  and t i m e  of launch were var ied t o  meet t he  o t h e r  c o n s t r a i n t s  
desc r ibed  i n  the  in t roduc t ion .  The maximum payload p o s s i b l e  f o r  a g iven  
f l i g h t  time w a s  computed. 

Using these  optimum nominal powered f l i g h t  t r a j e c t o r i e s ,  the b a s i c  
hype r su r face  inpu t s  are  computed as fol lows wi th  a l l  v e c t o r s  computed 
i n  t h e  space-f ixed plumbline ea r th -cen te red  coordinate  system. 

r =  p o s i t i o n  v e c t o r  a t  c u t o f f  

v =  v e l o c i t y  vec to r  a t  c u t o f f  

- 
- 
r =  magnitude of F 

v =  magnitude of 

c 3  = 1-1 = .3986032 x 1015 m3/sec2 
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= arc  cos {; l a  [; (1 - e2)  - I]} . 
@C 

A f t e r  powered cu to f f  the v e h i c l e  coas t s  t o  the des i r ed  luna r  end 
cond i t ion .  Any po in t  along the  b a l l i s t i c  f l i g h t  could be chosen as the 
a i m  p o i n t .  For a l l  e r r o r  ana lyses  in t h i s  r e p o r t  t he  a i m  p o i n t  was 
chosen where the v e h i c l e  entered the lunar  sphere of i n f luence  (def ined 
as 35,000 s t a t u t e  miles  from the c e n t e r  of the moon). The d i s t a n c e  from 
the  c e n t e r  of t h e  e a r t h  when the v e h i c l e  en te red  the lunar  sphere of 
i n f luence  was chosen as the a i m  v e c t o r  magnitude. 

M = a i m  v e c t o r  magnitude 

= a r c  cos {; l a  [E (1 - e21 - I]} 
@T 

Now the four  b a s i c  i npu t s  r equ i r ed  f o r  t he  hypersurface have been 
computed : 

I M, = u n i t  a i m  v e c t o r  

I M = a i m  v e c t o r  magnitude 

I e = e c c e n t r i c i t y  

I c3 = cu to f f  energy. 
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It i s  important t o  s e l e c t  the aim p o i n t  from an  i n t e g r a t e d  b a l l i s t i c  
f l i g h t  t h a t  s a t i s f i e s  a d e s i r e d  end c o n d i t i o n .  The d e s i r e d  end cond i t ion  
need not  correspond t o  lunar  a r r i v a l  cond i t ions  even though t h a t  i s  t h e  
f i n a l  o b j e c t i v e .  For example, an aim p o i n t  may be chosen where a mid- 
course maneuver i s  t o  occur .  

Reviewing t h e  equat ions used t o  compute t h e  hypersurface i n p u t s  
w i l l  r evea l  why l u n a r  a r r i v a l  errors are small  when cu to f f  i s  approxi-  
mated by simple e l l i p t i c  equat ions.  The d e s i r e d  c u t o f f  energy and 
e c c e n t r i c i t y  a r e  computed us ing  the c u t o f f  c o n d i t i o n  of  t h e  nominal. 
An a r b i t r a r y  d i s t a n c e  from the cen te r  of t h e  e a r t h  i s  chosen a s  t h e  aim 
vec to r  magnitude. This magnitude determines the angle  between the aim 
v e c t o r  and pe r igee  v e c t o r .  Next the aim v e c t o r  i s  computed i n  the  
nominal c u t o f f  p l ane .  Although the a c t u a l  cu to f f  plane a s  determined 
by t h e  hypersurface w i l l  depend upon parking o r b i t  v a r i a t i o n s ,  the hyper- 
s u r f a c e  equa t ions  w i l l  i n s u r e  t h a t  t he  i n j e c t i o n  p o i n t  de f ined  by the 
hypersurface w i l l  be nea r  the i n j e c t i o n  p o i n t  of the nominal. This  means 
t h a t  both b a l l i s t i c  t r a j e c t o r i e s  w i l l  experience almost t he  same g r a v i -  
t a t i o n a l  p e r t u r b a t i o n s .  The small d i f f e r e n c e s  w i l l  cause only small l u n a r  
a r r i v a l  e r r o r s .  
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APPENDIX I1 
Guidance Equations and Hypersurface 

A .  Implementation Techniques 

The guidance equat ions and hypersurface used f o r  t he  e r r o r  a n a l y s i s  
shown i n  t h e  t e x t  a r e  presented in  t h e  form of a flow c h a r t  on page 16.  

