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GENERAL NOTATION 

( j  = 1,2,  3) = coordinates of position and velocity with respec t  to the 
xj' u j  e a r th  (equatorial). 

yj, v ( j  = 1, 2, 3)  = coordinates of position and velocity with respect  to the 
j moon (equatorial). 

"pr imes" attached to position and velocity denote selenographic coordinates 

"bars"  above position and velocity symbols denote vec tors  

= right ascension and eclination 

1, P = selenographic longitude and latitude 

r) = angles measured in the t ra jec tory  plane; single subscr ipt  - 
f rom perifocus 

e = angles measured in  the equatorial  plane 

a, e, i s  L! = normal  conic elements (equatorial)  

H, J 

P 

= angular momentum i n  ear th  phase; moon phase 

= flight path angle measured  f rom the ver t ica l  

A = azimuth angle 

L = geographic longitude 

"bars"  above quantities other than position and velocity coordinates denote those 
with respect  to the moon 

= Julian Date of launch; impact  Dr# Di 
h 

h 
t = t ime measured f rom day of launch (0 GMT) 

t' = time measured f rom day of impact  (0 GMT) 

T = time measured f rom perifocus (single subscript) ,  t ime 
measured  between two points (double subscr ipt)  
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GENERAL NOTATION (Continued) 

Subs c r ip  t s : 

0 = launch point 

b = burnout point 

S = point of exit f rom MSA 

i = point of impact  (touchdown,) 

r = point of re-entry 

m = quantities referr ing to the moon 
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I. INTRODUCTION 

The present  United States space program for  manned lunar exploration 

has  made i t  necessary  to conduct thorough investigations of all t ra jectory and 

guidance aspects  of lunar  operations. Generally, such operations may  be 

divided into three c lasses :  

(1) ear th-  to-moon t ra jector ies  in which a spacecraf t  is t ransfer red  
f r o m  ear th  to the lunar s3rface or an orbit  about the moon, 

(2)  lunar  r s igrn ,  o r  moo_nItp- ear th  t ra jec tor ies  where the spacecraf t  
is  launched f rom the surface of the moon o r  f rom a lunar  orbit  and 
re turns  to a designated landing s i te  on ear th ,  with prescr ibed  
re -en t ry  conditions, and 

( 3 )  circumlunar  t ra jector ies  in which the spacecraf t  is launched f rom 
earth,  pas ses  within a specified distance of the moon, and re turns  
to ear th  with or  without an added impulse i n  the vicinity of the moon. 

This repor t  is concerned with the second c l a s s  of lunar  t ra jector ies .  I ts  

specific purpose is to provide an insight into the pa rame t r i c  relationships and 

geometr ic  constraints  existing among all of the principal t ra jectory variables.  

The procedure which was used to explore these relationships was to f i r s t  

develop an analytic model and an associated computer program which accu- 

ra te ly  descr ibe  three-dimensional moon- to-earth t ra jector ies ,  and then to 

employ this computer program to make  an extensive study of the t ra jectory 

propert ies .  

The report  has  been divided into four sections which a r e  essentially 

independent and these may  be read in an o rde r  other than as presented here ,  

i f  desired.  The remainder  of Section I d iscusses  the na ture  and application 

of the analytic model. 

Lunar  Return Program’’ which was used to generate information for  the t r a -  

jec tory  study. 

p rogram have other important  uses besides the pa rame t r i c  study, and the 

discussion of the program logic itself displays many fea tures  of moon-to- 

ea r th  t ra jector ies .  

compared to an n-body integration program, and desc r ibes  a method by which 

this  accuracy was great ly  improved. 

Section I1 gives a complete description of the ”Analytic 

This ma te r i a l  has been included since the model and computer 

Section I11 deals with the program accuracy when 

The final section examines many of the 
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charac te r i s t ics  of moon-to-earth t ra jec tor ies  including required lunar  launch 

conditions, geometric constraints among var iables  (such a s  allowable launch 

dates  and re -en t ry  locations), launch- to- re -en t ry  e r r o r  coefficients, and 

midcourse correct ion coefficients. Much of this information is presented 

graphically and may be used by the r eade r  to analyse par t icular  lunar  re turn  

flights. 

