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Midcourse veloci ty  correction schedules f o r  the  LEM rendezvous w i t h  
the  CM i n  lunar  o rb i t  are presented on a constant e r r o r  bas i s  i n  order 
t o  iden t i fy  and establish t h e  trends of t h e  important parameters. These 
parameters are found t o  be number of midcourse corrections and t i m e  of 
t h e  f i n a l  correct ion.  The d i rec t ion  of t he  veloci ty  e r ro r  does not a f f e c t  
t h e  correction schedule but does a f fec t  the magnitude of t h e  required gui- 
dance veloci ty .  
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SIMPLIFLED ANALYSIS OF LEM MIDCOURSE CORRECTIONS 

SUMMARY 

d 

Results a r e  presented from an invest igat ion of LEN midcourse guid- 
ance procedures f o r  rendezvous w i t h  the CM i n  lunar orbi t .  The analysis i s  
carr ied out i n  three  dimensions using l inear ized  equations of motion, and 
a comparison is  made between the  r e s u l t s  given by the  l inear ized  equations 
and the  exact two-body equations. The r e su l t s  presented are f o r  constant 
veloci ty  e r rors  i n  order t o  simplify the  analysis.  
fers are  investigated; a 1-80" in-plane t r ans fe r  and a 220" out-of-plane 
t r ans fe r .  It i s  shown tha t  f o r  constant veloci ty  e r rors  an optimum mid- 
course correction schedule can be found and tha t  t h i s  schedule depends on 
the  number of corrections and the  t i m e  of the last correction. The d i r -  
ect ion of t he  veloci ty  e r ro r  does not a f fec t  t h e  correction schedule but 
does a f f ec t  t he  magnitude of the  required guidance velocity.  

Two types of LEM t rans-  

INTRODUCTION 

Midcourse guidance corrections are corrections applied t o  a space- 
c r a f t  t r a j ec to ry  i n  order t o  guide t o  some desired terminal conditions. 
These corrections are required because of inherent inaccuracies of t he  
guidance system ( f o r  example, propulsion and guidance hardware limita- 
t ions,  determination of astrodynamic constants, and crew l imi ta t ions)  . 
I n  order t o  determine the  midcourse guidance requirements f o r  a par t icu lar  
problem s t a t i s t i c a l  techniques must be u t i l i zed  since the guidance e r rors  
must be assumed t o  be of a random character.  However, s t a t i s t i c a l  s tudies  
are qui te  complex i n  u t i l i z a t i o n  as w e l l  as i n  interpretat ion;  .thus it 
would be desirable  to determine on a f ixed e r ro r  basis what t he  important 
parameters are, and to determine i f  an optimum schedule can be determined 
f o r  these known er rors .  
the  r e su l t s  of a constant e r ro r  study f o r  LEM midcourse guidance during 
the  ascent t r ans fe r  to t he  CM i n  lunar o rb i t .  

The purpose of the present report  i s  t o  present 

The equations of motion used i n  t h i s  invest igat ion assume a l i n e a r  
gravi ty  f i e l d  and are referenced to a ro ta t ing  spherical  coordinate sys- 
t e m  with or ig in  i n  the  CM, see reference 1. 
motion are used to simplify the analysis.  For the  present analysis  they 
were assumed t o  be adequate f o r  es tabl ishing trends and t h e  relative im- 
portance of t he  various parameters. Furthermore, comparison i s  shown i n  
the  discussion of the present report  between solutions u t i l i z i n g  t h i s  
approximate technique and an exact two-body method. 

These approximate equations o f  
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I n  this study two types of ascent t r ans fe r s  are investigated; namely, 
the 180" Hohmann t r a n s f e r  for t h e  normal coplanar operation and a 220" 
t r a n s f e r  f o r  operating at t he  maximum out-of-plane LEM design l i m i t  of 2 O .  
These t ransfers  are i n i t i a t e d  with an e r r o r  of specified magnitude and 
d i rec t ion  and each correction i s  subsequently i n i t i a t e d  with t h i s  same 
zrror.  