I g n i t i o n  occurred when the veh ic l e  was a f ixed  a n g l e  from t h e  a i m  
v e c t o r  (TIGA w a s  s e t  equal t o  zero). This  i g n i t i o n  c r i t e r i o n  w a s  used 
f o r  a l l  cases  where t h e  hypersurface inpu t s  were r ep resen ted  as poly- 
nomials. 

The hypersurface equat ions themselves can be considered t h e  equa- 
t i o n s  necessary t o  compute the per igee v e c t o r  (2). 
are  used only t o  t r a n s l a t e  from the hypersurface coord ina te  system t o  
the  guidance r e f e r e n c e  sys  t e m .  

A l l  o t h e r  equat ions 

The guidance equat ions themselves begin i n  t h e  block where the 
terminal  range ang le  is  estimated and cont inue u n t i l  t he  p i t c h  and yaw 
ang les  a re  computed. 

I n  a d d i t i o n  t o  the  equations used t o  compute p i t c h  and yaw, the  
computer s i m u l a t i o n  program used a p i t c h  and yaw r a t e  given as 

and 

r e s  pec t ive 1 y . 
I 1 

Therefore ,  t h e  equat ions f o r  Xp and Xy ( ch i  p i t c h  and c h i  yaw i n  the  
guidance r e f e r e n c e  coordinate  system) become 

w 

XI = Xy - K, + K 4  6 t ,  
Y 

where s m a l l  6 t  is defined as the  t i m e  s i n c e  the guidance equat ions were 
l a s t  eva lua ted .  
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ITERATIVE GUIDANCE MODE EQUATIONS FLIGHT OUT OF ORBIT 

+,= V, sin 0, velocity along 7 aaic 

& =  ~,cose, velocity along aril 

INPUTS FOR OUT OF ORBIT 

. 

v.Mc* Dapmdml Inputs ( 1 )  

M, =M,,+M,, T+MleTC+Y,,T3 

M =Ro+RlT+RzT2+R,T3 
unit dm vector 

aim vector magnitude 

d d  eccentricity 
C, = Co + CI T + Cz Tz+C,T3 

cutoff awry 
r,, s n a n l n d  mdkn ot tima of ionition 
K, *mission constant 
COSA 9 torr* of befm lo '@te 
TtGA =cosine of ang* before !i! lo  begin 

' ~ o + e l  T+ee T2+03T3 

chill down 

IGNITION 
INHIBITOR 

SWITCH 

OUADRANT 

AFTER PARKING ORBIT INJECTION 
COAST UNTIL 

IGNITION OCCURS IN TIG SECONDS 

MATRIX TO TRANSFORM FROM PLATFOR 
COORDINATES TO GUIDANCE COORDINATES [ sinoA, 0 t cos AI 

-cos A, 0 sin A, 

[cl ' 1 line 0 cme 0 I 

COMWTE AT SECOND S-IVB IGNITION 

TERMINAL RANGE ANGLE CALCULATION 
IN ORBIT PLANE 

a. Y, I, i. Y. i. F/m. p 

COORDINATE ROTATIONS 

1 

I CUTOFF WHEN 
ve- s 2 8 c, I 
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It is important t o  the guidance implementation procedure t o  f i x  
the  end cond i t ions  as p red ic t ed  in the  t e rmina l  range a n g l e  block about  
25 seconds be fo re  c u t o f f .  
onds be fo re  c u t o f f .  This procedure prevents  l a r g e  tu rn ing  r a t e s  from 
bu i ld ing  up a f t e r  the guidance parameters are  f rozen .  

Normally K,, K,, K, and K4 a r e  f rozen  10 sec -  

cos x cos x 
P Y 

s i n  X C O S X  P Y 

To r o t a t e  the d i r e c t i o n  cosines of t he  guidance coord ina te  system 
t o  a n  ea r th -cen te red  plumbline coordinate  system, the inve r se  of the K 
m a t r i x  is used. This  i s  t h e  system requ i r ed  i n  t h e  f l i g h t  computer. 

-1 

= [ K ]  

Note t h a t  a l though the guidance scheme computes' c h i  yaw be fo re  
c h i  p i t c h ,  t he  r o t a t i o n  order  i s  c h i  p i t c h  then c h i  yaw, which is the  
same as t h e  v e h i c l e  platform.  