A. THE TRAJECTORY MODEL 

The analytic model upon which this study is based w a s  f i r s t  presented 
>;< 

by V. A. Egorov in  1956 [ 11. 

i. e . ,  motion in the gravitational field of the earth-moon system, is consid- 

e r e d  to be the resul t  of two independent inverse-square  force  fields, that 

due to the ea r th  and that due to the moon. 

and the planets a r e  ignored. Further ,  Egorov divides earth-moon space 

into two regions such that only the moon's gravitational field is  effective in 

one region and only the ear th 's  gravitational field is  effective in the remain-  

ing region. 

the ratio between the force with which the earth pe r tu rbs  the motion of a 

third body and the force of attraction of the moon is equal to the rat io  

between the perturbing force  of the moon and the force  of attraction of the 

ear th .  

whose center  i s  coincident with the center  of the moon. The radius of this 

sphere  is  given by 

In this model, all motion in c is lunar  space, 

Thus the perturbations of the sun 

The dividing surface i s  defined as the locus of points a t  which 

F o r  the earth-moon system, this surface is approximately a sphere  

r = 0. C7r 2 / 5  5 31, 000 nautical mi l e s  
S 

where r = distance of the moon f rom the ear th ,  and m / M  = ra t io  of the 

mass of the moon to the m a s s  of the earth.  
m 

Henceforth, this sphere will be r e fe r r ed  to as the moon's sphere  of 

action, o r  the MSA. 

* Bracketed numbers  r e fe r  to the list of references.  
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Due to the eccentricity of the lunar  orbit, which i s  about 0. 06, the 

distance of the moon f rom the ear th  will va ry  by about 10 percent  during a 

lunar  month. To be prec ise ,  the above value of rs  should change by this 

amount; however, the effects of the original simplifying assumptions will 

outweigh those due to variations in  r s . .  

Since each of the two regions defined above contains only the force  field 

of i t s  respective body, which i s  assumed to be an inverse  square  force  field, 

ail motion in the model will consist of conic sections. 

c l a s s  of t ra jector ies  delt with in this report ,  the motion will initiate i n  the 

vicinity of the moon, or  within the MSA, and terminate  nea r  the earth.  This 

will require  that the t r a j ec to rypass  through the surface bounding the MSA. 

During the period in which the vehicle is within the MSA the moon has rotated 

through an angle about the earth. 

about the moon through the same angle where the MSA is assumed fixed in  

iner t ia l  space.  Also, since the s a m e  lunar  face remains pointed to the ear th ,  

except for  librations, the moon will seem to revolve about i t s  axis through 

the s a m e  angle within the sphere of action. 

t ra jec tor ies  this angle will be about 6 degrees .  

conic within the MSA will be non-rotating. 

F o r  the par t icular  

This is equivalent to the ea r th  rotating 

F o r  typical moon-to-ear th  

To an outside observer ,  the 

This effect is shown in F igure  1. 

Once the vehicle has  arrived a t  the surface of the MSA, i t  is  necessary  

to t ransform i t s  position and velocity to an ear th-centered iner t ia l  coordinate 

system. 

moon a r e  known a t  the time the vehicle p a s s e s  through the surface.  

Specifically the ear th  referenced coordinates a r e  given by, 

This can be easily accomplished i f  the position and velocity of the 

u =;tu m 

- -  
where  (y, v) a r e  the vehicle 's  position and velocity referenced to the moon 

and (xm, um) a r e  the moon's position and velocity referenced to the earth.  

All of these var iables  a re ,  of course, three dimensional vectors.  As shown 

in F igure  1, to an outside observer there  will be no discontinuity in position 

- - 
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SPHERE OF ACTION AT LAUNCH 
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Figure 1. Schematic of Moon-to-Earth Flight. 
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but there  is  an apparent discontinuity in  the velocity since we have drawn both 

moon-frame iner t ia l  and ear th-frame iner t ia l  phases  of the t ra jectory in  the 

same  picture.  

The following additional assumptions will be made fo r  the analysis  

in this report:  

In both moon and ear th  phases ,  only that section of the conic which 
l i e s  on one side of the m a j o r  axis will be considered. 

presented 

( 1 )  

No powered flight maneuver is  inser ted  in the nominal t ra jectory 
between lunar burnout and r e -en t ry  into the ear th ' s  atmosphere.  

B. APPLICATIONS OF THE ANALYTIC PROGRAM 

The analytic computing program based on the model described i s  useful 

in  three a r e a s :  

The analytic formulation allows a ve ry  high computational speed 
in  comparison with an integrating program.  
possible to perform very elaborate paramet r ic  studies which only 
the speed of an analytic program will allow with reasonable 
machine time. To facilitate such studies, s ea rch  loops have been 
provided in the analytic program to solve the "split-end-point" 
problem where some useful independent var iables  a r e  specified a t  
initiation and others  at  termination of the trajectory,  and the 
remaining conditions are sought. . 

