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A B  ST RACT 

A s t a t i s t i c a l  a n a l y s i s  o f  t h e  f i r s t  t r a n s l u n a r  midcour se  
c o r r e c t i o n  f o r  t h e  December 2 1 ,  1968 C '  l u n a r  m i s s i o n  d i s c l o s e d  
t h a t  t h e  magni tude  o f  t h e  r e q u i r e d  c o r r e c t i o n  a t  T L I  + 6 h G L i r S  is 
l e s s  t h a n  83.4 f p s  w i t h  a p r o b a b i l i t y  o f  99 .865%.  A n a l y s i s  of  
i n d i v i d u a l  samples showed t h a t  t h e  minimum r e q u i r e d  c o r r e c t i o n  
may o c c u r  anywhere between TLI and T L I  + 11 h o u r s .  I n  o r d e r  t o  
minimize  t h e  e x p e c t e d  c o r r e c t i o n ,  i t  s h o u l d  be p l anned  a t  
T L I  + 4 h o u r s ,  b u t  t h e  expec ted  p e n a l t y  f o r  p l a n n i n g  i t  a t  
T L I  + 6 h o u r s  i s  o n l y  0 . 8  f p s  ( a t  t h e  99.865% p r o b a b i l i t y  l e v e l ) .  
C o n s i d e r i n g  t h e  t i m e  des i r ed  f o r  a d e q u a t e  t r a c k i n g ,  p r e p a r a t i o n ,  
e t c . ,  t h e  s i x  hour  p o i n t  looks l i k e  a good s e l e c t i o n .  Fu r the rmore ,  
i t  i s  u n n e c e s s a r y  t o  c o n s i d e r  chang ing  t h e  t i m e  o f  t h e  midcour se  
d u r i n g  t h e  f l i g h t  i n  hopes of d e c r e a s i n g  t h e  r e q u i r e d  AV, s i n c e  
l i t t l e  o r  no s a v i n g s  w i l l  r e s u l t .  

The magni tude  of t h e  c o r r e c t i o n  r e q u i r e d  a t  T L I  + 6 . 5  
h o u r s  i n  o r d e r  t o  o b t a i n  t h e  minimum AV f r e e  r e t u r n  i s  l e s s  t h a n  
5 1  f p s  w i t h  a p r o b a b i l i t y  o f  99 .865%.  
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TECHNICAL MEMORANDUM 

I N T R O D U C T I O N  

C u r r e n t  p l a n n i n g  for t h e  Apol lo  C '  l u n a r  m i s s i o n  p ro -  
v i d e s  f o r  t h e  f i r s t  t r a n s l u n a r  midcourse  c o r r e c t i o n  t o  be  p e r -  
formed 6 h o u r s  a f t e r  T r a n s l u n a r  I n j e c t i o n  ( T L I  + 6 h o u r s ) .  
It i s  f u r t h e r  p l anned  t h a t  if t h e  computed c o r r e c t i o n  i s  g r e a t e r  
t h a n  abou t  7 0  f e e t  p e r  second,  t h e  c o r r e c t i o n  w i l l  be  recomputed 
f o r  a n  e a r l i e r  e x e c u t i o n  time i n  hopes  o f  s a v i n g  f u e l .  Correc-  
t i o n s  as e a r l y  as T L I  + 3 hour s  would b e  c o n s i d e r e d .  

I n  a d d i t i o n ,  a midcourse c o r r e c t i o n  t o  a c h i e v e  a 
minimum f u e l  f r e e  r e t u r n  t r a j e c t o r y  ( g e n e r a l l y  a l u n a r  f l y b y )  
w i l l  b e  computed f o r  t h e  T L I  + 6 . 5  hour  p o i n t  and s e n t  t o  t h e  
s p a c e c r a f t .  T h i s  c o r r e c t i o n  would be per formed u s i n g  t h e  RCS 
i n  t h e  e v e n t  of  a n  SPS f a i l u r e  f o r  t h e  s i x  hour  c o r r e c t i o n .  

T L I  + 6 h o u r s  was s e l e c t e d  as t h e  midcourse  t i m e  
p r i m a r i l y  t o  a l l o w  s u f f i c i e n t  t i m e  f o r  MSFN t r a c k i n g .  Members 
o f  t h e  Math P h y s i c s  Branch of MPAD a t  MSC have s t a t e d  t h a t  a t  
l eas t  t h ree  h o u r s  o f  good t r a c k i n g  a re  r e q u i r e d  a f t e r  T L I  i n  
o r d e r  t o  r e d u c e  t h e  u n c e r t a i n t y  f o r  t h e  c o r r e c t i o n  t o  a b o u t  
one  f o o t  p e r  s econd .  Fu r the rmore ,  t h e y  have p o i n t e d  o u t ,  
t h e  t r a c k i n g  data  o b t a i n e d  d u r i n g  t h e  f i r s t  hour  a f t e r  T L I  
w i l l  be poor  because  o f  s p a c e c r a f t  a c t i v i t y  d u r i n g  t h a t  p e r i o d .  
Allowing one hour  f o r  post-TLI a c t i v i t y ;  3 h o u r s  f o r  t r a c k i n g ;  
one and one -ha l f  h o u r s  f o r  d a t a  p r o c e s s i n g ,  computa t ion  o f  
t h e  c o r r e c t i o n ,  and u p l i n k i n g  t h e  r e q u i r e d  data t o  t h e  s p a c e -  
c r a f t ;  p l u s  a n  a d d i t i o n a l  one-half  hour  f o r  t h e  crew t o  
p r e p a r e  f o r  t h e  maneuver ,  y i e l d s  t h e  s i x  hour  f i g u r e .  Pe rhaps  
t h e  c o r r e c t i o n  c o u l d  b e  done r e l i a b l y  a t  T L I  + 5 h o u r s ,  b u t  a 
maneuver t i m e  any e a r l i e r  t h a n  t h a t  would c e r t a i n l y  i n v o l v e  
a n  u n c e r t a i n t y  g r e a t e r  t h a n  one f o o t  p e r  second.  

