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MEMORANDUM FOR FILE 

INTRODUCTION 

The purpose of this memorandum is to describe rather completely, 
in one document, the development of the cross product steering 
law and to provide the reader with some insight into its opera- 
tion. In addition, the implementation of the various equations 
is presented in a logical time sequence as it will be done in 
the Apollo spacecraft computer. 

It should be mentioned that nothing in this document 
is represented as new or original. It's only contribution is 
that the material from several sources is combined into one 
document with a few gaps filled in to help the reader from one 
step to the next. 

The Development of the Cross Product Steering Law 

First, define several quantities. 

V = the instantaneous velocity required at the current -r position in order to achieve the maneuver objective. 

V - = the current vehicle velocity vector. 

V = the instantaneous velocity to be gained. It is 
-g further defined by 

v = v  - v  -g -r - 
a = the desired vehicle thrust acceleration vector -T 

13-1 = the available engine thrust acceleration magnitude. 
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time 

but 

Taking the first derivative of V with respect to 
-€? 

where g is the gravitational acceleration. Substituting in 
equation 1 we get 

where 

A convenient and efficient guidance law can be developed by 
recognizing that an effective way to drive all three components 
of V to zero simultaneously is simply to utilize the engine 
thrust acceleration of the vehicle to align the time rate of 
change of the V vector opposite to the V vector i.e., 

3 -g 

-g 

0 x v  = o  
7 z - g  

( 5 )  

Another possibility is to align the thrust acceleration dir- 
ectly along the V vector i.e., 

-g 

a X V  = O  
--T 3 
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Both of t hese  w i l l  d r i v e  V 
o r i e n t a t i o n  l y i n g  between. T h i s  may be e x p r e s s e d  as 

towards  z e r o ,  and s o  w i l l  a n  gT 
g 

a X V  = c b x V  (7) 
--T 3 -tz - 

where c i s  a s c a l a r  f a c t o r .  Equat ion  7 i s  e s s e n t i a l l y  a l i n e a r  
combina t ion  of  e q u a t i o n s  5 and 6 .  It c a n  be  shown t h a t  equa- 
t i o n  6 does  r e p r e s e n t  a f a s t e r  r a t e  of  d e c r e a s e  o f  IV I t h a n  
does e q u a t i o n  5 a t  any g i v e n  i n s t a n t  of  t i m e .  However, g r a v i t y  
losses i n  a f i n i t e  burn  maneuver t e n d  t o  n u l l i f y  t h i s  advantage  
and non-zero v a l u e s  o f  c are  found t o  b e  more e f f i c i e n t  i n  
terms of  f u e l  economy. Note t ha t  when c=O w e  have 

-g 

a X V  = O  -T -tz 

and when c = l ,  w e  have by rearrangement  o f  7 

(sT - c b) x V = 0 
-g - 

from e q u a t i o n  3 

( b - & - c b ) x V  - -g = O  

[(bC)b- - $ x v = 0 
1 3  

or 

( e q u a t i o n  6 )  
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s u b s t i t u t i n g  c = l  w e  g e t  

v x v  = o  
g g ( 5 )  

which i s  j u s t  e q u a t i o n  5.  

I n  o r d e r  to g e t  a f e e l i n g  f o r  t h e  phenomenom here,  
c o n s i d e r  t h e  f o l l o w i n g  v e c t o r  diagrams 

FIGURE I 

n o t e  t h a t  (aT - c b )  x V 
and c = l  appear  a s  

i s  indeed z e r o .  The c a s e  f o r  c=O 
g 

FIGURE 2 

- b 

L - t 
V 

3T -9 

c = o  
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FIGURE 3 

c =  I 

Other  v a l u e s  o f  c may, o f  c o u r s e ,  b e  used b u t  v a l u e s  
o f  0 ,  . 5 ,  and 1 . 0  are most o f t e n  c o n s i d e r e d .  For  T r a n s l u n a r  
I n j e c t i o n ,  a v a l u e  of  c=l.O i s  p lanned .  

It i s  p o s s i b l e  t o  d e r i v e  a n  e x p r e s s i o n  f o r  sT 
d i r e c t l y  as f o l l o w s .  S t a r t i n g  w i t h  e q u a t i o n  7 

a X V  = c b x V  
-g - --T % 

c r o s s  b o t h  s ides  w i t h  V 
-g 

V x ( g T x G ) = V  x ( c b x V )  
-g 3 3 - 

u s i n g  t h e  f o l l o w i n g  i d e n t i t y  

( 7 )  

w e  o b t a i n  
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a ( V  . -T -g 

o r  

-T a l V l 2  -g 

r e a r r a n g i n g  

a = cb -T - 

where 

i 
-g 

To e v a l u a t e  

V ) - V ( V  -g -g -g -T - -g a ) = cb(V . xg) - Eg(Ig . c k )  