S r n O L S  

A 

2 ,  3 ,  k Unit vectors along x, y, z axis, respectively 

Acceleration of LE24 with respect t o  CM 
- - -  

n Number of midcourse corrections 

t Time  

Time of f i n a l  correction %f 

v Velocity of LEkI p r ior  to correction impulse 

Transfer veloci ty  required to intercept  CM i n  specif ied t h e  

Relative terminal veloci ty  of t he  LFM with respect to the 
CM f o r  the case of no e r ro r s  ?to 

Relative terminal velocity of t h e  LFM with respect to the  avi 
f o r  t he  case of' e r ro r s  'te 

Applied correction veloci ty  

Total. guidance velocity nvg 
x, Y> Coordinates, defined i n  f igure 2 

6 Fraction of remaining t i m e  to intercept  

0- Velocity e r r o r  

7 Time to intercept  ( t ransfer  t i m e )  

Angular r a t e  of ro ta t ion  of target-centered coordinate 
system 
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( ' 1  Derivative of ( ) with respect to t 

(") Derivative of ( ' )  with respect to t 

( -) Denotes vector 

Subscripts 

0 Conditions when t = 0 

I Pertaining to in te rcept  

METHOD OF ANALYSIS 

I n  t h i s  sect ion brief descriptions of t h e  midcourse correction tech- 
nique and of t h e  l inear ized  equations 02 motion are given. 

Midcourse Correction Technique.- A s  indicated ea r l i e r ,  because of 
e r ro r s  inherent i n  any space guidance system it i s  necessary t o  perform 
corrections per iodical ly  t o  a spacecraft  t r a j ec to ry  i n  order t o  a t t a i n  
t h e  desired terminal conditions (rendezvous), see f igure  1. The e r ro r  
and correction technique u t i l i z e d  i n  the  present invest igat ion i s  as fol-  
lows. A t  i n i t i a t i o n  of t h e  in te rcept  t r ans fe r  and at appl icat ion of each 
correction velocity,  a f ixed e r ro r  veloci ty  of specif ied magnitude and 
d i rec t ion  i s  a l so  applied. The t o t a l  time of t he  t r ans fe r  i s  held con- 
s t a n t  (equal to t h e  t r ans fe r  t i m e  f o r  no ve loc i ty  e r rors )  i n  order to 
keep the  study from beconCng too complex. Application of t h e  corrections 
is  scheduled on a f ixed percentage of t h e  remaining t r ans fe r  t i m e  ( t h a t  

. is, correction t i m e  = 6 ( I -  - time of previous correct ion))  except t h e  
f i n a l  correction t i m e  whicn i s  specif ied independently of p r io r  correc- 
t i o n  times. i s  defined on 

an impulsive basis as: 

The applied correction veloci ty  vector AVc 

- ETc = VI - v 

where 
pulse and VI 

CM i n  t he  specif ied time. 

7 is the  veloci ty  vector of the  LEM pr io r  to t he  correction im- 
i s  t h e  t r ans fe r  veloci ty  vector required to intercept  t he  

is  defined as the  sum 
5 3  

The t o t a l  guidance veloci ty  requirement 

of t h e  correction ve loc i t ies  plus the  difference between t h e  terminal 
veloci ty  of t h e  t r ans fe r  with e r ro r s  and the  terminal ve loc i ty  of vte 
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the  t r ans fe r  with no e r rors  Vto; t h a t  is: 

The equations of motion used t o  determine the  ve loc i t ies  required 
to solve equations (1) and (2)  are discussed b r i e f l y  i n  the  next section. 

Linearized Equations of Motion.- The equations of motion used i n  
the present study are based on a l i n e a r  gravi ty  approximation and are  
derived i n  reference 1. For a ro ta t ing  axis system centered i n  the CM, 
( f igure 2) the l inear ized  equations are: 

The solutions t o  these equations f o r  coasting f l i g h t  ( A  = A 
X Y  

= 

A = 0) are, from reference 1, 
Z 

2 22 
x = x + 2 (4  s i n  w t  - 3 w t )  - 6z0 ( w t  - s i n  w t )  - - (1 - COS W t )  o w  ‘a 

f0  y = yo cos w t  - - s i n  w t  w 

i 
0 0 

22 
z = -  (1 - cos w t )  + zo ( 4 - 3 cos w t )  + - s i n  cot w re, 

The components of t h e  veloci ty  vector 7 are: 

f 22 
f = 0 [2 ( 2  2 + 3z0) cos w t  - - s i n  w t  - 62 - 

w u) 0 

f0  3; = y cos w t  + - s i n  m t  
0 w 

(4) 

I i = w [(2 2 + 32 s i n  w t  + 0 cos w t  
2 i 
w 0 
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? 

