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AUSTRACT 

Large oscillations occurred in the comanded thrust 

during the P66 (final) phase of LM descent in the Apollo 11 

and 12 flights. A linear stability analysis of the governing 

guidance equations shows that the problem was partially due to 

a smaller in-flight value of the descent engine time constant 

than was originally assumed. Possible solutions are obtained 

by lowering the values of two guidance constants which affect 

. the roots of the system characteristic equation. 
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INTRODUCTION 

It was observed from the Apollo 11 and 12 Descent 
Engine Control Assembly data that large commanded-thrust 
oscillations occurred during the P66 (rate-of-descent - ROD) 
phase of the flights. During Apollo 12 descent, these oscil- 
lations reached peak-to-peak values of 2000 lb, and the commanded 
oscillations continued after the engine was shut off. 

A study was made of the basic stability of the gui- 
dance equations governing P66. The equations were examined by 
placing them and the associated dynamics into a set of linear, 
constant first-order difference equations. The degree of sta- 
bility was determined by observing the root locations of the 
resulting characteristic equation on the Z-plane. (2-plane 
analysis is briefly reviewed in Appendix A.) Various parameters 
in the equations were varied to determine their effect upon 
stability. 

THE SYSTEM CHARACTERISTIC EQUATIONS 

The linearized difference equations governing P66 
are derived 
equation: 

in Appendix B, and are summarized in a matrix 

a 
C n- 1 

A'n+l 

Aan+l 

1 0  

-1 1 

0 0  

-d K 3  

0 0 

1 -1 

0 0 

K 3  -K3 

U 

W 

Here, a is the commanded acceleration, A A  is the desired 
minus the actual value of vertical rate, and Aa is the throttle- 
command acceleration increment issued to the engine. The terms 

C 
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u and w are the astronaut input and random driving distur- 
bance, respectively. 
are defined in Appendix B. 

The coefficients C1, C2, d, e, and K3 

Equations (1) can be described in the form 

-+ - -+ 
X n+l - F xn + GGn. 

The characteristic equation is 

IzI - FI = 0, 

where I is the identity matrix. From (1) , this is 

z 4  + (e-2) z3 + ( ~ - ~ ~ + C ~ ~ I + C ~ K ~ I  z 2 

+ (e-2Cld+C K -C K +d) z + (Cld-C1K3+K3-d) = 0. 1 3  2 3  

ANALYSIS RESULTS 

The effects of the erasable guidance gain (Lag/ 
TAUROD), the engine time constant T ~ ,  the computational 
delay nd, and the fixed-memory constant T~~ on the roots of 
Eq. (4) were parametrically examined. Each of these terms is 
used in deriving Eqs. (1) or Eqs. ( B . 1 9 )  of Appendix B. 
Previously used nominal values for the various equation para- 
meters have been approximately : 



c 
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TAUROD = 1.5 sec, 

Lag/TAUROD = 0.4133, 

Ad'= 0.3 S e C ,  

= 0 . 2  sec, ' t h  

T = 0 . 3  sec. e 

F i r s t ,  each of t hese  t e r m s  w a s  he ld  cons t an t  except  
Lag/TAUROD which w a s  v a r i e d  from -1.5 t o  +1.5 i n  s t e p s  of 0 . 0 5 .  
S t a b l e  p o r t i o n s  of t h e  r e s u l t i n g  r o o t  l oc i  of Eq. ( 4 )  a r e  
shown on t h e  Z-plane of Fig.  1. The system i s  s t a b l e  f o r  
Lag/TAUROD v a r i e d  from - 0 . 6  t o  + 1 . 0 .  

