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TRAJECTORY INFORMATION FOR INITIAL PLANNING OF 

TERMINAL PHASE OF COELLIPTIC SEQUENCE 

RENDEZVOUS I N  LUNAR ORBIT 

By James D.  Alexander and Mary T .  Alexander 

SUMMARY AND INTRODUCTION 

This note  presents  f igu res  which conta in  information pe r t a in ing  
t o  t h e  te rmina l  phase of t he  coel l i .p t ic  sequence rendezvous i n  lunar  
o r b i t .  
information i s  s u f f i c i e n t l y  accurate  f o r  i n i t i a l  planning of lunar  
o r b i t  rendezvous. 

Although t h e  data were generated by a Keplerian method, t he  

The t e rmina l  phase of a c o e l l i p t i c  sequence rendezvous begins 
wi th  t h e  maneuver which places  the chaser vehic le  on an i n t e r c e p t  
t r a j e c t o r y  wi th  t h e  t a r g e t  vehic le ;  t h i s  maneuver i s  r e f e r r e d  t o  as 
te rmina l  phase i n i t i a t i o n  (TPI). 
t e rmina l  phase i s  completed by an impulsive v e l o c i t y  match maneuver 
at t h e  i n t e r c e p t  of the two vehicles;  t h i s  maneuver i s  r e f e r r e d  t o  
as te rmina l  phase f i n a l i z a t i o n  (TPF). Operat ional ly ,  however, t h e  
i n t e r c e p t  v e l o c i t y  match i s  e f fec ted  by a s e r i e s  of braking maneuvers 
which a r e  based on range/range-rate schedules and a r e  con t ro l l ed  
manually. The opera t iona l  propel lant  requirement f o r  t hese  braking 
maneuvers i s  usua l ly  about 1.5 t o  2.0 times t h e  t h e o r e t i c a l  ve loc i ty -  
match requirement. 

Theore t i ca l ly ,  the rendezvous 

The t i m e  dura t ion  of t h e  ( t h e o r e t i c a l )  t e rmina l  phase i s  a 
func t ion .o f  t h e  se l ec t ed  c e n t r a l  angle  of t r a v e l  of t h e  t a r g e t  vehic le  
during te rmina l  phase. This c e n t r a l  angle  i s  c u r r e n t l y  a standard 
140'. The t a r g e t i n g  of TPI incorporates  t h e  corresponding t h e o r e t i c a l  
TPI-to-TPF A t ,  which ranges from about 44 t o  48 minutes depending on 
t h e  length  of t h e  t a r g e t  vehic le ' s  semimajor a x i s .  A l s o ,  nominally- 
zero  midcourse co r rec t ion  maneuvers (based on e f f e c t i n g  in t e rcep t  at 
t h e  o r i g i n a l  TPF t ime)  w i l l  be scheduled at f ixed  At's from TPI, 
u s u a l l y  at about 1 5  and 30 minutes a f t e r  TPI. 
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"terminal phase f i n a l i z a t i o n " ;  
t h e o r e t i c a l  v e l o c i t y  w t c h  at i n t e r -  
cept  - impulsive equivalent  of braking. 

~ 

The data  presented he re in  are f o r  a t h e o r e t i c a l  t e rmina l  phase - 
i . e . ,  a perfectly-executed (impulsive) TPI  followed by a p e r f e c t l y -  
executed (impulsive) TPF, with no pe r tu rba t ions  or d i spe r s ions  in -  
volved. 

DEFINITIONS 

Symbols and Abbreviations 

bh 

AV 

'PT 

T PI 

d i f fe rence  i n  the  lengths  of t h e  two 
v e h i c l e s '  r a d i i .  

v e l o c i t y  increment. 

t a r g e t  v e h i c l e ' s  c e n t r a l  angle of 
t r a v e l  during t e rmina l  phase. 

"terminal phase i n i t i a t i o n ' '  ; 
establishment of i n t e r c e p t  t r a j e c t o r y .  

TPF 

Terms 

Coel l ip t ic  Ah Constant Ah during phase preceding TPI.  

Curvilinear The v e r t i c a l  coordinate  i s  t h e  d i f f e r e n c e  
i n  the lengths  of t h e  two v e h i c l e s '  r a d i i  coordinates 
( i . e . ,  Ah); the h o r i z o n t a l  coordinate  i s  
t h e  a r c  length between the  two v e h i c l e s '  
r a d i i ,  measured a t  t h e  radius l e n g t h  of 
the vehic le  i n  which t h e  coordinate  system 
i s  centered.  

a 

Elevation Angle (measured counterclockwise) between 
angle  a a v e h i c l e ' s  l o c a l  h o r i z o n t a l  i n  t h e  d i r e c t i o n  

of motion and t h e  l i n e - o f - s i g h t  t o  t h e  
other  vehic le .  