Also from reference 1, t h e  components of t h e  LEM t r ans fe r  ve loc i ty  
vector VI required t o  in te rcept  t h e  CM i n  t i m e  T are:  

fI = E [ x s i n  WT + z [6  WT s i n  WT - 14 (1 - cos W T ) ]  
0 0 

= -  PI WY0 cot 

where 

A = 8 (1 - cos WT) - 3 WT s i n  WT. 

Due to t he  s implici ty  of equations ( 6 ) 9  it has of ten been proposed 
(reference 1) t h a t  these expressions be used f o r  intercept  guidance equa- 
t i ons .  For t h e  present invest igat ion these equations are considered to 
be adequate s ince t h e  main purpose i s  only to es tab l i sh  t h e  important 
parameters and t h e  t rends of t he  r e su l t s  with var ia t ions of these pasa- 
meters. Also, t h e  correction veloci ty  has been defined by equation (1) 
as the  difference between t h e  ve loc i ty  of t h e  LEM at some t i m e  t (equa- 
t ions  ( 3 ) )  and the  t r ans fe r  veloci ty  required a t  t h a t  t i m e  to intercept  
t h e  CM i n  some t i m e  T (equations (6 ) ) ;  thus, since t h e  same assumptions 
a re  made i n  each calculat ion and the  calculations are  differenced, t h e  
e r rors  i n  these veloci ty  calculations w i l l  tend to cancel, thereby giving 
good r e su l t s  f o r  the  correction velocity.  A fur ther  invest igat ion of 
these e r rors  which i s  beyond the  scope of the  present study is, however, 
deemed desirable .  

SCOPE OF CALCULATIONS 

The method of analyzing midcourse corrections presented i n  t h e  pre- 
ceding sect ion i s  applied to t h a t  phase of t h e  Apollo f i s s i o n  concerned 
with LEM rendezvous with the  CM i n  lunar  o rb i t .  Two types of ZFM trans- 
f e r  t r a j e c t o r i e s  are investigated; namely, t he  1-80" Hohmann transfer f o r  
t h e  normal in-plane launch and a 220' t r ans fe r  for operating at t h e  max- 
imum out-of-plane LEM design l i m i t  of 2O, see f igure  3. 
to be i n  a c i r cu la r  o rb i t  a t  80 naut ical  miles a l t i t ude .  
a l t i t u d e  of t h e  LEM transfer o rb i t s  i s  assumed to be 30,000 feet. 
transfer time f o r  t h e  in-plane t r ans fe r  i s  3484- see and f o r  t h e  out-of- 
plane t r ans fe r  i s  4340 see.  The terminal veloci ty  with no errors ,  

i s  97 fps  and 372 fps  for t he  in-plane and out-of-plane t ransfers ,  

The CM i s  assumed 
The p r i c y n t h i o n  

The 

%o) 
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respectively.  

A s  s ta ted  i n  the  section on "Midcourse Correction Technique" a con- 
s tan t  e r ro r  veloci ty  i s  added at i n i t i a t i o n  of the intercept transfek. and 
application of each correction. The magnitude of the  e r ro r  velocity used 
i n  the present investigation i s  8.6 fps .  
between higher in jec t ion  errors  and smaller midcourse e r rors .  The direc- 
t i o n  cosines defining the  direct ions studied are  shown i n  the  t ab le  fo l -  
lowing. 

This v d u e  represents an average 

VELOCITY ERROR DIRECTION COSIT\IES 

Case 

1 

2 

3 

4 
5 

X 

1 

0 

0 

577 
707 

Y 

0 

1 

0 

577 
0 

z 

0 

0 

1 

577 
.707 

For each of these e r ro r  directions,  guidance to intercept  i s  attempted 
with 2, 3, and 4 corrections. Three values f o r  the  time of t h e  f i n a l  
correction, 5,  10, and 15 minutes from intercept,  a r e  investigated.  A l l  
other corrections are  made a f t e r  the  LEM has.traversed a specif ied con- 
s tan t  f rac t ion  of remaining t ransfer  time. 
f rac t ion  of remaining t ransfer  time i s  0.1 t o  0.9. 