(11) 

t h e  term (Lg , +, a ) w e  a p p e a l  t o  t h e  geometry of 
f i g u r e  1, rep roduced  h e r e  with some a d d i t i o n s .  

t h e  q u a n t i t y  (ig . sT) is s imply  t h e  component of  aT l y i n g  
a l o n g  V . Let  

-g 

- s =  (Lg -T a ) i  --g 

L e t  q be t h e  component of aT p e r p e n d i c u l a r  t o  V -g ' 
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Hence 

s = a  - 4  -T - 
2 1/2 

and I I = (Lg ST) = ( 1  S T  I - 9 4) 

The vector %is defined by noting that the steering law forces 
the component of aT perpendicular to V 
component of cb perpendicular to V Hence 

to be equal to the 
-g 

-g - 

4 = cb - (cL i ) (12) -g - 

Substituting in equation 10 yields 

Actually it is not necessary to generate sT directly 
in order to develop the vehicle steering commands. Instead, 
the angular rate of rotation of the vehicle is chosen to be 
proportional to the small angular error, eerror. Once more 
appealing to a vector diagram, figure 5, let sT(actual) be the 
actual current thrust acceleration vector. Define a vector m 
by 

- 

- m = c b -  - . ST ( ac t ua 1 ) (14) 

Recall from equation 8, (multiplied by -1) 

(ck - gT) x xg = 0 

the vector (cb - a ) should lie opposite to V . The angle -T -g 
between the vectors (cb - - gT) and m - is the angular error which 
should be zero in order for the steering law to be satisfied. 
Call this angle eerror. 

- 
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V -9 

FIGURE 5 
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Assuming 8 i s  small  w e  s e t  e r r o r  

1 - 
' e r r o r  - sin ( ' e r r o r  

The des i r ed  r a t e  of r o t a t i o n  i s  t h e n  

V x m  
%=Km 

where K i s  a c o n s t a n t  o f  p r o p o r t i o n a l i t y  s e l e c t e d  t o  work w e l l  
has a magnitude p ropor -  w i t h  t h e  a u t o p i l o t .  Summarizing, 

t i o n a l  t o  t h e  small a n g u l a r  d i f f e r e n c e  between t h e  v e c t o r  m and 
cb - a and a t  t h e  same t i m e  d e f i n e s  t h e  d i r e c t i o n  t o  r o t a F e  
t h e  v e h i c l e  t o  n u l l  t h e  e r r o r .  The r e s u l t  i s  a v e c t o r  r a t e  
command i n  s table  member c o o r d i n a t e s .  Note t n a t  when B e r r o r  

% 

-T - 

and gT a l s o  c o i n c i d e .  5 T  ( a c t  ua 1 ) i s  z e r o ,  

I n  t h e  d i s c u s s i o n  so f a r ,  n o t h i n g  has been sa id  con- 
c e r n i n g  t h e  methods of  o b t a i n i n g  t h e  V or b v e c t o r s .  T h i s  

w i l l  b e  d i s c u s s e d  here .  The d e f i n i t i o n  of  V i s  dependent  on 
t h e  o b j e c t i v e s  o f  t h e  p a r t i c u l a r  maneuver. I n  t h e  c a s e  of  t h e  
T r a n s l u n a r  I n j e c t i o n  maneuver, & i s  d e f i n e d  as that  v e l o c i t y ,  
which i f  a t t a i n e d  i n s t a n t a n e o u s l y  would cause  t h e  v e h i c l e  t o  
pass th rough  a s p e c i f i e d  t a r g e t  p o s i t i o n  a t  a s p e c i f i e d  t i m e .  
De te rmina t ion  of t h i s  V i n v o l v e s  a s o l u t i o n  of L a m b e r t ' s  

- -P 

-I? 

-I? 
problem, i. e.  , and t f ,  s o l v e  for V ( t ) .  - 
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where - r ( t )  i s  t h e  p r e s e n t  p o s i t i o n  v e c t o r  

r ( t  t t ) i s  t h e  des i r ed  p o s i t i o n  v e c t o r *  a t  t i m e  t t t f  f - 

t i s  t h e  c u r r e n t  t ime 

t i s  t h e  d e s i r e d  t i m e  o f  f l i g h t  between t h e  two p o s i t i o n s  f 

and V ( t )  i s  t h e  r e q u i r e d  v e l o c i t y  a t  t h e  c u r r e n t  t i m e .  The 
concept  o f  d e t e r m i n i n g  V as t h e  i n s t a n t a n e o u s  v e l o c i t y  r e q u i r e d  
i s  used  i n  a l l  maneuvers i n v o l v i n g  c r o s s  p r o d u c t  s t e e r i n g .  Only 
t h e  p a r t i c u l a r  c r i t e r i a  for de te rmin ing  V v a r i e s  a c c o r d i n g  t o  
t h e  p a r t i c u l a r  maneuver ob j e c t  i v e  s . 