It then becomes 

The program supplies quite accura te  approximate lunar  burnout 
conditions fo r  use  with an n-body integration program and l inear  
i teration routines to determine "exact1' t ra jector ies .  
this possibility, the ephemeris  tapes used in the n-body program 
a r e  a l so  used in the analytic program. 

To aid in 

The program may be made  a p a r t  of other analytic p rograms  
requiring hi hest  speed, such as a Monte Carlo guidance analysis  
program [2f The Sensitivity Coefficient Routine of the program 
takes lunar  burnout conditions, introduces incremental  changes 
i n  each variable,  and determines resulting perturbations a t  the 
ear th ,  
terminal  conditions of midcourse correct ions.  
s ize  of the burnout or midcourse  perturbations nonlinear effects 
may be examined. This ability to simulate accurately nonlinear 
behavior together with high computational speed makes  prac t ica l  
a Monte Car lo  simulation of midcourse guidance freed of the 
necessity for  the usual l inear i ty  assumptions. 

In a s imi la r  manner the routine computes effects on 
By varying the 
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11. THE ANALYTIC PROGRAM 

A. INDEPENDENT PARAMETERS 

The motion of a body in any three dimensional gravitational field is 

l imited to seven degrees  of freedom, 

i t s  center  of gravity, which does not concern u s  here .  

body, i. e . ,  center  of gravity, is specified, f o r  example, by i t s  position and 

velocity (6  quantities) and the time at which i t  has  these values. In the case  

of lunar  t ra jector ies ,  specifying these quantities will tell us  ve ry  l i t t le i f  

anything about the general  nature of the motion, and certainly w i l l  not tell u s  

what future values will be unless an integration, o r  approximate calculation 

of the t ra jectory is  made, Therefore, as mentioned in Section I, i t  is  much 

m o r e  convenient to specify an equivalent s e t  of quantities, some a t  the s t a r t  

of the t ra jectory and some a t  the end, and to solve the split-end-point prob- 

l e m  in  the program. There a r e  two limitations on this process :  F i r s t ,  the 

number of independent (input) variables mus t  not exceed the degrees  of f r ee -  

dom of the t ra jectory motion. 

var iab les  there  m a y  exis t  a se t  of res t r ic t ing relationships o r  constraints  

which exclude cer ta in  numerical  combinations among the variables.  

res t r ic t ions  do occur among the p a r a m e t e r s  chosen fo r  the program and a r e  

discussed in Section IV). To aid in this pi-ocess, the ephemeris  tapes used 

in the n-body program a r e  a l so  used in the analytic program. 

This is exclusive of the motion about 

The motion of the 

Second, within the chosen se t  of independent 

(Such 

The following pa rame te r s  have been chosen as input quantities in the 

p rogram ( see  F igure  2):  

(1) the selenographic (lunar sur face)  longitude and latitude of the 
launch site,  

(2)  the day of launch, 

( 3 )  the lunar  powered flight angle f rom launch to lunar burnout, 

(4) the burnout altitude, 

(5) the re -en t ry  maneuver downrange angle and maneuver t ime to 
touchdown (landing), 



N’ 

b 

MOON 

TIME OF 
FLIGHT 

Figure 2. Location of qndependent Pa rame te r s .  
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(6) the longitude and latitude of the landing site,  

(7) the re -en t ry  flight path angle, 

(8) the re -en t ry  altitude, 

( 9 )  the total t ime of flight. 

It should be c l ea r  that not all of these pa rame te r s  individually represent  

degrees  of freedom. 

con side red e s sentially independent a r e  : 

They a r e  interrelated.  The pa rame te r s  which may  be 

(1)  the launch site latitude 

(2) the launch s i te  longitude 

( 3 )  the burnout altitude 

(4) the landing s i te  latitude 

(5) the re -en t ry  flight path angle 

(6) the re -en t ry  altitude 

(7) the combination of day of launch, landing site longitude and the 
total t ime of flight. 

To indicate the relationships of the remaining pa rame te r s  with these: 

(a) the lunar  powered flight angle will simply adjust  the selenographic latitude 

and longitude at burnout, o r  initiation of f r e e  flight, (b) the re-entry maneuver 

angle wi l l  do the same for  the termination latitude and longitude of f r e e  flight, 

(c )  the maneuver t ime will adjust the t ime of f r e e  flight. 