The " b e s t "  va lue  of Lag/TAUROD i s  def ined  he re  t o  
be t h a t  which causes  t h e  l a r g e r  magnitude of t h e  r o o t s  on 
l o c i  coming o u t  from t h e  o r i g i n  t o  equa l  t h e  magnitude of  
each r o o t  on loc i  approaching t h e  o r i g i n  as Lag/TAUROD i s  
increased .  This corresponds to  t h e s e  roots having equal  
damping (see Appendix A ) .  For t h i s  f i r s t  case, t h e  b e s t  
va lue  w a s  Lag/TAUROD i s  0 . 4 ,  i . e . ,  nea r ly  t h e  nominal va lue  
s t a t e d  above and used on Apollo 11 and 1 2 .  I t  produces a 
maximum r o o t  magnitude of about 0 . 5 .  

The t e l e m e t r y  d a t a  ind ica t ed  t h a t  t h e  engine t i m e  
cons t an t s  T~ w e r e  more l i k e  0 . 0 7 5  sec r a t h e r  than 0.3 sec so 
t h e  e f f e c t  of t h i s  va lue  w a s  next  examined. Again, Lag/ 
TAUROD w a s  v a r i e d  wi th  t h e  s t a b l e  p o r t i o n s  of t h e  r o o t  l o c i  
presented  i n  t h e  Z-plane of Fig. 2 .  For s t a b i l i t y ,  Lag/ 
TAUROD ranged from about -0 .8  t o  +0.55. The b e s t  va lue  w a s  
found t o  be lowered t o  +0 .15 .  Fo r  Lag/TAUROD = 0 . 4 ,  t h e  r o o t  
l o c a t i o n  along t h e  nega t ive  r e a l  a x i s  has  a magnitude of 0.83. 
( i . e . ,  approaching i n s t a b i l i t y . )  

This case w a s  f u r t h e r  examined by determining what 
e f f e c t  a decrease  i n  t h e  computational de lay  t i m e  Ad had on 
s t a b i l i t y .  Values of 0 ,  0 . 1  and 0 . 2  sec w e r e  s t u d i e d  w i t h  
r e s u l t s  presented  i n  Table 1. I t  is  seen  t h a t  decreas ing  t h e  
d e l a y  t i m e  s h i f t s  both t h e  range of s t a b i l i t y  of Lag/TAUROD 
and t h e  best va lue  i n  the negat ive  d i r e c t i o n .  L e s s  than  0 . 1  
sec de lay  causes t h e  Lag/TAUROD = 0.4133 p o i n t  t o  become un- 
s t a b l e .  The a c t u a l  r o o t  loc i  shapes d i d  n o t  s i g n i f i c a n t l y  
va ry  wi th  t h e  changed de lay  t i m e .  



BELLCOMM. INC. - 4 -  

I conclude, t h e r e f o r e ,  t h a t  t h e  apparent  o s c i l l a t i o n  
problem of Apollo 11 and 1 2  was due t o  a system wi th  weakly 
dampened r o o t s  e x c i t i n g  by some e x t e r n a l  d r i v i n g  f o r c e .  The 
r o o t  s h i f t  w a s  probably due t o  a combination of t h e  decreased  
engine t i m e  cons t an t ,  a decreased computational de l ay  t i m e ,  
and va r ious  nonl inear  e f f e c t s .  

One suggested s o l u t i o n  t o  t h i s  problem has been t o  
change t h e  guidance equat ion  cons tan t  T from 0 . 2  sec. t o  0 .  

This p o s s i b i l i t y  w a s  examined by aga in  vary ing  Lag/TAUROD, 
and t h e  r e s u l t i n g  root  loc i  are p l o t t e d  i n  Fig.  3 .  The sta- 
b i l i t y  range is  from - 0 . 8  t o  + 1 . 3 .  The b e s t  va lue  of Lag/ 
TAUROD i s  0 . 2  when t h e  de l ay  t i m e  A d  i s  0 . 3  sec. A decrease  

i n  A d  aga in  s h i f t e d  t h e  range of s t a b l e  va lues  of Lag/TAUROD 
nega t ive ly .  However, t h e  range i s  wide enough such t h a t  no 
p o t e n t i a l  problem appears.  The dashed l i n e  of Fig.  3 i n d i c a t e s  

t h  

a s m a l l  change i n  t h e  locus shape 

change i n  T d e f i n i t e l y  improves 

CONCLUSIONS 

t h  

f o r  a decrease  i n  A d .  