-r 

-P 

The b v e c t o r  ( b  = - g )  s i m i l a r l y  depends on t h e  -r - - - 
maneuver o b j e c t i v e s .  It  i s  g e n e r a l l y  p o s s i b l e  t o  d e r i v e  ana- 
l y t i c  e x p r e s s i o n s  f o r  b - b u t  i n  p r a c t i c e  t h i s  i s  n o t  done. 
Rather ,  e i s  de termined  us ing  f i r s t  d i f f e r e n c e s .  Thus -r 

where A t  i s  a small increment  i n  t i m e  u s u a l l y  e q u i v a l e n t  t o  t h e  
i n t e r v a l  between c o n s e c u t i v e  guidance computa t ions .  

Implementa t ion  o f  Cross Product S t e e r i n q  

T h i s  s e c t i o n  i s  i n t e n d e d  t o  c a r r y  t h e  reader  s t e p  by 
s t e p  through t h e  implem.entation o f  t h e  c r o s s  p roduc t  s t e e r i n g  
scheme as p l anned  f o r  Apol lo  f l i g h t s .  

1. Begin w i t h  a c u r r e n t  estimate o f  t h e  v e h i c l e  s t a t e  
v e c t o r ,  ( p o s i t i o n ,  v e l o c i t y  and t i m e )  and w i t h  t h e  
n e c e s s a r y  guidance  parameters f o r  t h e  maneuver, e .g. ,  
f o r  TLI, - t h e  t ime o f  eng ine  i g n i t i o n  tig, t h e  

t a r g e t  p o s i t i o n  v e c t o r  r ( t  + t,) and t h e  d e s i r e d  
- i g  

*r(t  - t t f ) ,  of c o u r s e ,  l i e s  on a two body c o n i c  p a s s i n g  
th rough  r ( t )  - and - r ( t  t t,) and i n  t h a t  s e n s e  i s  a pseudo a i m  
p o i n t .  
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2 .  

3. 

4. 

5.  

6. 

7 .  

8 .  

t i m e  o f  f l i g h t  between i g n i t i o n  t i m e  and t*he t a rge t  
p o s i t  i o n ,  t f *  

P ropaga te  t h e  c u r r e n t  s t a t e  v e c t o r  forward  t o  eng ine  
i g n i t i o n  t i m e  i n c l u d i n g  an  es t imate  o f  t h e  c e n t r a l  
body g r a v i t y  v e c t o r .  

Form t h e  l$(t ) v e c t o r  v a l i d  f o r  t i m e  tig. 
i g  

P ropaga te  t h e  i g n i t i o n  t i m e  s t a t e  v e c t o r  forward  ( f r e e  
f a l l )  t o  o b t a i n  t he  s t a t e  v e c t o r  v a l i d  f o r  t i m e  

t A t ,  where A t  i s  t h e  i n t e r v a l  between computa- 
t i f f  
t i o n s .  Obta in  V_,(tig + A t ) .  

Ob ta in  t h e  i n i t i a l  - b v e c t o r  by  

where g(tig) i s  t h e  c e n t r a l  body g r a v i t y  v e c t o r  com- 
p u t e d  i n  s t e p  2 u s i n g  t h e  ave rage  G e q u a t i o n s  pre- 
s e n t e d  i n  s t e p  1 2 .  

Make a n  e s t i m a t e  o f  t h e  magnitude of  t h e  i n i t i a l  
t h r u s t  a c c e l e r a t i o n  by 

- Thrus t  x 32 .17405 - -  
aT Vehic le  Weight 

Determine the  v e l o c i t y  t o  be  ga ined  a t  t h e  t i m e  o f  
i g n i t i o n  by 

Determine t h e  d e s i r e d  o r i e n t a t i o n  o f  t h e  t h r u s t  a c c e l e -  
r a t i o n  v e c t o r  a t  i g n i t i o n  t i m e  by 
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where 

4 = cb - (i . c&) i 
-g -g - 

and 

9 .  Al ign  t h e  v e h i c l e  t h r u s t  a x i s  a l o n g  LT. 

1 0 .  A t  t h e  p r e s p e c i f i e d  i g n i t i o n  t i m e ,  t u r n  on t h e  e n g i n e .  

11. A t  seconds  a f t e r  i g n i t i o n ,  t h e  guidance computa t ions  
are e n t e r e d  a g a i n  as t h e y  w i l l  be  eve ry  A t  seconds  
u n t i l  eng ine  c u t o f f .  A t  w i l l  g e n e r a l l y  have a v a l u e  
o f  2 seconds .  