It is  possible to gain some insight into the nature  of (7) with the aid of 

Specifying that the trajectory sat isf ies  a l l  input conditions on a Figure  3 .  

part icular  day implies  that the distance, equatorial  latitude and longitude of 

the moon will change only slightly during the sea rch  for  that trajectory.  

t ra jec tor ies  which a r e  launched on the s a m e  day and satisfying a l l  the input 

quantities except the longitude will be ve ry  similar in nature.  

c l ea r  that to do this, i. e . ,  satisfy all conditions but the longitude, i t  i s  possible 

to launch f rom the moon a t  any time on the given launch date. In addition, 

since the ear th  makes  a complete revolution in  a single day, i t  is possible to 

Thus, 

- 
It should be 
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IMPACT LONGITUDE- 
AT 12 N,L0NG.t,-9O0 

i 

(EARTH SHOWN 

IMPACT LONGITUDE 

IMPACT LONGITUDE 

(EARTH SHOWN 
AT TIME t i  1 

IMPACT LONGITUDE 
-AT t i  

t2 :( t ,  +6 HOURS) ' 

Figure 3. Impact Longitude -Launch Time Relationship. 
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satisfy the longitude condition by launching f rom the moon a t  a specific t ime of 

day. 

on the required longitude, the time of flight and the earth-moon phase relation- 

ship on the day of launch. 

This launch t ime measured f r o m  midnight of the launch date will depend 

B. PROGRAM LOGIC 

Having established the analytic model, the means  by which the positions, 

velocit ies and transformations of bodies within the r-nodel a re  to he obtained 

(i. e . ,  ephemeris  tapes),  and a set of t ra jectory input parameters ,  i t  i s  pos-  

sible to proceed to the problem of building the computer program. If i t  were  

possible to begin with the program inputs, and solve the equations explicitly 

fo r  all of the desired unknown parameters ,  the program logic would be ve ry  

simple; however, due to the nature of the equations involved i t  is not possible 

to do this. 

the equations and mus t  be found by i terat ive methods. 

this program is a d i rec t  iteration method such that whenever a quantity is 

unknown in  value an approximation is assumed and used in succeeding calcu- 

lations. 

succeeding and presumably better approximations are found based on relations 

which will force  these c r i t e r i a  to be met .  

previously to work very well in  a simple vers ion of an earth-to-moon program. 

N o  attempt was made here  to determine, a pr ior i ,  the convergence o r  ra te  of 

convergence of the method fo r  t h i s  application, although such an estimation 

is believed possible. 

Instead, many of the important conic pa rame te r s  a r e  implicit  in 

The procedure used in 

If when using these approximations cer ta in  c r i t e r i a  a r e  not m e t  then 

This procedure had been found 

Consider now the c r i t e r i a  which m u s t  be m e t  in obtaining a solution, 

F i r s t ,  the complete f r e e  flight portion of the moon-to-earth t ra jectory will 

consist  of two conics, one in the moon phase and one in the ear th  phase,  with 

the position, velocity and t ime at the moon’s sphere of action identical f o r  

both conics. The method used in satisfying these conditions is to use  the 

vehicle’s ear th  phase velocity at the MSA to aid in determining the moon phase 

conic and to use  the vehicle’s moon phase position at the MSA to aid in de te r -  

mining the ear th  phase conic. 

such that the t ime of the moon phase conic a t  the MSA w i l l  match  that of the 

e a r t h  phase conic. 

The t ime of launch f rom the moon is determined 
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Referring to Figure 4, the sequence of the calculations involved in 

solving fo r  the t ra jectory which sa t i s f ies  the input requirements  will now be 

discussed in detail.  Some of the notation used in the f igure is  explained on 

page under General Notation. The remainder  will be defined a s  the d is -  
cussion progresses .  

t ra jec tor ies  is shown in F igure  4a. 

t ra jectory is  f i r s t  projected onto a non-rotating ear th .  

represents  a Merca tor  Projection of the ea r th ' s  surface onto a plane.using 

the equatorial plane as a base plane and the verna l  equinox as a reference 

meridian.  

of the ear th  phase conic elements i, 52 and the point P. Moreover,  since 

the majori ty  of the t ra jectory will l i e  in the ea r th  phase, and hence be planar ,  

this f igure w i l l  aid in solving the "ear th  phase geometry' '  of the t ra jectory by 

means  of spherical  triangles. The solution of the ear th  phase t ra jectory i s  

a l s o  aided by Figure 4b. This figure shows the plane of motion of the ea r th  

phase t ra jectory where the dotted c i rc le  r ep resen t s  the r e -en t ry  surface to  

the ear th ' s  atmosphere.  The determination of the conic elements a ( semi -  

m a j o r  axis)  and e (eccentricity) a r e  based on the pa rame te r s  shown in this 

f igure.  