T h i s  memorandum w i l l  show t h a t  i t  i s  u n n e c e s s a r y  t o  
c o n s i d e r  making t h e  c o r r e c t i o n  e a r l i e r  t h a n  s i x  h o u r s .  The re  
i s  a s u b s t a n t i a l  p r o b a b i l i t y  t h a t  t h e  c o r r e c t i o n  r e q u i r e d  a t  

( N A S A - C R - 1 0 Q 0 2 2 )  A N A L Y S I S  O F  THE FIBST N79-7 1879 
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a n  e a r l i e r  time i s  a c t u a l l y  larger  t h a n  t h e  c o r r e c t i o n  r e q u i r e d  
a t  s i x  h o u r s .  Bu t ,  even  i n  t h e  c a s e s  where t h e  r e q u i r e d  AV can  
be r e d u c e d  by advanc ing  t h e  midcourse t i m e ,  t h e  improvement i s  
g e n e r a l l y  i n s i g n i f i c a n t ,  e s p e c i a l l y  when t h e  e f f e c t s  o f  t h e  
i n c r e a s e d  MSFN u n c e r t a i n t y  are c o n s i d e r e d .  

It has been  p r e v i o u s l y  shown ( s e e ,  f o r  example ,  
Re fe rence  1) t h a t  f o r  f i x e d  time o f  a r r i v a l *  midcour se  t a r g e t i n g  
t h e  e x p e c t e d  AV r e q u i r e d  as a f u n c t i o n  o f  t i m e  pas t  T L I  s t a r t s  
o f f  h igh  a t  T L I ,  d r o p s  f a i r l y  s t e e p l y  t o  a minimum and t h e n  
c l i m b s  s l o w l y  and m o n o t o n i c a l l y .  The minimum g e n e r a l l y  o c c u r s  
somewhere between t h r e e  and seven  h o u r s  and i s  a f u n c t i o n  o f  
t h e  e r r o r  s o u r c e s  i n v o l v e d  and of t h e  p a r t i c u l a r  t r a j e c t o r y  
geometry .  The r e s u l t s  r e p o r t e d  i n  t h i s  memorandum d e m o n s t r a t e  
t h a t  t h e  same k i n d  o f  b e h a v i o r  s h o u l d  be  e x p e c t e d  on t h e  
Apol lo  C '  m i s s i o n  where Free R e t u r n  - Best Adap t ive  P a t h  (FRBAP)  
t a r g e t i n g  w i l l  be used  f o r  t h e  f i r s t  t r a n s l u n a r  midcour se  c o r -  
r e c t i o n .  FRBAP t a r g e t i n g  e s s e n t i a l l y  r e o p t i m i z e s  t h e  m i s s i o n  
t o  ge t  t o  a d e s i r e d  l u n a r  l a n d i n g  s i t e .  T o t a l  s p a c e c r a f t  f u e l  
r e q u i r e d  f o r  t h e  m i s s i o n  i s  t h e  minimized parameter. I n  addi-  
t i o n ,  some r e s u l t s  comparing t h e  FRBAP c o r r e c t i o n s  and t h e  
c o r r e c t i o n s  r e q u i r e d  f o r  a minimum f u e l  l u n a r  f l y b y  t r a j e c t o r y  
are  p r e s e n t e d .  

DESCRIPTION OF METHODS USED 

T L I  E r r o r s  

A c o v a r i a n c e  m a t r i x  o f  a c t u a l  s t a t e  v e c t o r  d e v i a t i o n s  
a f t e r  T L I  was o b t a i n e d  from Refe rence  2 .  T h i s  m a t r i x  i s  
p r e s e n t e d  i n  T a b l e  1 and i n c l u d e s  t h e  e f f e c t s  o f  l a u n c h  v e h i c l e  
e x e c u t i o n  e r r o r s ,  ea r th  o r b i t  v e n t i n g ,  and t h e  post-TLI pro-  
p u l s i v e  blowdown. The m a t r i x  i s  based on u n o f f i c i a l  data from 
MSFC and s h o u l d  be  c o n s i d e r e d  p r e l i m i n a r y .  The nominal  t r a -  
j e c t o r y  assumed was f o r  t h e  same day  and l a u n c h  az imuth  a s  t h e  
r e f e r e n c e  t r a j e c t o r y  used  i n  t h i s  s t u d y .  The m a t r i x  i s  v a l i d  
f o r  nominal  T L I  c u t o f f  p l u s  15  m i n u t e s ,  second T L I  o p p o r t u n i t y .  
It i s  p r e s e n t e d  i n  t h e  UVW c o o r d i n a t e  s y s t e m  i n  which U i s  
a l o n g  t h e  p o s i t i o n  v e c t o r ,  W i s  o u t  o f  p l a n e  i n  t h e  d i r e c t i o n  
o f  t h e  a n g u l a r  momentum v e c t o r ,  and V comple t e s  t h e  r i g h t  
handed o r t h o g o n a l  c o o r d i n a t e  s y s t e m .  The u n i t s  a r e  f e e t  and 
f e e t  p e r  second .  