t h e  s t a b i l i t y  of t h e  system. 
The 

The o s c i l l a t o r y  c h a r a c t e r  of t h e  P66 t h r o t t l e  command 
w a s  apparent ly  due t o  t h e  ac tua l  va lue  of t h e  LM d e s c e n t  
engine t i m e  cons t an t  being smal le r  than t h a t  assumed. This ,  
coupled wi th  a decreased computational l a g  t i m e ,  causes  a root  
of t h e  system c h a r a c t e r i s t i c  equat ion t o  approach t h e  u n i t  
c i r c l e  (and produce marginal  s t a b i l i t y )  f o r  t h e  nominal ga ins  
p rev ious ly  used. 

The problem can be e l imina ted  by changing t h e  para- 
m e t e r  T and t h e  g a i n  (Lag/TAUROD) t o  sma l l e r  va lues .  Actual 

magnitudes should be based on t h e  handl ing q u a l i t y  of  t h e  
s p a c e c r a f t .  

t h  

2014-JAS-ksc J. A. Sorensen 
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APPENDIX A 

Z-TRANSFORM METHOD 

The Laplace transform of a delayed impulse AG(t-T) 
is given as 

-Ts 

In a system containing many delayed pulses (like a sampled 
data system) , it is convenient (Ref. 1) to approximate the 
pulses as impulses (ideal pulses) and make the change of 
variables z = eTs or s = (l/T) In z .  
of a sampled signal with this change of variable is called the 
Z-transform. Thus, the Z-transform of the delayed impulse 
AG(t-T) is 

The Laplace transform 

Suppose the transformed function (i.e., impulse 
equation) is expressed as a ratio of polynomials in z ,  that is 
Q(z)/P(z), where each polynomial has positive exponents in 
z and the degree of P ( z )  is greater than the degree of Q(z), 
and P(z) has no repeated roots. Then, by partial fraction 
expansion, 

Kn + .  . . + - .  + -  K2 Q(z) = K1 
P(z) 2-z1 2-z2 2-zn 

n -(n+l) 
Z 

2-zi Ki (2-l + Z . Z - ~  1 + . . . + Zi + . . . I  . (A.4) Ki - =  

Because the inverse transform of z to a negative power is a 
delayed impulse, Eq. (A.4) has the inverse transform 
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Ki {6(t-T) + Zi6(t-2T) + ... + Zi n G(t-(n+l)T) + ...} 

(A. 5 )  
This is a train of ideal pulses of strength KiZi n , where n is 
the pulse number associated with the pulse occurring at (n+l)T 
seconds. 

From Eq. ( A . 5 1 ,  the stability requirement is seen to 
be lZil < 1. 
of variable z = esT maps the entire left half of the s-plane 
into the interior of the circle 1 z 1 = 1. The imaginary axis 
maps onto the unit circle and the right half plane maps into 
the exterior of this circle. 

This also can be seen by noting that the change 

If the Zi in (A.5)  is positive, real, and less than 
one, the terms in ( A . 5 )  will monotonically decrease as n 
becomes large. For Zi negative and real, the terms will 
alternate in sign. Complex values of Z. (=Z + jZ ) will always 
occur in conjugate pairs (for a realizable system), and the 
inverse transform of 

1 R  I 

+ .  . . I  ~ 1 2 - l  + (zR + jzI)z-2 + . . . + (zR + jz,)" z - (n+l) 

(where E is the complex conjugate of K) is the expression 

(A. 6) 

where <K indicates the phase angle of the complex quantity K. 
This is an ideal pulse train multiplied by a damped cosine 
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wave. 
t h e  ang le  of Zi -- t h e  l a r g e r  t h e  ang le  of Z 

frequency of o s c i l l a t i o n .  