An enlightening way of representing moon- to-ear th  

To obtain this figure, the moon-to-ear th  

F igure  4a then 

The advantage of this f igure is  that i t  c lear ly  indicates the location 

The sequence of calculations required fo r  the solution of the moon-to- 

ea r th  t ra jectory is the following: 

1. The conic elements a and e a r e  determined f rom the four quan- 

In the f i r s t  calculation of the pr and Tsr (see F igure  4b). 
S' 

t i t ies xr, x 

ea r th  phase, the distance to the sphere of action x and the t ime of flight 

f rom the MSA to re -en t ry  are approximately taken as the distance to the moon 

and the total t ime of flight (minus the re -en t ry  maneuver t ime T,). 
na ture  of Kepler ' s  equations, a and e cannot be solved for  explicity in 

t e r m s  of these parameters ,  however, an i terat ion scheme has been devised 

which wi l l  provide a rapid solution to the transcendental equations involved 3 . 
The values of a and e together with the gravitational constant of the ea r th  

completely define the in-plane conic f rom which velocit ies a t  S and R, and 

the angles T-, and T-, may be calculated. 

S 

Due to 

[ j  

s r  P' 
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MSA 

5 2 ( 0 )  

(ASCENDING NODE) * 
RE-ENTRY 

PERIGEE 

MSA 

EQUATOR - 
T (VERNAL 

5 2 ( 0 )  

(ASCENDING NODE 1 

PERIGEE 

EQUINOX 1 

( b )  

Figure 4. Solution of the Ear th  Phase Conic. 
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2. Next, the angular elements i, L? and w (angular position of per igee)  

m a y  be found with the aid of Figure 4a. 

qr and q where q (shown in F igure  4b) has  been obtained in 1. above. 

Spherical  trigonometry may  then be used to solve for  the remaining elements 

of the ea r th  phase conic. The f i r s t  approximation to the latitude 6 i s  taken 

to be that of the moon. 

The given quantities will be 6i, 

sr  sr 

S 

3. Having found the elements of the ear th  phase conic, there exis ts  a 

straightforward procedure fo r  finding the Cartesian coordinates of the position 

and velocity of the vehicle a t  point S ,  
se t  up a rectangular coordinate system in the plane of motion, which is  done 

with the x-axis  passing through the ascending node. 

a t  S in this coordinate system a r e  easi ly  found knowing the distance x and 

the angles qos and p s .  The transformation of resulting Cartesian coordin- 

a t e s  m a y  then be found in  the equatorial coordinate sys tem by rotating the 

f o r m e r  system through the inclination angle i and the right ascension of the 

node 5 2 .  

or  the MSA. It is f i r s t  necessa ry  to 

The position and velocity 

S 

4. Independent of the calculation of the position and velocity a t  point S 

is the calculation of the t ime of re-entry and hence, by subtracting off the 

est imated t ime between point S and R, the t ime that the vehicle m u s t  

a r r i v e  a t  point S. 

because the right ascension of point S is approximately known. This, with 

the solution to the spherical  triangles in  F igure  4a gives the right ascension 

of the touchdown point which, knowing the s iderea l  t ime of the day of touch- 

down and the longitude, leads to the Greenwich t ime of touchdown. 

This t ime calculation may be made in the ea r th  phase 

5. Having an est imate  of the t ime that the vehicle is a t  point S allows 

This is one to find the position and velocity there with respec t  to the moon. 

accomplished by reading the ephemeris tape a t  t ime ts fo r  the moon's 

position and velocity. Then, the coordinates a t  point S with respect  to the 

moon will be, 

- - - 
v = u  - U 
S S m 
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where the General  Notation is being used for  position and velocity. 

f i r s t  i teration, the values of xs and ts a r e  only f i r s t  guesses.  

i terat ions will cause x and t to converge such that the magnitude of 7 
will appraoch Rs, the radius  of the sphere of action. 

In the 

La te r  

S S S 

In the calculation of the moon phase conic, the velocity of the vehicle a t  

the MSA is assumed to have the direction of vs and a magnitude such that 

i t s  energy is equal to the vehicle’s moon phase energy a t  point S. 