* T h i s  i s  b a s i c a l l y  e q u i v a l e n t  t o  what MSC c a l l s  X Y Z T  
t a r g e t i n g .  
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R e f e r e n c e  T r a j e c t o r x  

A p a t c h e d  c o n i c  f ree  r e t u r n  r e f e r e n c e  t r a j e c t o r y  
f o r  a December 1 9 6 8  m i s s i o n  t o  O r b i t e r  S i t e  1 1 - P - I 1  was 
g e n e r a t e d  u s i n g  BCMASP. The l a u n c h  az imuth  was 7 2 O  and t h e  
l a u n c h  da te  was December 2 1 ,  1968.  A P a c i f i c  i n j e c t i o n  was 
s e l e c t e d .  The f l i g h t  p a t h  az imuth  o v e r  t h e  pseudo- l and ing  
s i t e  was -78 d e g r e e s .  Other s i g n i f i c a n t  p a r a m e t e r s  f o r  t h e  
r e f e r e n c e  t r a j e c t o r y  and v e h i c l e  a re  p r e s e n t e d  i n  T a b l e  2 .  

D i s p e r s i o n s  a t  t h e  Midcourse P o i n t s  

One hundred random samples  were t a k e n  from t h e  
c o v a r i a n c e  m a t r i x  o f  e r r o r s  a t  T L I  + 15 m i n u t e s .  These 
samples were added t o  t h e  nominal c o n i c  s t a t e  v e c t o r  v a l i d  
for t h e  same t i m e .  These s t a t e  v e c t o r s  were saved  and a l s o  
c o n i c a l l y  p r o p a g a t e d  t o  t h e  v a r i o u s  midcourse  t imes ,  namely 
T L I  + 1, 2 ,  3, 4, 5, 6 ,  7, 8 ,  9 ,  and 10 h o u r s .  The r e s u l t i n g  
s t a t e  v e c t o r s  were used  i n  a FRBAP t a r g e t i n g  program t o  
d e t e r m i n e  t h e  r e q u i r e d  AV. 

An a d d i t i o n a l  4 0 0  samples were t a k e n  from t h e  
c o v a r i a n c e  m a t r i x  and p ropaga ted  t o  T L I  + 6 hour s  i n  o r d e r  
t o  o b t a i n  more p r e c i s e  midcourse c o r r e c t i o n  s t a t i s t i c s  a t  
t h a t  p o i n t .  

FRBAP T a r g e t i n g  

A m o d i f i e d  v e r s i o n  o f  t h e  BCMASP l u n a r  t r a j e c t o r y  
t a r g e t i n g  program was used  t o  compute t h e  r e q u i r e d  midcourse  
c o r r e c t i o n s .  The p r i n c i p a l  m o d i f i c a t i o n  was t o  t h e  s u b r o u t i n e  
HITMSI which no rma l ly  computes t h e  e a r t h  l a u n c h  t i m e  and T L I  
l o c a t i o n  t o  p a s s  a n  e a r t h  c e n t e r e d  c o n i c  t h r o u g h  a s p e c i f i e d  
p o i n t  on t h e  MSI w i t h  a s p e c i f i e d  g e o c e n t r i c  e n e r g y .  The 
m o d i f i e d  r o u t i n e  s o l v e s  t h e  problem of  p a s s i n g  a c o n i c  between 
t h e  midcourse  p o i n t  and t h e  d e s i r e d  MSI p o i n t  w i t h  t h e  
s p e c i f i e d  e n e r g y .  

The BCMASP program g e n e r a l l y  does  a s c a n  o f  s e v e r a l  
l a n d i n g  s i t e  approach  a z i m u t h s  i n  o r d e r  t o  f i n d  t h e  one which 
r e q u i r e s  t h e  l e a s t  s p a c e c r a f t  f u e l .  P r e l i m i n a r y  a n a l y s i s  
showed, however,  t h a t  w i t h i n  one d e g r e e ,  t h e  nominal  approach  
az imuth  was optimum f o r  t h e  p e r t u r b e d  t r a j e c t o r i e s  as w e l l .  
S i n c e  t h e  computer  time r e q u i r e d  v a r i e s  n e a r l y  l i n e a r l y  w i t h  
t h e  number of approach  az imuths  s t u d i e d ,  t h e  main p r o d u c t i o n  
computer  r u n s  f o r  t h i s  s tudy  c o n s i d e r e d  o n l y  t h e  nominal  
a p p r o a c h  a z i m u t h .  A d d i t i o n a l l y ,  s i n c e  crew t r a i n i n g ,  l u n a r  
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o r b i t  s i g h t i n g  s c h e d u l e s ,  and on-board maps and c h a r t s  are  
based on t h i s  approach  az imuth ,  t h e  f i r s t  c o r r e c t i o n  w i l l  
undoub ted ly  be  computed for t h i s  az imuth  on t h e  a c t u a l  
m i s s i o n .  