1 2 .  The p o s i t i o n  and v e l o c i t y  estimates are  updated  t o  t h e  
c u r r e n t  t i m e  u s i n g  t h e  Average-G e q u a t i o n s  and t h e  i n -  
c r emen ta l  v e l o c i t y  i n f o r m a t i o n .  The t h r u s t  a c c e l e r a -  
t i o n  comes from t h e  P u l s e d  I n t e g r a t i n g  Pendulous 
Acce lerometers  (PIPA) i n  t h e  form of  v e l o c i t y  i n c r e -  
ments ( A V )  - o v e r  t h e  i n t e r v a l  o f  t i m e  A t .  I f  I ? - ~  and 

are t h e  p o s i t i o n  and v e l o c i t y  estimates a t  t h e  %-1 
beg inn ing  of  t he  n- th  computa t iona l  c y c l e ,  
and VI are computed from 

t h e n  r;, 
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where cos  $ = U ' U . The v e c t o r s  gr and U a re  

u n i t  v e c t o r s  i n  t h e  d i r e c t i o n  o f  r, and t h e  p o l a r  a x i s  
o f  t h e  c e n t r a l  body ( ea r th )  r e s p e c t i v e l y ,  p i s  t h e  
g r a v i t a t i o n a l  c o n s t a n t  o f  t h e  c e n t r a l  body, r i s  t h e  

e q u a t o r i a l  r a d i u s  of t h e  c e n t r a l  body, and  J2 i s  t h e  

second harmonic c o e f f i c i e n t  o f  t h e  b o d y ' s  p o t e n t i a l  
f u n c t i o n  ( f o r  ear th ,  J2 = 1.0823067 x 

-r -2 -2 n n 

eq 

13.  t f  i s  decremented b y  A t ,  i . e . ,  

t f  = t - A t  . 
n fn- l  

1 4 .  V i s  r ede te rmined .  I n  g e n e r a l ,  t h i s  can b e  done 
-P n 
eve ry  computa t iona l  c y c l e .  Where t h e  Lambert  problem 
r o u t i n e  i s  used  t o  determine V as i n  T L I ,  a new V 

i s  c a l c u l a t e d  on ly  every o t h e r  c y c l e  i n  o r d e r  t o  avo id  
go ing  th rough  t h a t  ra ther  l e n g t h y  p r o c e s s  every  c y c l e .  
Thus, t i n  s t e p  1 3  i s  a c t u a l l y  decremented on ly  eve ry  

f n  fn-2 

-r' -P 

f 
o t h e r  c y c l e  and then  t = t - 2 A t  

15.  Compute a new V . If a new TTr was computed t h e n  
-gn n 

v = v  - %  
X n  n -P 

I f  a new ITr was not  computed t h e n  
n 
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1 6 .  Compute s. If V was computed t h i s  c y c l e  t h e n  
n -r 

v - u  2-r n n-2 -r 
2At  -$l 

b =  -n 

If V -r 
g i v e n  by 

was n o t  computed t h i s  c y c l e  t h e n  bn w i l l  be 
n 

17. The command f o r  t h e  a t t i t u d e  c o n t r o l  sys tem i s  gene- 
ra ted by 

V x Am 
-C w = k *  

-g 

where w = commanded a t t i t u d e  r a t e  t o  CSM a t t i t u d e  
c o n t r o l  system, ( d i g i t a l  a u t o p i l o t )  

-C 

Am = cb A t  - AV - - - 

AV i s  t h e  accumulated v e l o c i t y  change s i n c e  t h e  
p r e v i o u s  computat ion.  

18. Compute t h e  e s t i m a t e d  time-to-go u n t i l  eng ine  c u t o f f ,  
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where 

I 

Attail-off 

= s p e c i f i e d  s p e c i f i c  impulse  o f  t h e  e n g i n e .  
SP 

= t h e  d u r a t i o n  of a bu rn  a t  f u l l  o r  maxi- 
mum t h r u s t  e q u i v a l e n t  t o  t h e  t a i l - o f f  
impulse a f t e r  t h e  engine-off  s i g n a l  i s  
i s sued .  

1 9  

20. 

Repeat s t e p s  1 2  through 1 8  u n t i l  such  t i m e  as T < 4 .  

s e n t  i n  T 
A t  t h a t  t i m e  t h e  engine-of f  s i g n a l  i s  scheduled  go t o  be  

seconds  and % i s  set  t o  0 .  go - 

Updating t h e  p o s i t i o n  and v e l o c i t y  estimate i s  
t i n u e d  u n t i l  t h e  engine  i s  o f f .  

con- 

2012-DAC-jdc D. A .  Corey 
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