'For non-coplanar s i t u a t i o n s ,  t h e  parameter is measured by pro- 
j e c t i n g  t h e  posi t ion of one vehicle  i n t o  t h e  o t h e r  v e h i c l e ' s  plane. 
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F l i g h t  -path Angle between a v e h i c l e ' s  l o c a l  h o r i z o n t a l  
angle  i n  t h e  d i r e c t i o n  of motion and i t s  v e l o c i t y  

vector  (pos i t i ve  when t h e  v e l o c i t y  vector  
is above the  l o c a l  h o r i z o n t a l ) .  

"Line-of - s igh t  TPI for  which t h e  d i r e c t i o n  of t he  impulsive 
AV vector i s  along the  instantaneous l i n e -  
of - s igh t  t o  the t a r g e t  veh ic l e .  

Cen t ra l  angle between t h e  two v e h i c l e s '  
radii. 

TPI" 

a Phase angle 

CHASER. VEHTCLL 7 
VEHICLE 

0' 

PHASE ANGLE h/ 
DESCRIPTION OF FIGURES 

The d a t a  presented i n  t h e  f i g u r e s  are based on t h e  following 
cons t an t s  and assumptions: 

a. A " l ine-of-s ight  TPI". (See d e f i n i t i o n s . )  

b .  Impulsive, undispersed burns. 

c ,  The t a r g e t  v e h i c l e ' s  c e n t r 8 l  angle  of t ravel  during 
t e rmina l  phase (cp,) i s  140 . 
The taxget  veh ic l e  i s  i n  an 80-11. m i .  c i r c u l a r  o r b i t  f o r  
a l l  data w i t h  the  chaser below; for chaser above, t h e  
t a r g e t  v e h i c l e ' s  c i r c u l a r  o r b i t  a l t i t u d e  varies from 
80 t o  30 n. m i .  as the c o e l l i p t i c  Ah varies from near 
0 t o  50 n. m i .  

d.  

a For non-coplanar s i t u a t i o n s ,  the parameter i s  measured by pro- 
j e c t i n g  t h e  p o s i t i o n  of one vehicle i n t o  the o the r  vehicle's plane. 
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e .  The chaser veh ic l e  i s  i n  a c i r c u l a r  o r b i t  p r i o r  t o  TPI. 

f .  C o e l l i p t i c  Ah's are from near 0 t o  50 n. m i .  f o r  both 
chaser below and chaser above. 

g .  Coplanar veh icu la r  planes.  

h. A moon mean r ad ius  of 5 702 395 f t ;  a moon g r a v i t a t i o n a l  
constant of 1.7314 x 1014 f t3 / sec2 .  

Figure 1 presen t s  t h e  chaser- to- target-vehicle  e l e v a t i o n  angle 

It i s  seen t h a t  the  " l ine-of-s ight  TPI" e l e v a t i o n  angle  varies 
required at TPI  f o r  a " l ine-of-s ight  TPI" as a func t ion  of c o e l l i p t i c  
Ah. 
by only about 2' as t h e  c o e l l i p t i c  Ah varies from 15 t o  50 n. m i .  
f o r  both chaser below and chaser above. Ac tua l ly ,  t he  e l e v a t i o n  
angle  f o r  a s p e c i f i c  c o e l l i p t i c  Ah w i t h  t h e  chaser  above is  approx- 
imately equal  t o  the corresponding chaser-below value p lus  180° 
p lus  t he  absolute  value of phase angle.  

The magnitudes of t he  AV vector  a t  TPI and at TPF (along with 
t h e  sum of these two magnitudes) are shown i n  figure 2 as a func t ion  
of c o e l l i p t i c  Ah. It i s  noted t h a t  t h e  chaser-above values  are 
continuously l a r g e r  than t h e  corresponding chaser-below va lues ,  
although t h e  d i f f e rences  are nea r ly  n e g l i g i b l e  f o r  the smaller 
c o e l l i p t i c  n h ' s .  