Conic t r a j e c t o r i e s  were used  t h r o u g h o u t  i n  o r d e r  
t o  c o n s i d e r  a s u f f i c i e n t  number o f  c a s e s  t o  be  s t a t i s t i c a l l y  
mean ingfu l  w i t h i n  r e a s o n a b l e  l i m i t s  on t h e  r e q u i r e d  computer 
t i m e .  The u s u a l  e r r o r  a n a l y s i s  method of  p r o p a g a t i n g  s t a t e  
v e c t o r s  and c o v a r i a n c e  m a t r i c e s  and t a r g e t i n g  u s i n g  f r ee  
f l i g h t  p a r t i a l s  a r e ,  u n f o r t u n a t e l y ,  n o t  a p p l i c a b l e  t o  a 
non- f ixed  t i m e  o f  a r r i v a l  problem. The u s e  o f  i n t e g r a t e d  
t r a j e c t o r i e s  would r e q u i r e  a t o t a l l y  u n r e a s o n a b l e  amount o f  
computer  t i m e .  P r e v i o u s  s t u d i e s  and e x p e r i e n c e  have shown, 
however,  t h a t  t h e  s e n s i t i v i t i e s  abou t  c o n i c  t r a j e c t o r i e s  
a r e  v e r y  n e a r l y  t h e  same as t h o s e  abou t  i n t e g r a t e d  t r a j e c t o r i e s  
s o  l o n g  as one s t a y s  w e l l  away from t h e  MSI. The r e s u l t s  
o b t a i n e d  i n  t h i s  s t u d y ,  t h e n ,  s h o u l d  b e  q u i t e  r e p r e s e n t a t i v e  
of  t h e  r e a l  w o r l d ,  s i n c e  only  t h e  f i r s t  midcourse  c o r r e c t i o n  
was c o n s i d e r e d .  

Minimum F r e e  Re tu rn  Delta V T a r g e t i n g  

The one hundred samples  from t h e  c o v a r i a n c e  m a t r i x  
were a l s o  p r o p a g a t e d  t o  TLI t 6 . 5  h o u r s  and t h e  r e q u i r e d  
minimum AV midcourse  c o r r e c t i o n  was computed t o  a c h i e v e  f r e e  
r e t u r n .  I n  a d d i t i o n ,  t h e  r e q u i r e d  AV f o r  s e v e r a l  o t h e r  t imes 
a f t e r  T L I  were computed f o r  two samples. T h i s  work was done 
by  M r .  R .  A .  Bass o f  Bellcomm's Miss ion  A n a l y s i s  Depar tment .  
Detai led r e s u l t s  o f  t h i s  s t u d y  w i l l  be  r e p o r t e d  s e p a r a t e l y ,  
b u t  some of  t h e  r e s u l t s  w i l l  b e  p r e s e n t e d  here  f o r  comple t eness .  

S t a t i s t i c a l  P r o c e s s i n g  

The r e q u i r e d  AV magni tudes  o b t a i n e d  i n  t h i s  s t u d y  
a re  s t a t i s t i c a l l y  d i s t r i b u t e d  as t h e  s q u a r e  r o o t  o f  t h e  sum 
o f  s q u a r e s  of t h r e e  g a u s s i a n  d i s t r i b u t e d  random v a r i a b l e s .  
F u r t h e r m o r e ,  t h e  t h r e e  g a u s s i a n  d i s t r i b u t i o n s  have unequa l  
v a r i a n c e s  s o  t h e  magni tudes  a re  n o t  d i s t r i b u t e d  as t h e  s q u a r e  
r o o t  of  a u s u a l  ( i n t e g e r  d e g r e e s  o f  f reedom)  Chi  s q u a r e d  
d i s t r i b u t i o n .  Consequen t ly ,  t h e  s t a n d a r d  d e v i a t i o n  o f  t h e  
AV magn i tudes  r e p r e s e n t s  some unknown p r o b a b i l i t y  and d i s -  
c u s s i n g  t h r e e  sigma p o i n t s  i s  n o t  m e a n i n g f u l .  Re fe rence  3 ,  
however,  p r e s e n t s  a method f o r  d e a l i n g  w i t h  t h i s  s i t u a t i o n  
by c o n s i d e r i n g  a Chi  squa red  d i s t r i b u t i o n  w i t h  n o n - i n t e g e r  
degrees of  f reedom. The method computes t h e  d e g r e e s  o f  
f reedom from t h e  c o v a r i a n c e  m a t r i x  o f  t h e  midcour se  c o r r e c -  
t i o n  components and t h e n  computes t h e  v a l u e  o f  t h e  magni tude  
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for v a r i o u s  p r o b a b i l i t i e s .  
a c c u r a c y  i n  t h e  t a i l s  o f  t h e  d i s t r i b u t i o n s  and s o  t h e  p r i m a r y  
r e s u l t s  o f  t h i s  s t u d y  were o b t a i n e d  u s i n g  i t .  