The frequency of t h e  cosine wave i s  seen t o  depend on 
t h e  g r e a t e r  t h e  i' 

The responses  f o r  d i f f e r e n t  l o c a t i o n s  of t h e  roots 
of  P ( z )  = 0 can be thought  of a s  t h e  response t o  a u n i t  impulse 
a t  t = 0. A summary of t h e s e  responses  appears  i n  Fig.  4 .  
If Q(z)/P(z) r e p r e s e n t s  t h e  t r a n s f e r  func t ion  of a system, 
t h e  equat ion  P ( z )  = 0 is  i ts  characterist ic equat ion.  

Consider a system represented  by t h e  l i n e a r ,  f i r s t -  
o r d e r  matr ix  d i f f e r e n c e  equat ion 

+ 
X n+ l  = FGn + G t n  (A. 7 )  

+ + H e r e ,  x 
u i s  t h e  system i n p u t ,  F is t h e  system mat r ix ,  and G i s  t h e  
d i s t r i b u t i o n  matr ix .  The system c h a r a c t e r i s t i c  equat ion  i s  

i n  t h e  s t a t e  a t  t i m e  nT, x ~ + ~  i s  t h e  s t a t e  a t  ( n + l ) T ,  n + 
n 

121 - FI = 0 A. 8 )  

where I i s  t h e  i d e n t i t y  matr ix .  
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APPENDIX B 

DERIVATION OF THE DIFFERENCE EQUATIONS 

The following equations govern the rate of descent 
during P66. They are taken from pages 5.3 - 96, 5.3 - 97, 
and 5.3 - 114 of Ref. 2 and are stated approximately as 
they appear. Definitions of individual terms are found in 
Ref. 2 .  

Measured Rate-of-Descent 

= UNIT [r(PIPTIME) - P 1 *[y(PIPTIME) P + Ay(ATIp + (gp-yBIAsp AT] 

(B. 1) 

Commanded Rate-of -Descent 

fiD = iD + RODCOUNT RODSCALE 

Commanded Acceleration 

(J3.2) 
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s = IAFClnew l i m i t e d  between ACCmax and ACCmin ( B o  7 )  

Corrected Measured Thrus t  

% 

f = ~ A F I  m + 6f 
P 

Commanded Thrus t  

f = m  s 

T h r o t t l e  Command 

% 

Afth = f - f (B .  1 0 )  

Measurement Correct ion f o r  Next Cycle 

(B.  11) 2 A t  
l A f t h l ’ F R A T E  1 ‘ th  + + -  

A t  
6 f  = Afth 

P 

To l i n e a r i z e  t h e s e  equat ions  t h e  fol lowing assumptions are made: 

a. Gravity i s  cons t an t  so g can be ignored.  

b. ~ z h i c l e  ;;izss (iri and :-“ASS abovej is cons tan t  so 
P 

t h a t  a c c e l e r a t i o n  terms can be worked wi th  d i r e c t l y .  

c. Descent is v e r t i c a l  so c o s ( < )  = 1. 
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d. 

e. 

f. 

The difference between the actual and measured 
fi is due to some random driving force w. 
V term is dropped. 

The throttle command increment Afth is small 
so that the final term in Eq. (B.ll) can be 
dropped. 

The 
- B I A S P  

The time lag between when the P I P A s  (accelerometers) 
are read, and the throttle command is issued (repre- 
sented by (tfc - tn) in Eq. (B.11) is constant. 
The command sequence occurs every computational 
period of At = 1 sec. 

The following definitions are made: 

A K2 = Lag/TAUROD 

K~ 4  TAURO ROD 

Aa = Afth/m 

The command acceleration at time n is 

a = ac + ban C n n- 1 
(B.12) 

where the subscripts n and n-1 refer to the sample times which 
wIlc 3,=LulIu apaLc. L A I C  Guiitputationai process can be repre- 

sented by the time line: 
rnL - - - -- . . . n-c. -----zl ----L 
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PIPA T h r o t t l e  
r ead  Command 