[j = 

1 

1 - s i n  X 
Y 

x = a r c  t a n  (s) 
P 

cos x' cos x' 
P Y 

s i n  X' cos x' 
F Y 

s i n  X' 
Y 

X = a r c  s i n  ( D C Z ) .  
Y 

Y 
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B .  A Descript ion of t h e  I t e r a t i v e  Guidance Scheme 

be demonstrated by assuming c o n s t a n t  g r a v i t y ,  t h r u s t  and s p e c i f i c  impulse. 
I f  only a v e l o c i t y  end cond i t ion  is enforced,  i t  can be shown t h a t  a 
cons t an t  t h r u s t  d i r e c t i o n  is the  optimum s t e e r i n g  l a w  [ l ] .  The t h r u s t  
d i r e c t i o n  can be found by the  fol lowing geometr ic  c o n s t r u c t i o n .  

Some of the b a s i c  p r i n c i p l e s  of the i t e r a t i v e  scheme can b e s t  

T time t o  c u t o f f  

VI i n i t i a l  v e l o c i t y  v e c t o r  

h. 
$1 

gT v e l o c i t y  loss due t o  g r a v i t y  

i n i t i a l  v e l o c i t y  i n  x d i r e c t i o n  

i n i t i a l  v e l o c i t y  i n  y d i r e c t i o n  

cutoff  v e l o c i t y  v e c t o r  

cutoff  v e l o c i t y  i n  x d i r e c t i o n  

cutoff  v e l o c i t y  i n  y d i r e c t i o n  

VT 

% 
9 T  - v v e l o c i t y  t o  be gainecl by v e h i c l e  

g 

x" d i r e c t i o n  of t h r u s t  v e c t o r  i f  v e l o c i t y  on ly  is t o  be enforced 
(measured from x - a x i s ) .  

FIGURe 1. THRUST DIRECTION.GEOMETRY 
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I f  t he  remaining time, T" , i s  n o t  known, i t  can be est imated by 
the  c h a r a c t e r i s  t i c  v e l o c i t y  equation and updated f o r  each guidance evalua-  
t i o n  cyc le .  Terminal v e l o c i t y  components AT and 9T a r e  assumed c o n s t a n t s .  
As time-to-burn approaches ze ro  ( cu to f f )  , the  s t e e r i n g  commands a re  f rozen  
t o  avoid indeterminate  express ions. 
procedures r e q u i r e  f rozen s t e e r i n g  func t ions  nea r  c u t o f f ,  no scheme 
g e n e r a l i t y  is s a c r i f i c e d .  

Since a c t u a l  v e h i c l e  implementation 

A cons tan t  t h r u s t  d i r e c t i o n  cannot en fo rce  bo th  a l t i t u d e  and 
v e l o c i t y .  Therefore ,  a d i f f e r e n t  s t e e r i n g  l a w  is  needed. The s t e e r i n g  
l a w  which the i t e r a t i v e  uses is 

where K, andwK2 a r e  s u b j e c t  t o  the cond i t ions  t h a t  t he  v e l o c i t y  c o n s t r a i n $  
enforced by X is no t  v i o l a t e d .  Each e v a l u a t i o n  cyc le  updates x", K, and K2 
u s ing  the c u r r e n t  s t a t e  v a r i a b l e s  an& v e h i c l e  c h a r a c t e r i s t i c s .  Small 6 t  
is  t h e  time s i n c e  the  l as t  guidance e v a l u a t i o n  cyc le .  

This new s t e e r i n g  law has a t h e o r e t i c a l  b a s i s :  the f i r s t  o rde r  
expansion of the c a l c u l u s  of v a r i a t i o n s  s t e e r i n g  l a w  der ived s'ubject t o  
the  same assumptions ( f l a t  e a r t h ,  c o n s t a n t  t h r u s t  and s p e c i f i c  impulse, 
a l t i t u d e  and v e l o c i t y  enforced,  no range enforcement) i s  

X = a + b t  

where a and b are  computed s u b j e c t  t o  c u r r e n t  s t a t e  v a r i a b l e s ,  v e h i c l e  
c h a r a c t e r i s  t i c s  and d e s i r e d  terminal cond i t ions .  