I n  a d d i t i o n ,  p l o t s  o f  t h e  sample c u m u l a t i v e  d i s t r i -  
b u t i o n  f u n c t i o n  f o r  s e v e r a l  p a r a m e t e r s  o f  i n t e r e s t  a re  
p r e s e n t e d .  

T h i s  method f e a t u r e s  v e r y  good 

DISCUSSION OF RESULTS 

A V  Requ i red  v s .  T i m e  Past T L I  

F i g u r e  1 p r e s e n t s  p l o t s  o f  f o u r  t y p i c a l  samples  of  
t h e  r e q u i r e d  f i r s t  t r a n s l u n a r  midcour se  AV magni tude  as a 
f u n c t i o n  o f  t ime a f t e r  T L I .  The p a r t i c u l a r  samples  were 
s e l e c t e d  from a s e t  o f  1 0 0  t o  d e m o n s t r a t e  t h a t  t h e  minimum 
r e q u i r e d  AV may o c c u r  a t  wide ly  v a r y i n g  times a f t e r  T L I .  

Sample A i s  a c a s e  where t h e  r e q u i r e d  c o r r e c t i o n  
a t  T L I  + 6 h o u r s  i s  somewhat smaller t h a n  t h e  c o r r e c t i o n  a t  
t h r e e  h o u r s  w h i l e  sample C shows t h e  i n v e r s e  s i t u a t i o n .  
Sample B i s  a c a s e  where t h e  r e q u i r e d  c o r r e c t i o n s  are  a b o u t  
t h e  same a t  t h r e e  and s i x  h o u r s .  Samples A ,  B y  and C have 
minimum r e q u i r e d  c o r r e c t i o n s  a t  T L I  + 9 . 4 6 ,  4 . 4 4 ,  and 1 . 5 4  
h o u r s  r e s p e c t i v e l y .  

The s t e e p ,  n e g a t i v e  s l o p e  s h o r t l y  a f t e r  T L I  and 
t h e  c o m p a r a t i v e l y  s h a l l o w e r ,  p o s i t i v e  s l o p e  a f t e r  t h e  minimum 
was c h a r a c t e r i s t i c  o f  most o f  t h e  samples  o b t a i n e d .  I n  1 5 %  
of  t h e  c a s e s ,  however, t h e  r e q u i r e d  c o r r e c t i o n  i n c r e a s e d  
m o n o t o n i c a l l y  from t h e  T L I  t . 2 5  hour  P o i n t . *  Sample D i s  
an  example o f  t h i s  b e h a v i o r .  

I n  g e n e r a l ,  i t  i s  d i f f i c u l t  t o  p r e d i c t  where t h e  
minimum w i l l  o c c u r  from s t u d y i n g  t h e  d e v i a t i o n s  i n  t h e  UVW 
c o o r d i n a t e  sys tem.  I n s t e a d ,  s t u d y  o f  t h e  p e r t u r b e d  c o n i c  
e l e m e n t s  i s  more f r u i t f u l .  For e r r o r s  i n  most o f  t h e  
o r b i t a l  e l e m e n t s ,  t h e  minimum c o r r e c t i o n  w i l l  o c c u r  w e l l  
a f t e r  T L I ,  s i n c e  t h e  i n e r t i a l  v e l o c i t y  d e c r e a s e s  v e r y  r a p -  
i d l y  a f t e r  T L I .  T h i s  e x p l a i n s  t h e  s t e e p ,  n e g a t i v e  s l o p e  
s h o r t l y  a f t e r  T L I .  The m a j o r  e x c e p t i o n s  t o  t h i s  o c c u r  

*It i s  p o s s i b l e  t h a t  t h e  c o r r e c t i o n s  i n  these  c a s e s  
a c t u a l l y  i n c r e a s e  m o n o t o n i c a l l y  from T L I  + 0 h o u r s .  
However, TLI + .25 hour s  is t h e  e a r l i e s t  t i m e  f o r  
which computa t ions  were made. 
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when t h e r e  are  l a r g e  ene rgy  o r  e c c e n t r i c i t y  d i s p e r s i o n s .  
These can  be c o r r e c t e d  more cheap ly  n e a r  T L I  where t h e  
i n e r t i a l  v e l o c i t y  i s  l a r g e .  Samples A and B had compara- 
t i v e l y  small ene rgy  and e c c e n t r i c i t y  d i s p e r s i o n s  w h i l e  
samples  C and D had f a i r l y  l a r g e  o n e s .  I n  t h e  c a s e  o f  
sample D ,  b o t h  ene rgy  and e c c e n t r i c i t y  e r r o r s  were l a r g e  
and dominated  e r r o r s  i n  t h e  o t h e r  e l e m e n t s .  Consequen t ly ,  
t h e  minimum r e q u i r e d  c o r r e c t i o n  o c c u r r e d  e a r l y ,  a t  T L I  t . 2 5  
h o u r s .  Sample C i n v o l v e d  a smaller e r r o r  i n  e c c e n t r i c i t y  
and ,  i n  a d d i t i o n ,  a l a r g e  out  of  p l a n e  e r r o r .  The r e s u l t i n g  
minimum c o r r e c t i o n  was a b a l a n c e  of  t h e  two e f f e c t s  and 
o c c u r r e d  a t  T L I  t 1 . 5  h o u r s .  