6 .  This exit velocity vector a t  the MSA is the only quantity taken f rom 

the ea r th  phase computation i n  calculating the moon phase conic. 

discussing this calculation, i t  should be noted that the velocity vs will be in  

a moon centered iner t ia l  Cartesian coordinate system, whereas  the launch 

s i te  is in the rotating selenographic coordinate system. 

a s sumes  that the moon phase conic is fixed in  iner t ia l  space, the coordinate 

sys tem m o s t  convenient to work with i s  the iner t ia l  selenographic system. 

The calculation of vs in  this system requi res  the instantaneous t ransforma- 

tion f rom the equatorial  coordinate sys tem to the selenographic coordinate 

system. 

velocity of the moon and i s  available on the ephemeris  tapes. 

Before 

Since the model 

This transformation has been generated along with the position and 

7.  Referring to F igure  5 the calculation of the moon phase conic may  

now be made. 

vector  vs will determine the plane of motion. 

mine  the in-plane angle 

angle ,, ). 

then be determined knowing the two distances yb and y, = Rs to the conic, 

the angle between b and s, and the velocity v . The angle xs is not known 
exactly, but m a y  be approximated in the f i r s t  i teration by setting p 
These  quantities give an explicit solution fo r  a and e. Also, since the 

vec tors  y 
done i n  the ea r th  phase, to find the transformation which takes the in-plane 

points along the conic to vectors  in  the iner t ia l  selenographic system. 

The vectorial  locations of the launch s i te  and the velocity 

These two vec tors  a l so  de te r -  
- 

t p, Tb s 
(having subtracted off the powered flight 

The conic elements a and e (ba r s  indicate moon phase)  may 
- 

Pf 

- 
S 

= 0. 
S - 

- 
and vs determine the plane of motion, i t  is possible, as was 

0 

8.  The calculations presented thus far almost  complete the loop 

required in the determination of the t ra jectory satisfying the given input 
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conditions. 

vehicle i s  within the sphere  of action and the point a t  which the vehicle 

penetrates  the MSA. 

i teration of the ea r th  phase conic. 

t ra jectory and the moon phase trajectory continue until given tolerances in  the 

vehicle’s position and velocity at the moon’s sphere of action a r e  met .  

been found that the total number of loops required for  convergence when the 

tolerances a r e  about 10,000 feet in distance and 2 fps  in  velocity will range 

f rom 4 to 9 as the t ime of flight va r i e s  f rom 30 hours to 90 hours. 

All that remains  i s  a calculation of the t ime during which the 

- 
These improved values a r e  then used in the second 

Successive calculations of the ea r th  phase 

It has  

With an understanding of the calculations involved, i t  is possible to 

The General  Logic follow the logic char t s  presented i n  the next three pages. 

simply re - i te ra tes  the calculations and the sea rch  loop which have jus t  been 

discussed. 

touched upon. 

impact  and hence the t ime of launch. This i terat ion is necessary  because, 

although the position of the vehicle a t  the MSA i s  known with respec t  to  the 

moon (since i t  i s  calculated in the moon phase),  i t  cannot be found with 

respec t  to the ea r th  until the time the vehicle is a t  the MSA is  known. 

this t ime depends on the ea r th  phase geometry which i tself  depends on the 

position of S. 

to the slow rotation of the moon around the earth.  The second i tem indicated 

on this cha r t  i s  the possibility that no solution exis ts  which will satisfy the 

input conditions. 

on the allowable values of the trajectory var iables  and will be explained in  

detail  in Section IV. 

The Ea r th  Phase Logic introduces two things which have not been 

The first is the iteration loop required to solve for  the t ime of 

But - 
This ”Time of Launch” i teration converges ve ry  rapidly due 

This possfbility corresponds to the m o s t  important constraint  

The Moon Phase  Logic presented in F igure  8 a l so  indicates the 

possibility that no solution exists in  the calculation of the moon phase conic. 

Thi6 is simply due to the fact  that there  a r e  s i tes  on the moon f rom which i t  

i s  impossible to launch a d i rec t  ascent trajectory,  such a s  the back side of 

the moon. 

is covered in Section IV. 
A method fo r  determining specifically when this will be the case  
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CALCULATE : 
TIME OF LAUNCH 