It 'is p o s s i b l e  t o  avoid spec i fy ing  l a t e r a l  t e rmina l  displacement  
and v e l o c i t y  components. This i s  accomplished by d e f i n i n g  a guidance 
r e f e r e n c e  coord ina te  system t h a t  has one a x i s  pe rpend icu la r  t o  the f i n a l  
c u t o f f  pl,ane (Figure 2 ) .  A l l  c a l c u l a t i o n s  by t h e  guidance equat ions a r e  
done i n  the  guidance r e f e r e n c e  coordinate  sys  tem. The coord ina te s  a r e  
de f ined  as fol lows:  7 i s  measured from the c e n t e r  of t he  e a r t h  and 
passes  through the  f i n a l  c u t o f f  po in t ,  5 is  measured from the c e n t e r  of 
t h e  e a r t h ,  perpendicular  t o  T, i n  t he  d i r e c t i o n  of f l i g h t ,  and 5 completes 
a right-handed coordinate  system. 

Usual ly ,  c u t o f f  condi t ions a r e  s p e c i f i e d  as a d e s i r e d  r a d i u s  (r) ,  
v e l o c i t y  magnitude ( v ) ,  and pa th  ang le  ( e ) ,  measured from the  l o c a l  h o r i -  
zonal .  These c u t o f f  cond i t ions  transformed t o  the 6, 7, ( system a r e  
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FIGURE 2. GEOMETRY O F  GUIDANCE REFERENCE SYSTEM 



f T  = 0. 

To r o t a t e  platform coordinates  t o  the d e s i r e d  c u t o f f  plane,  
t h e  G m a t r i x  i s  computed by the  launch .vehicle  computer. This m a t r i x  is 
a c o n s t a n t  and can be computed a s  soon as launch azimuth, launch l a t i t u d e ,  
descending node and i n c l i n a t i o n  of t h e  c u t o f f  plane a r e  known. The 
t e rmina l  range ang le ,  (dT, is  the remaining r o t a t i o n  necessa ry  t o  t ransform 
from t h e  c u t o f f  plane t o  the guidance r e f e r e n c e  system. The m a t r i x  t h a t  
r o t a t e s  t h e  p l a t fo rm coordinates  i n t o  the guidance r e f e r e n c e  system is 
c a l l e d  the K ma t r ix .  It is computed i n  the  coord ina te  r o t a t i o n  s e c t i o n .  
The K ma t r ix  i s  updated through & every e v a l u a t i o n  cyc le  s o  t h a t  7 
always passes  through the  predicted c u t o f f  p o i n t .  
d i c t e d  terminal  values  a r e  i n  the guidance, r e f e r e n c e  system s o  t h a t  cT 
and t~ are z e r o  (ET is zero a l s o ) .  

Notice  t h a t  t h e  pre-  

Time-to-burn i s  updated based on v e l o c i t i e s  t o  be gained measured 
i n  the  guidance r e f e r e n c e  system. 
t h e  d e s i r e d  energy. 
w i l l  be  enforced. 

Cutoff occurs when t h e  v e h i c l e  reaches 
A t  t h i s  time t h e  a l t i t u d e  and p a t h  a n g l e  c o n s t r a i n t p  

2 1  





APPENDIX I11 

Der iva t ion  of t he  Cutoff Hypersurface Perigee Equation 

It has been empi r i ca l ly  shown [14]  t h a t  t h e  i n j e c t i o n  p o i n t s  of 
earth-moon t r a j e c t o r i e s  w i th  constant  t r a n s i t  times map concen t r i c  
c i r c l e s  on the  s u r f a c e  of the e a r t h .  The diameter of t hese  i n j e c t i o n  
r i n g s  is  a f u n c t i o n  of the i n j e c t i o n  p a t h  ang le .  A l l  nominal optimized 
t r a j e c t o r i e s  generated f o r  a p a r t i c u l a r  v e h i c l e  from a c i r c u l a r  parking 
o r b i t  w i l l  have almost equal  i n j e c t i o n  p a t h  ang le s .  The major l a c k  of 
p a t h  ang le  uniformity is caused by e a r t h  g r a v i t a t i o n a l  v a r i a t i o n s  r e s u l t -  
ing from d i f f e r e n t  launch azimuths. Therefore ,  t h e  i n j e c t i o n  r i n g  can 
be considered t o  have a cons t an t  diameter f o r  t he  type of t r a j e c t o r i e s  
considered i n  t h i s  r e p o r t .  

Each i n j e c t i o n  p o i n t  d e f i n e s  a t r a n s f e r  e l l i p s e .  The pe r igee  p o i n t s  
of t h e s e  t r a n s f e r  e l l i p s e s  map a perigee c i r c l e  which i s  sma l l e r  and con- 
c e n t r i c  t o  the i n j e c t i o n  c i r c l e .  For convenience of r e p r e s e n t a t i o n ,  t h e  
c u t o f f  hypersurface equat ions a r e  derived based on the pe r igee  r i n g .  