The s t a t i s t i c a l l y  e x p e c t e d  b e h a v i o r  o f  t h e  r e q u i r e d  
midcourse  c o r r e c t i o n  as  a f u n c t i o n  o f  t i m e  i s  p r e s e n t e d  i n  
F i g u r e  2 i n  t h e  form o f  p l o t s  f o r  v a r i o u s  p r o b a b i l i t y  l e v e l s .  
T h e y  i n d i c a t e  t h a t  t h e  r e q u i r e d  a V  w i l l  be  l e s s  t h a n  t h e  
p l o t t e d  q u a n t i t y  w i t h  t h e  s p e c i f i e d  p r o b a b i l i t i e s .  The 
p r o b a b i l i t y  l e v e l s  of  84.134%, 9 7 . 7 2 5 % ,  and 98.865% were 
s e l e c t e d  t o  conform t o  t h e  p r o b a b i l i t i e s  o f  t h e  one ,  two, and 
t h r e e  sigma p o i n t s  o f  a normal d i s t r i b u t i o n  -- t h e y  a r e  n o t  
t h e  one ,  two, and t h r e e  sigma p o i n t s  f o r  t h i s  d i s t r i b u t i o n .  
I n  a d d i t i o n ,  t h e  mean and t h e  50% (median)  p o i n t s  are  p l o t t e d .  
F i g u r e  2 i n d i c a t e s  t h a t  t h e  b e s t  p o i n t  a t  which t o  s c h e d u l e  
t h e  midcour se  c o r r e c t i o n  i s  a t  abou t  T L I  t 4 h o u r s  s i n c e  t h e  
e x p e c t e d  magni tude  i s  a t  a minimum t h e r e .  A d d i t i o n a l l y ,  
n o t e  t h a t  t h e  c u r v e s  a r e  very  f l a t  n e a r  t h e  minimum and t h a t  
t h e  midcour se  r e q u i r e m e n t s  va ry  by  l e s s  t h a n  one f o o t  p e r  
second o v e r  t h e  r e g i o n  from T L I  t 3 t o  T L I  t 6 h o u r s  on a l l  
t h e  c u r v e s .  Consequen t ly ,  i t  r e a l l y  makes l i t t l e  d i f f e r e n c e  
when, i n  t h a t  t i m e  s p a n ,  t h e  c o r r e c t i o n  i s  s c h e d u l e d .  

Fo r  e a c h  o f  t h e  1 0 0  s amples ,  t h e  p o i n t  w i t h  t h e  
smallest  r e q u i r e d  c o r r e c t i o n  and t h e  two a d j a c e n t  p o i n t s  
were f i t t e d  w i t h  a p a r a b o l a  i n  o r d e r  t o  i n t e r p o l a t e  for t h e  
t i m e  o f  t h e  minimum c o r r e c t i o n  and t h e  c o r r e s p o n d i n g  magni- 
t u d e .  Checking r e v e a l e d  t h a t  t h i s  i n t e r p o l a t i o n  method was 
o n l y  v a l i d  t o  p l u s  or minus abou t  15 m i n u t e s ,  b u t  t h a t  was 
f e l t  t o  be s u f f i c i e n t l y  a c c u r a t e .  F i g u r e  3 p r e s e n t s  t h e  
c u m u l a t i v e  d i s t r i b u t i o n  f u n c t i o n  o f  t h e  r e s u l t i n g  d i s t r i b u -  
t i o n  o f  t h e  t i m e  o f  t h e  minimum c o r r e c t i o n  and F i g u r e  4 
p r e s e n t s  t h e  c u m u l a t i v e  d i s t r i b u t i o n  f u n c t i o n  o f  t h e  c o r r e -  
spond ing  AV magni tudes .  The median o f  t h e  minimum midcourse  
t i m e  o c c u r s  a t  abou t  TLI  t 4 h o u r s ,  t h e  mean i s  a t  T L I  t 4 . 5  
h o u r s ,  and t h e  s t a n d a r d  d e v i a t i o n  i s  3 . 2  h o u r s .  The median 
o f  t h e  minimum midcourse  c o r r e c t i o n  was 1 2 . 2  f p s ,  t h e  mean 
was 1 9 . 8  f p s  and t h e  s t a n d a r d  d e v i a t i o n  was 1 7 . 1  f p s .  The 
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d i s t r i b u t i o n s  o f  t h e  time and t h e  minimum AV magni tude  a re  
o n l y  weakly c o r r e l a t e d ,  having  a c o r r e l a t i o n  c o e f f i c i e n t  o f  
0 . 1 .  No f u r t h e r  s t a t i s t i c a l  a n a l y s i s  o f  these d i s t r i b u t i o n s  
was per formed s o  i t  i s  n o t  p o s s i b l e  t o  a s s o c i a t e  p r o b a b i l i t y  
l e v e l s  w i t h  t h e  means and s t a n d a r d  d e v i a t i o n s  o f  t hese  d i s -  
t r i b u t i o n s .  They s imply  r e i t e r a t e  t h e  p r e s e n c e  o f  a s u b s t a n -  
t i a l  v a r i a t i o n  i n  t h e  t i m e  of t h e  minimum. 