The range studied f o r  t h i s  

RESULTS AND DISCUSSION 

The r e su l t s  and discussion a re  given i n  two par t s .  The f i rs t  par t  
i s  concerned with the  180" in-plane t ransfer  while the  second i s  con- 
cerned w i t h  the  220' out-of-plane t ransfer .  

180" Transfer 

The var ia t ion of the  guidance veloci ty  requirements f o r  the  in-plane 
t ransfer  w i t h  t h e  correction time i s  presented i n  f igure 4 f o r  all f i v e  



direct ions of t he  e r ro r  velocity.  The e f fec t  of each parameter i s  shown 
i n  this  f igure and i s  discussed b r i e f l y  i n  the  following subsections: 

Effect of t i m e  of f i n a l  correction.- As s t a t ed  ea r l i e r ,  the  f i n a l  
correction time i s  specified independently of pr ior  correction times. 
As shown i n  f igure 4, the  guidance veloci ty  i s  decreased by applying the  
f i n a l  correction as ear ly  as possible. This is  because the  velocity re- 
quired to correct a given er ror  i n  a given t r ans fe r  t i m e  increases as an 
inverse function of the range between the  two spacecraft. Also, from 
f igure 4 it can be seen t h a t  correction schedules f o r  minimum guidance 
veloci ty  ex i s t  and t h a t  t h i s  schedule i s  a function of the  f i n a l  correc- 
t i o n  time. Hereafter the  correction schedule associated with minimum 
guidance velocity w i l l  be referred to as  optimum. I n  general, executing 
the f i n a l  correction e a r l i e r  decreases the f rac t ion  of remaining t r ans fe r  
time which means each of the  other corrections are  executed e a r l i e r .  It 
should also be pointed out t h a t  the time of t h e  f i n a l  correction has a 
d i r ec t  re la t ionship to t he  miss distance at desired intercept  time; t h a t  
is, the  e a r l i e r  the  time of the l a s t  correction, the greater  i s  the  miss 
distance, (see f igure 5 ) .  Thus, a compromise on the time of the f i n a l  
correction must be made i n  order to keep guidance velocity and the miss 
distance within reasonable bounds. 

Effect of number of corrections.- The number of corrections grea t ly  
a f fec ts  the guidance velocity requirements as well as the  optimum correc- 
t i o n  schedule, see f igure 4. 
er ror  velocity i s  en t i r e ly  out-of-plane (3 = 8.6 3) the  guidance veloci ty  
decreases as t he  number of corrections i s  increased to 3 or 4. 
the number of corrections was varied suf f ic ien t ly  to es tab l i sh  t h a t  in- 
creasing the number of corrections beyond 4 yields l i t t l e  or no fur ther  
decrease i n  AV . Also, increasing the number of corrections decreases 

the time of the  optimum correction schedule. For the  case of out-of-plane 
velocity e r ror  only, it can be seen t h a t  the  number of corrections has 
l i t t l e  e f fec t  on AV o r  correction time. However, f o r  t h i s  case, a s l i g h t  

€2 
increase i n  AV i s  noted as the number of corrections is  increased. 

For all cases except t h a t  f o r  which the  

However, 

g 

g 

Effect of e r ro r  veloci ty  direction.- It i s  evident from f igure 4 t h a t  
the direct ion of the velocity e r ror  has a s ignif icant  e f f ec t  on the  gui- 
dance velocity requirements. For c lar i ty ,  sample r e su l t s  a re  cross-plotted 
i n  f igure 6 which i l l u s t r a t e  the e f fec t  of the  e r ror  velocity direct ion.  
The most severe velocity requLrements r e s u l t  from velocity errors  i n  the  
xz-plane, (3 = 6.08 7 -+ 6.08 k) whereas the  out-of-plane e r rors  (l? = 8.6 2 
produced the lowest requirements. I n  general, the  e r ror  veloci ty  direc- 
t i o n  has l i t t l e  e f fec t  on the optimum correction schedule. 
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220" Transfer 