Consider one p a r t i c u l a r  optimum t r a n s f e r  t r a j e c t o r y  where a n  a i m  
p o i n t  has been s e l e c t e d  and the u n i t  a i m  v e c t o r  computed as descr ibed 
i n  Appendix I. A r o t a t i o n  of t he  t r a j e c t o r y  plane about t h e  a i m  v e c t o r  
w i l l  cause the  pe r igee  v e c t o r  corresponding t o  the t r a n s f e r  e l l i p s e  t o  
sweep o u t  a r i g h t  c i r c u l a r  cone. The apex of t h i s  cone is  the c e n t e r  
of t h e  e a r t h  and t h e  per imeter  of the base is the per igee r i n g .  Notice 
a l s o  t h a t  t he  a x i s  coincides  wi th  the u n i t  a i m  v e c t o r .  

Since a l l  optimum nominal cutoff  planes c o n t a i n  the  a x i s  of t he  
p e r i g e e  cone, t he  c u t o f f  plane f o r  a l l  earth-moon t r a j e c t o r i e s  is  de f ined  
t o  b e  the plane that con ta ins  a perigee v e c t o r  i n  the parking o r b i t  plane 
and the a i m  v e c t o r .  The pe r igee  vec to r  i n  t h e  parking o r b i t  plane w i l l  
be  t h e  v e c t o r  from the c e n t e r  of the e a r t h  t o  the p o i n t  of i n t e r s e c t i o n  
of t h e  parking o r b i t  plane and the  pe r igee  c i r c l e  ahead of the i g n i t i o n  
p o i n t .  Ac tua l ly ,  both the  pe r igee  and a i m  v e c t o r s  a re  considered u n i t  
v e c t o r s  w i t h  s e p a r a t e  magnitudes. 
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M u n i t  a i m  vec to r  

- S u n i t  pe r igee  v e c t o r  

p angle between M_ and 

- N 

- 

u n i t  vec to r  normal t o  parking o r b i t  plane a t  i g n i t i o n .  

For c l a r i t y  of d e r i v a t i o n ,  the a i m  v e c t o r  is  assumed t o  p o i n t  t o  
the cen te r  of the per igee c i r c l e ,  and the  a c u t e  a n g l e  between M_ and 
is def ined a s  B. 
coord ina te  system defined i n  terms of the  two u n i t  v e c t o r s  and M. - 
The a x i s  of the coordinate  system a r e  

The per igee v e c t o r  is computed i n  an  orthogonal 
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- M u n i t  a i m  vec to r  

. 

N x M  - -  
u n i t  vec to r  i n  the parking o r b i t  plane Fm 

- x' (N - -  M, u n i t  vec to r  completing the  right-handed coord ina te  
system 

where - N and M - a r e  computed i n  the e a r t h  centered plumbline coord ina te  
system. Since any v e c t o r  can be expressed as a l i n e a r  combination of any 
o t h e r  t h r e e  non-coplaner v e c t o r s ,  l e t  

N x M  - -  M x (N x M) - - -  - S = a M + b  - ~ T + c m  

where a ,  b and c are  the  d i r e c t i o n  cosines of - S t o  be determined. By 
obse rva t ion  

a = cos f3 

and 

b = - cos f3 t an  y ,  

where y is de f ined  by 

NOW c can be determined by 

c = 41 - a 2  - b2 = 41 - cos2@ sec2y, 
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or, in terms of B, N and M, - - 

IN x MI c =  - -  

Since 

S can be written as - 

Substituting a, b, c, -M - for M - and p = 5[ - @-, the equation for - S becomes 

N x M  

- - N x M COS' j$ 
r 

S = LDD M - FF N + fi cos @ - - -  

where 

This is the form of the perigee 'vector used in the precompute section on 
page 16. 
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A u n i t  v e c t o r  normal t o  the cu to f f  plane can be w r i t t e n  as 

Using the  normal t o  the  des i r ed  cutoff  p l ane ,  t he  i n c l i n a t i o n  and descend- 
ing node can be computed. Next the l o c a t i o n  of the pe r igee  v e c t o r  w i th  
r e s p e c t  t o  the  guidance r e f e r e n c e  coord ina te  system is computed. The 
cu to f f  pa th  a n g l e ,  r a d i u s  and v e l o c i t y  a r e  computed as func t ions  of t r u e  
anomaly of c u t o f f ,  which is updated every guidance equat ion c y c l e  by the  
guidance scheme. 
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