F i g u r e  5 p r e s e n t s  h i s t o g r a m s  o f  t h e  d i s t r i b u t i o n s  
o f  t h e  d i f f e r e n c e s  i n  t h e  r e q u i r e d  c o r r e c t i o n s  f o r  T L I  + 6 
h o u r s  v s .  T L I  + 3 ,  4 ,  5 ,  and 7 h o u r s .  These  h i s t o g r a m s  g i v e  
an  i n d i c a t i o n  o f  what improvements can  b e  e x p e c t e d  by ad- 
v a n c i n g  o r  d e l a y i n g  t h e  t ime o f  t h e  c o r r e c t i o n .  I n  52% of  
t h e  samples ,  t h e  t h r e e  hour  c o r r e c t i o n  was smaller t h a n  t h e  
s i x  hour  c o r r e c t i o n .  Out of 1 0 0  samples ,  t h e  l a r g e s t  s a v i n g  
o b t a i n e d  by g o i n g  t o  t h r e e  hour s  was 7 . 2  f p s .  The f i v e  hour  
c o r r e c t i o n  was b e t t e r  t h a n  t h e  s i x  hour  c o r r e c t i o n  i n  63% 
o f  t h e  c a s e s ,  w i t h  t h e  l a r g e s t  s a v i n g  b e i n g  2 . 1  f p s .  The 
c o n c l u s i o n  i s  t h a t  a c o r r e c t i o n  a t  a t i m e  e a r l i e r  t h a n  t h e  
p l anned  s i x  h o u r s  may be l a r g e r  or smaller t h a n  t h e  v a l u e  
a t  s i x  h o u r s ,  and when t h e  e a r l i e r  c o r r e c t i o n  i s  smaller ,  
it i s  o n l y  a f e w  fee t  p e r  second smal le r .  

Comparison o f  FRBAP and Minimum AV Flyby 

F i g u r e  6 p r e s e n t s  p l o t s  o f  t h e  r e q u i r e d  c o r r e c t i o n s  
as a f u n c t i o n  o f  t h e  t i m e  p a s t  T L I  f o r  two a d d i t i o n a l  s a m p l e s .  
A l so  p l o t t e d  a re  t h e  a V  magni tudes  r e q u i r e d  f o r  t h e  c o r r e -  
spond ing  minimum AV f r e e  r e t u r n  f l y b y  c o r r e c t i o n s .  O f  t h e  
samples  s t u d i e d ,  t he re  d i d  not  a p p e a r  t o  b e  a s t r o n g  c o r r e l a -  
t i o n  between t h e  AV r e q u i r e d  for a minimum AV f l y b y  and t h e  
FRBAP AV e x c e p t ,  o f  c o u r s e ,  t h a t  t h e  fo rmer  was a lways  s m a l l e r .  
Note  t h a t  t h e  minimum AV f l y b y  s o l u t i o n  behaves  g e n e r a l l y  t h e  
same as t h e  FRBAP s o l u t i o n  as a f u n c t i o n  o f  t ime  pas t  T L I .  
The t i m e  o f  t h e  minimum r e q u i r e d  AV i s  g e n e r a l l y  n o t  t h e  same 
f o r  b o t h  t y p e s  o f  c o r r e c t i o n .  

Requ i red  C o r r e c t i o n s  a t  TLI  t 6 Hours 

F i g u r e  7 p r e s e n t s  t h e  c u m u l a t i v e  d i s t r i b u t i o n  func-  
t i o n  o f  t h e  FRBAP AV r e q u i r e d  a t  T L I  + 6 h o u r s .  F i v e  hundred 
samples were g e n e r a t e d  t o  produce t h e  p l o t .  I n  a d d i t i o n ,  
t h e  s t a t i s t i c s  produced  from a n a l y s i s  o f  t h e  c o r r e c t i o n  
c o v a r i a n c e  m a t r i x  are  no ted  on F i g u r e  8 .  The 99.865% p o i n t  
o b t a i n e d  from t h e  5 0 0  samples i s  83.4 f p s .  T h i s  compares 
f a v o r a b l y  w i t h  t h e  85 .0  f p s  v a l u e  o b t a i n e d  from t h e  1 0 0  sam- 
p l e s  used  i n  F i g u r e s  1 and 2 ,  i n d i c a t i n g  t h a t  t h e  s t a t i s t i c s  
p r e s e n t e d  i n  F i g u r e  2 are r e p r e s e n t a t i v e  o f  t h e  u n d e r l y i n g  
p o p u l a t i o n .  
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F i g u r e  8 p r e s e n t s  t h e  c u m u l a t i v e  d i s t r i b u t i o n  func -  
t i o n  and t h e  s i g n i f i c a n t  s t a t i s t i c s  f o r  t h e  minimum AV f l y b y  
c o r r e c t i o n  a t  T L I  + 6 . 5  hour s .  One hundred samples were used  
t o  o b t a i n  t hese  s t a t i s t i c s .  The 99.865% p o i n t  o f  t h i s  d i s t r i -  
b u t i o n  f e l l  a t  50 .8  f p s .  which i s  a p p r e c i a b l y  smaller t h a n  
t h e  c o r r e s p o n d i n g  FRBAP AV r e q u i r e d  a t  T L I  + 6 h o u r s .  