Shown i n  f i g u r e  3 are t h e  AV-component ( h o r i z o n t a l  and v e r t i c a l  
The at bo th  TPI and TF'F) magnitudes as a func t ion  of c o e l l i p t i c  Ah. 

p o s i t i v e  ho r i zon ta l  i s  i n  t h e  d i r e c t i o n  of motion, and t h e  p o s i t i v e  
v e r t i c a l  i s  away f r o m t h e  c e n t e r  of a t t r a c t i o n .  It is seen tha t  as 
t h e  c o e l l i p t i c  Ah inc reases  t h e  v e r t i c a l  component at TF'F inc reases  
considerably more r a p i d l y  than  the  v e r t i c a l  component at TPI for 
bo th  chaser  below and chaser above. Also ,  al though there i s  no 
s i g n i f i c a n t  difference between corresponding chaser-below and chaser- 
above ho r i zon ta l  components, there i s  a s i g n i f i c a n t  d i f f e r e n c e  between 
corresponding chaser-below and chaser-above v e r t i c a l  components. This  
lat ter d i f f e rence  i s  due t o  t h e  d i f f e r e n c e  i n  t h e  chaser's t r a n s f e r  
angle f o r  corresponding chaser-below and chaser-above Ah's. 
e f f e c t s  i n  the curves of several of t h e  o t h e r  f i g u r e s  are due t o  t h i s  
d i f f e r e n c e  i n  t r a n s f e r  angles .  

S imi l a r  

Each as a function of c o e l l i p t i c  Ah, phase a n g l e  ( target-vehicle-ahead)  
at TPI i s  shown i n  f i g u r e  4 ,  and t h e  veh ic l e - to -veh ic l e  range at TPI 
i s  shown i n  f igu re  5. It i s  seen t h a t  f o r  both of t h e s e  variables 
there i s  e s s e n t i a l l y  no difference between corresponding chaser-  
below and chaser-above values .  
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Changes i n  t h e  o r b i t a l  apsides r e s u l t i n g  from TPI are shown as 
a funct ion of c o e l l i p t i c  Ah i n  f igu re  6. It is  seen t h a t  the  r e s u l t i n g  
a p s i d a l  a l t i t u d e s  are only s l i g h t l y  d i f f e r e n t  from the altitiirler, of 
t h e  two v e h i c l e s '  o r b i t s  p r i o r  t o  TPI f o r  both chaser-l,elow mrl cha::er- 
above cases .  

Figure 7 shows t r u e  anomaly instmtaneoirnly al'l PT' ' l ' l ' l  i m ( 1  

instantaneously before  TPF as a function 0 1 '  (1ocI I i 111 i ( :  A t ) .  ~ ~ ~ , r ~ r . ~ . : ; ~ , ~ , r ~ ~ J i r ~ ~ ~  
f l i g h t - p a t h  angle  data are shown i n  f i g w e  H. 

Presented i n  f i g u r e  9 are terminal. pha;;e r e  1i1,I. i v f '  rw,l  i I , I ~  " I J r ' / f . : ;  

i n  a target-vehicle-centered cu rv i l i nea r  c o c n * t J i r i i L l . ( f  : : y : ; l . f : i f r  l'or ' . I , -  

e l l i p t i c  Ah's of 15,  30, and 50 n. m i .  (ctiar;er a t l f J V f . :  rJ,rrrl f'kliJ.:;f-r* t , c ; ~ o i / ~ .  

Ten-minute t i m e  t i c k s  are shown r e l a t i v e  [ , ( I  rl ' lJ1~l. 

Figures 10, 11, and 12 show terminal phase I.irrie t ~ i : ; l . o r i e : ;  ( , , r i  i . : ,  

ze ro  t i m e  at TPI and w i t h  curves f o r  c o e l l i p t i c  All  I:; ( 1 1 '  I ' , ,  .;O, :>,rJfj  

50 n. m i .  , chaser  below and chaser above) f o r  ttre 1'01 L o w i n / <  r J : ~ ~ : ~ , f f l r ~ i , r ~ ~ , ; :  

chaser- to- target-vehicle  e levat ion angle ( f i g u r e  lo), l~ar~yl -vekl  i f; le- 
ahead phase angle  ( f igu re  11) , and vehicle-to-vehicle range (Yi;yre 
12) .  The nea r ly  n e g l i g i b l e  differences i n  correspondin{; ckla:;er-t,e I ow 
and chaser-above curves i n  f igures  9 through 12 are due t o  the 
d i f f e rence  i n  t r a n s f e r  angles (explained above) and t h e  d i f f e rence  
i n  t h e  t a r g e t  vehicle o r b i t a l  a l t i t u d e s .  It i s  seen t h a t  t h e  
v a r i a t i o n  between the e l e v a t i o n  angle curves i s  nea r ly  n e g l i g i b l e  
throughout t e rmina l  phase regardless  of Ah f o r  e i t h e r  chaser  below 
o r  chaser above. This l a c k  of v a r i a t i o n  i s  a basic component of t h e  
t e rmina l  phase of c o e l l i p t i c  sequence rendezvous. 