DAY,TlME OF IMPACT 

r - - - - - - - -  1 

ENTER SUBROUTINE 

AND ECCENTRICITY 
FIND: SEMI-MAJOR AXIS 

EARTH PHASE* 

SOLVE FOR ALL  EARTH 
PHASE INERTIAL ANGLES 

I MASSLESS MOON 
SET RADIUS OF MSA 

EQUAL TO ZERO I 

FIND: 
IMPACT-TO - S  

IN- PLANE ANGLE 

I ENTER MOON PHASE I 

I 
,-,,J 

1 FIND NEW POSITION, TIME 
A T  S (MOON CENTERED) 

T LIII 

EXIT: 
L TEST FOR: 2 PRINTOUT 

EARTH PHASE SOLUTION "EARTH PWSE 
FAILED , 

TEST : 
VELOCITY VARIATION AT MSA 

I F  MET, SET i = I I I F  NOT MET, SET i = 0 

t 

I FIND: EQUATORIAL 
CARTESIAN POSITION AND 
VELOCITY AT POINT S * * * I 

FIND: POSITION OF S IN 
EARTH CENTERED 

EQUATORIAL SYSTEM I 

ITEST: TIME OF LAUNCH VARIATION I 

* ALL POSITIONS AND VELOCITIES ARE EARTH CENTERED. 

** USE O ~ ( G M T )  UPON FIRST ENTERING THE LOOP 

* * *  THE EQUATIONS ARE SLIGHTLY DIFFERENT FOR A MASSLESS MOON. 

Figure 7. Earth Phase Logic Diagram. 



MOON PHASE* 

c 
POSITION VARIATION AT 1 - 1  

MSA,ALSO TEST 1 

8976 -0008 -RU-000 
Page 19 

EXIT 
' FROM LOOP 

I----- 1 

I 

MOON PHASE SOLUTION YES 
SOLVE FOR ALL MOON 

I ENTER FROM EARTH PHASE 
FIND POSITION AND I AND VELOCITY OF MOON 

I (EARTH CENTERED) 
AT TIME AT S** I 

I I 

_r 

FIND: 

SELENOGRAPHIC VELOCITY 
AT POINT S 

PHASE CONIC ELEMENTS 
AND INERTIAL ANGLES 

c 
FIND: 

SELENOGRAPHIC 
COORDINATES OF THE 

LAUNCH POINT I 

CALCULATE THE 
LAUNCH-TO-S 

IN-PLANE ANGLE 

1 TEST FOR: 

I 
NEW POSITION OF S 
FOR NEW TIME AT S I 

t 
1 

CALCULATE: I 
I TIME WITHIN MSA, 

NEW TIME AT S I 

COMPUTE A NEW 
POSITION VECTOR TO 

POINT S 

t 

I EXIT: 

PRINTOUT 'I MOON 
PHASE FAILED 'I I 

u J 

0 PRINTOUT 

* ALL POSITIONS AND VELOCITIES ARE MOON CENTERED UNLESS OTHERWISE SPECIFIED. 

$-%THE SYMBOL S DENOTES THE POINT OF ENTRY OF THE TRAJECTORY AT THE MSA. 

Figure 8. Moon Phase Logic Diagram. 



8976-0008-RU-000 
Page 20 

C. SENSITIVITY COEFFICIENT ROUTINE 

The analytic program which has just  been discussed has  been specifically 

designed to solve the split end-point problem. 

var ious  pa rame te r s  along the trajectory,  such as position and velocity and, 

fo r  the purpose of guidance analysis, to determine sensitivity coefficients of 

end point pa rame te r s  with respect to initial o r  midcourse variables.  The logic 

of this  problem is sufficiently different f rom the sea rch  problem just  discussed 

to war  rant  an independ en t p r og ram. 

It i s  a l so  of i n t e re s t  to calculate 

The inputs to this program, called the Sensitivity Coefficient Routine, a r e  

the init ial  o r  lunar  burnout conditions which may be obtained f rom the sea rch  

program. 

and six coordinates of position and velocity a t  the lunar burnout point. 

position and velocity may be specified either in  the selenographic or  equatorial  

sys tem and in  Cartesian o r  polar form. 

These initial conditions a r e  the day of launch, t ime of lunar burnout, 

The 

The prel iminary calculation performed by the program consis ts  of finding 

the terminal  conditions f rom this se t  of input parameters .  

by solving fo r  the conic elements which, in  turn, may  be used to find the posi- 

tion, velocity and t ime of the trajectory a t  the sphere of action. 

and velocity of the moon a r e  then obtained a t  this t ime and used to calculate the 

position and velocity of the vehicle with respect  to the earth.  

are then used to find the ear th  phase conic e lements  which may  be used to find 

the re -en t ry  point on the earth.  

This is done simply a 
The position 

These coordinates 

All of these a r e  Straightforward calculations; that is, a l l  quantities may  

be found f rom explicit expressions and no i terat ions a r e  necessary.  

that to produce the same terminal conditions that the sea rch  program does,  

exactly the same gravitational model mus t  be used for  both. 

empir ica l  correct ions such a s  those discussed i n  the next section. 