CONCLUSIONS 

The s t a t i s t i c s  produced by t h i s  s t u d y  i n d i c a t e  t h a t  
t h e  optimum time ( i n  terms of t h e  minimum e x p e c t e d  AV) t o  p l a n  
f o r  t h e  f i r s t  t r a n s l u n a r  midcourse  c o r r e c t i o n  on a December 2 1 ,  
1968 l u n a r  o r b i t  m i s s i o n  i s  a t  a b o u t  T L I  + 4 h o u r s .  However, 
t h e  99.865% p o i n t  o f  t h e  d i s t r i b u t i o n  o f  r e q u i r e d  AV magni tudes  
a t  T L I  + 6 hour s  i s  o n l y  . 8  f p s .  g r e a t e r  t h a n  t h e  c o r r e s p o n d i n g  
p o i n t  a t  T L I  + 4 h o u r s .  T h i s  d i f f e r e n c e  i s  l e s s  t h a n  t h e  
e x p e c t e d  u n c e r t a i n t y  i n  t h e  c o r r e c t i o n  a t  T L I  + 6 h o u r s  due 
t o  MSFN e r r o r s .  S i n c e  t h e  e x p e c t e d  t r a c k i n g  e r r o r s  w i l l  
undoub ted ly  be  larger  f o r  a c o r r e c t i o n  a t  T L I  + 4 h o u r s ,  i t  
can  b e  concluded  t h a t  t h e r e  i s  no s i g n i f i c a n t  p e n a l t y  i n v o l v e d  
i n  p l a n n i n g  t h e  c o r r e c t i o n  for T L I  + 6 h o u r s .  

A s  a f u n c t i o n  o f  t i m e  pas t  T L I ,  t h e  r e q u i r e d  AV 
magni tude  g e n e r a l l y  s t a r t s  o f f  l a r g e  a f t e r  T L I ,  d e c r e a s e s  
f a i r l y  r a p i d l y  t o  a minimum which may be l o c a t e d  anywhere 
from T L I  + 1 to TLI  + 11 h o u r s ,  and t h e n  i n c r e a s e s  s l o w l y .  
I n  15% o f  t h e  c a s e s  s t u d i e d ,  however,  t h e  minimum o c c u r r e d  
j u s t  a f t e r  T L I  and t h e  r e q u i r e d  AV i n c r e a s e d  as a f u n c t i o n  
of t i m e  a f t e r  T L I .  These c a s e s  i n v o l v e d  dominant ene rgy  
a n d / o r  e c c e n t r i c i t y  e r r o r s .  The minimum AV magni tudes  
o c c u r r e d  l a t e r  t h a n  T L I  + 6 h o u r s  i n  34% of  t h e  c a s e s ,  l a t e r  
t h a n  T L I  + 5 h o u r s  i n  4 1 %  of t h e  c a s e s ,  and l a t e r  t h a n  
T L I  + 4 h o u r s  i n  53% o f  t h e  c a s e s .  I n  4 1 %  o f  t h e  c a s e s  
s t u d i e d ,  t h e  r e q u i r e d  AV was a c t u a l l y  l a r g e r  at TLI + 4 
h o u r s  t h a n  a t  T L I  + 6 h o u r s .  The c u r v e s  o f  AV magni tude  
v e r s u s  t i m e  p a s t  T L I  a r e ,  however,  g e n e r a l l y  q u i t e  f l a t  i n  
t h e  r e g i o n  from t h r e e  to s i x  h o u r s .  Consequen t ly ,  one can  
e x p e c t  to g a i n  v e r y  l i t t l e ,  i f  Zny th ing ,  by  advanc ing  t h e  
t i m e  o f  t h e  c o r r e c t i o n  to e a r l i e r  t h a n  T L I  + 6 h o u r s .  I n  
a r a re  c a s e ,  one m i g h t  d e c r e a s e  t h e  r e q u i r e d  AV b y  as much 
as 4 . 5  f p s  by  making t h e  c o r r e c t i o n  a t  T L I  + 4 h o u r s .  

The r e q u i r e d  FRBAP midcour se  c o r r e c t i o n  a t  T L I  + 6 
h o u r s  i s  l e s s  t h a n  85 .4  f p s  w i t h  a p r o b a b i l i t y  o f  99 .865%.  
T h i s  number i s  based on p r o c e s s i n g  o f  500 Monte C a r l o  samples .  
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TABLE 2 

SUMMARY OF REFERENCE TRAJECTORY CHARACTERISTICS 

Launch Date 

Launch Azimuth 

Lunar Landing Site 

Translunar Flight Time 

Transearth Flight Time 

Earth Landing Point 

Landing Site Approach Azimuth 

Sun Elevation at Lunar Landing 

Sun Azimuth at Lunar Landing 

Entry Flight Path Angle 

Total Spacecraft Weight at 
Injection 

Translunar Midcourse AV Budget 

Transearth Midcourse AV Budget 

Spacecraft Weight Prior to 
CM/SM Separation 

SPS Thrust 

SPS Specific Impulse 

December 21, 1968 

72' 

11-P-11, 2.725"N., 34.4'E 

66.137 Hours 

80.1098 Hours 

4.9897'S, 170.0" W. 

-78' 

8.4768" 

10.0553' 

-6.4' 

64540 lb. 

130 fps 

62 fps. 

35199.4 lb. 

20,000 l b .  

311 sec. 
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