A s  s t a t e d  above, t h e  d a t a  presented i n  each of t h e  f i g u r e s  are 
based on exact  "l ine-of-sight TPI'S' ' ,  f o r  which the associated e l eva t ion  
angle  i s  s l i g h t l y  a func t ion  of c o e l l i p t i c  Ah. The use of a standard 
(or average) TPI e l eva t ion  angle f o r  a l l  chaser-below (or  a l l  chaser- 
above) c o e l l i p t i c  Ah's i n s t ead  of the  exact  "l ine-of-sight" value 
r e s u l t s  i n  n e a r l y  n e g l i g i b l e  va r i a t ions  f o r  the type of d a t a  presented 
here. Under real-time conditions t h e r e f o r e ,  i n  order t o  s implify 
procedures,  a standard TPI e l eva t ion  angle  w i l l  prgbably be incor-  
porated - f o r  example, a TPI elevat ion angle  of 26 
below cases  r ega rd le s s  of c o e l l i p t i c  Ah. 

f o r  a l l  chaser- 
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Other nearly n e g l i g i b l e  v a r i a t i o n s  i n  t h e  d a t a  w i l l  r e s u l t  due 
t o  f i n i t e  t h r u s t i n g  in s t ead  of impulsive burns.  
i n  t h e  data would r e s u l t  due t o  a s l i g h t l y  e l l i p t i c a l  t a r g e t  o r b i t  o r  
a noncoplanar s i t u a t i o n .  

The 'pT of 140' i s  t h e  cu r ren t  standard f o r  a l l  of t h e  c o e l l i p t i c  
sequence rendezvous i n  t h e  Apol lo  missions.  
t o  allow s u f f i c i e n t  t i m e  f o r  two terminal  phase midcourse co r rec t ions  
i n  luna r  o r b i t  and t o  normally not r e q u i r e  excessive AV; it i s  
s u f f i c i e n t l y  less  than 180° t o  avoid " s ingu la r i ty"  out-of-plane 
problems. 

The c o e l l i p t i c  Ah range i s  s u f f i c i e n t l y  l a r g e  t o  cover a l l  
feasible lunar o r b i t  rendezvous s i t u a t i o n s .  The probable c o e l l i p t i c  
Ah range f o r  nominal and contingency s i t u a t i o n s  i s  about 10 t o  30 n .  m i . ,  
w i t h  chaser  below or above. 

Also, s l i g h t  v a r i a t i o n s  

This (pT i s  l a r g e  enough 

I n  generating t h e  data f o r  the chaser-above cases ,  t h e  a l t i tude  
of t h e  t a r g e t  v e h i c l e ' s  c i r c u l a r  o r b i t  was decreased as t h e  c o e l l i p t i c  
Ah increased i n  a n  attempt t o  r e f l e c t  t h e  more probable chaser-above 
s i t u a t i o n s  - namely, rescue s i t u a t i o n s .  I n  other  words, f o r  a chaser- 
above c o e l l i p t i c  Ah between 40 and 50 n. m i . ,  the t a r g e t  a l t i t u d e  
would probably be between 20 and 40 n.  m i .  i n s t ead  of between 60 and 
80 n. m i .  

F ina l ly ,  i t  should be emphasized tha t  no s i g n i f i c a n t  changes 
r e s u l t  i n  the type of data presented f o r  v a r i a t i o n s  i n  t he  t a r g e t  
o r b i t  a l t i t u d e  up t o  about 30 n. m i .  

C ONC LUDING REMARKS 

Most r ecen t ly  a decrease i n  the a l t i t u d e  of t h e  nominal CSM 
parking o rb i t  f o r  the  lunar  o r b i t  phase of t h e  first luna r  landing 
mission from 80 t o  60 n .  m i .  has become h igh ly  probable.  
previously emphasized, however, the d a t a  presented f o r  t h e  80 n .  m i .  
t a r g e t  o r b i t  a l t i t u d e  i s  e s s e n t i a l l y  as accura t e  f o r  a 60 n.  m i .  t a r g e t  
o r b i t  a l t i t u d e  as f o r  an 80 n. m i .  t a r g e t  o r b i t  a l t i t u d e ,  Also, i f  
t h e  pre-TPI condi t ions and t h e  t e rmina l  phase parameters assumed 
he re in  are incorporated,  t h e  t e r m i n a l  phase values  are  a func t ion  
only of t h e  c o e l l i p t i c  Ah (mainly) and of t h e  t a r g e t  o r b i t  a l t i t u d e  
( s l i g h t l y )  - i . e . ,  t h e  t e rmina l  phase values are otherwise independent 
of t he  sequence p r i o r  t o  TPI. 

A s  
c 
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n 

Although t h e  information presented he re in  i s  t h e o r e t i c a l  and 
does not involve per turbat ions o r  d i spe r s ions ,  by supplementing it 
with var ious ope ra t iona l  f ac to r s  such as tha t  for braking, it can 
be of considerable  value f o r  i n i t i a l  planning of lunar  o r b i t  
rendezvous. 

*. 
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