The var ia t ion  of t h e  guidance veloci ty  requirements f o r  t h e  out-of- 
plane t r ans fe r  with t h e  correction t i m e  i s  presented i n  f igure  7 f o r  a l l  
f i v e  d i rec t ions  of t h e  e r ro r  veloci ty .  
agreement with those f o r  t he  in-plane-case.  
f o r  t he  out-of-plane veloci ty  e r ro r  (Z  = 8.6 T). For t h e  220" t r ans fe r  
t h e  r e s u l t s  of f igure  7 indicate  t h e  out-of-plane veloci ty  e r ro r s  should 
be corrected as soon as possible, while t he  180" t r ans fe r  r e s u l t s  ( f ig -  
ure 4) showed l i t t l e  var ia t ion  with correction t i m e  f o r  t h e  out-of-plane 
e r ro r  ( s l i g h t  decrease i n  AV as correction t i m e  increased) . However, 

t h e  out-of-plane ve loc i ty  error ,  as i n  the  180" t ransfer ,  requires the  
least amount of AV of aL1 t he  direct ions considered, see f igure  8. Also, 

t he  e r ro r s  i n  t h e  xz-plane s t i l l  require the  l a rges t  AV Finally,  t he  

miss distances f o r  t h e  220" t r ans fe r  a re  shown i n  f igure  9 t o  be nearly 
equal to those occurring i n  the  180" transfer, I n  general, t h e  optimum 
correction schedule f o r  the  220", out-of-plane t r ans fe r  i s  the  sane as 
t h a t  for t h e  1-80', in-plane t r ans fe r .  

These r e s u l t s  are i n  general 
One exception i s  t h e  r e s u l t s  

g 

g 

g' 

COMPARISON WITH EXACT TWO-BODY SOLUTION 

An example of t h e  accuracy of t he  l inear ized  equations of mction 

Results are 
i s  shown i n  f igure  10. The s o l i d  l i n e s  i n  t h i s  f igure  were obtained 
using t h e  more complicated but exact two-body equations. 
shown f o r  2, 3, and 4 corrections i n  each case with t h e  f i n a l  correction 
being made 5 minutes from in te rcept .  It i s  'evident from t h i s  f igure  t h a t  
t h e  l inear ized  equations give good agreement f o r  predicting an optimum 
correction schedule and t h a t  t h e  guidance ve loc i ty  predict ion agrees t o  
an accuracy of about 10  percent or  less. 

CORCLUDING REMARKS 

An invest igat ion of LEM midcourse guidance procedures f o r  rendezvous 
with t h e  CM i n  lunar  o rb i t  i s  reported. This invest igat ion i s  based on 
constant ve loc i ty  e r ro r s  and l inear ized  equations of motion i n  order to 
simplify the  analysis and at  the  same time e s t ab l i sh  trends of t h e  impor- 
t a n t  parameters. A comparison of t h e  r e s u l t s  of t h i s  invest igat ion with 
r e s u l t s  obtained from exact two-body equations indicates  t h i s  method i s  
va l id  f o r  es tabl ishing these t rends.  
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The optimum correction 
of corrections and the  time 

schedule w a s  found to depend on the  number 
of the  f i n a l  correction. The two types of 

L;EM t ransfer  t r a j ec to r i e s  investigated, 1-80' in-plane and 220" out-of- 
plane t ransfers ,  were found to yie ld  nearly the  same optimum midcourse 
correction schedule; namely, 3 or 4 corrections w i t h  t he  f i n a l  correction 
scheduled 10 t o  15 minutes before the end of the  t ransfer  and all pr ior  
corrections scheduled at 0.20 to '0.40 of the  remaining t r ans fe r  time. 

The direct ion of the e r ro r  veloci ty  w a s  found to have a large e f f ec t  
on the  magnitude of the guidance veloci ty  and m i s s  distance. 
plane veloci ty  e r rors  produce the  la rges t  guidance veloci ty  and miss dis- 
tance, while t he  out-of-plane errors  y ie ld  the  smallest correction and 
m i s s  distance. Miss distance is, as expected, primarily a function of 
the  time of t he  f i n a l  correction -- the  e a r l i e r  the  f i n a l  correction, 
t he  la rger  t he  m i s s  distance. 

The in- 
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Technology Incorporated Tech. Rept e No. ASD-TDR-~~-~~. 
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Figure 2.- Target centered ro ta t ing  spherical  coordinate system 
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