Hn- 1 A an- 1 

PIPA T h r o t t l e  P I P A  
read  Command read  

i n  A an Hn+l  

The t h r o t t l e  command i s  i s s u e d  A sec. a f t e r  t h e  PIPAs d 
are r e a d c  The t h r o t t l e  command v o l t a g e  t o  t h e  engine changes 
i n  a cons t an t  ramped manner r a t h e r  t han  a s  a s t e p  change due t o  
A a .  This  a lso produces a v a r i a b l e  l a g  dependent upon Aa's 
magnitude b u t  i s  ignored here .  The engine has t h e  dynamic de lay  
r ep resen ted  by t h e  t r a n s f e r  func t ion  1 / ( T e s  + 1). 
t h e  change i n  a c c e l e r a t i o n  due t o  a s t e p  change Aa a t  t i m e  ze ro  
i s  

Therefore ,  

- t / T  

Aat = Aa(1 - e e)  (B. 13) 

Actua l ly , . t he  e n t i r e  p a s t  A a  sequence must be accounted 
f o r  i n  determining H. 

s m a l l  enough so t h a t  t h e  average a c c e l e r a t i o n  f r o m  n t o  n + l  i s  
However, it i s  assumed here t h a t  T~ i s  

1- Ad 
- t / T e  - t / T e  

- + Aan-1 ) d t  + A a n l  (1-e ) d t ,  
1-Ad 0 n- 2 n + l  - ac a 

(Ad-2) /T (Ad-1) /..I] 
= a  + Aan-l [I f T~ ( e  ' - e  

'n- 2 

(Ad-l)/Te 
+ h a n  [l - Ad + ~ ~ ( e  
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S i n c e  t h e  bracketed q u a n t i t i e s  are c o n s t a n t s ,  an+l can be 
r e w r i t t e n  as 

+ C l A a n - 1  + C2Aan . C n- 2 
a n + l  = a 

E q u a t i o n s  ( B . l )  and ( B . 2 )  can be r e w r i t t e n  as 

ir = ir, + u.  
Dn+l n 

T h e s e  can be combined by d e f i n i n g  

so t h a t  

"n+l = in + u - an+l - w. 

(B.  1 4 )  

(B.  15)  

(B .  16) 

( B .  1 7 )  

From E q s .  ( B . 3 )  through ( B . 1 1 1 ,  t h e  commanded acceleration 
increment a t  t i m e  n+l  i s  

Aall+l 3 n + l  + K 2 ( - a n + 1  1 n  - K I A a n  (B.  1 8 )  - K A a )  - a  = K A i  n+ 1 

E q u a t i o n  ( B . 1 4 )  i s  s u b s t i t u t e d  i n t o  E q s .  ( B . 1 7 )  and ( B . 1 8 )  , and 
these are used w i t h  E q .  ( B . 1 2 )  t o  produce t h e  d i f f e rence  
equa t ions :  
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- 
1 0  1 0 

-1 1 -cl -c* 

0 0  0 1 

-d K3 -Cld -e 
- 

a 
C n- 1 

Here I 

and 

a 
C n- 2 

A i n  

Aan-l 

a an 

d = 1 + K2 + K3' 

+ 

0 0 

1 -1 

0 0 

K3 -K3 

U 

W 

. (B.19) 
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Range of s table  
Lag/TAUROD 

T a b l e  1. E f f e c t  on s t a b i l i t y  of decreasing t h e  t i m e  de lay  
between PIPA readings and t h r o t t l e  command dur ing  
P66. T h e  e n g i n e  t ime cons t an t  i s  0 . 0 7 5  sec. and 

' t h  i s  0 .2  sec. 

B e s t  value of 
Lag/TAUROD 

T i m e  delay 
A d ,  sec. 

0.3 

0.2 

0.1 

0 

-0 .75  t o  +0.50 

-0 .80  t o  +0.45  

- 0 . 8 5  t o  0.40 

-0 .95  t o  0 .35  

+O. 15 

+O. 05 

0 

-0 .05  

Magnitude of l a rges t  
root when Lag/TAUROD 

equals  0 . 4 .  

0 . 8 3 8  

0 . 9 0 2  

0 . 9 6 7  

1.033 
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