It is  c lear  

This includes any 

Once the terminal  conditions of the original (or  nominal) t ra jectory have 

been found, the calculations of sensitivity coefficients and midcourse  t ra jectory 

pa rame te r s  may  follow. The computation of both i s  straightforward. Position 

and velocity a t  a midcourse maneuver point i n  the moon phase (or  ear th  phase) 

m a y  be calculated in  exactly the same manner  in  which the MSA (o r  terminal)  

calculation is made. By the nature of Kepler’s equation i t  i s  convenient to 
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consider the midcour s e  distance a s  the independent variable;  otherwise, i f  

t ime were  independent, an iteration would be required to solve fo r  distance. 

The sensitivity coefficients a t  the burnout point, o r  midcourse points, a r e  

found by independently perturbing one of the position and velocity coordinates 

by some increment  and then recalculating the terminal  conditions. 

the perturbed terminal  conditions f rom the nominal conditions will then yield 

the terminal  sensitivity coefficients f o r  that par t icular  coordinate variable. 

This may be done as soon a s  the midcourse (31 initial) position and velocity 

coordinates have been found. 

a 

Subtracting 

If the increments  discussed above a r e  small, then the sensitivity coefficients 

will approach the par t ia l  derivatives of the terminal  conditions with respect  to 

the coordinate variable. 

represent  difference rat ios  for  some expected midcourse position o r  velocity 

correction. Aside f rom this possibility this method of differencing, by choos- 

ing different magnitudes of the increments,may be used to find approximations 

to higher order  derivatives or  to study direct ly  the non-linearity charac te r i s t ics  

of the sensitivity coefficients themselves. 

If they a re  large,  then the sensitivity coefficients m a y  
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111. PROGRAM ACCURACY 

A. PRELIMINARY STUDY 

The usefulness of any analytic model depends direct ly  upon the accuracy 

with which i t  yields the t rue conditions which a r e  being simulated. 

reason, i t  was necessary  to carefully analyse a broad range of resu l t s  

obtained f rom the model and compare them with exact resul ts .  

through study of the behavior of the deviations of the approximate f rom the 

t rue resu l t s  i t  was possible to find a method by which the basic model may 

be made to yield g rea t e r  accuracy. 

son of the resu l t s  f rom the original model to those f rom the exact model; 

second, the arguments  which led to an empir ical  correct ion scheme; and 

finally, a comparison of the true resu l t s  with those f rom the corrected model. 

For - th is  

In addition, 

This section presents  f i r s t ,  a compari-  

The prel iminary resul ts  obtained f rom the original model are shown in  

Table 1. 

(which includes ear th ,  sun, moon, vehicle and oblateness perturbations) as a 

function of t ime by numerically integrating the second o rde r  differential 

equations of motion using Encke's method. 

F i r s t ,  faster flight t imes  result  in g rea t e r  overall  accuracy. 

expected since the s ize  of the perturbations on the t ra jectory will be direct ly  

proportional to the duration of time i n  which they act. 

t rend is that the g rea t e r  the re -en t ry  angle ( s teeper )  the m o r e  accura te  the 

resul ts .  This, of course,  is due to the nonlinear effect of the t ra jec tor ies  

intersect ing the spherical  earth. I t  i s  expected that the same  perturbation 

acting on a t ra jectory having a shallow re-en t ry  as acting on one having a 

s teep  re -en t ry  may  cause the former to miss the ea r th  completely while 

indicating fair accuracy f o r  the latter.  

impact  longitudes obtained f rom the exact program, he will notice that in all 

c a s e s  the actual re -en t ry  point is  e a s t  of the des i red  re -en t ry  point. 

examination into the nature  of the lunar  perturbation will explain why this is  

so. 

The "exact program" mentioned h e r e  solves fo r  the exact t ra jectory 

Several  t rends m a y  be noted. 

This  may be 

The second noticable 

Also, i f  one looks carefully a t  the 

A l a t e r  

Next, although not enough cases  are presented i n  Table 1 to indicate this, 

the accuracy i s  dependent on the lunar  date of launch and, in par t icular ,  on 
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the distance of IIL G L - i i  . r e  c - earth. Finally, the one parameter  which 

indicates best  resu l t s  for  the cases  shown in Table 1 is the total flight time. 

To improve the accuracy of the basic model, i t  was f i r s t  necessary  to 

determine the specific source and s ize  of the perturbations not accounted f o r  

in the analytic model and then attempt a correction. The procedure followed 

in doing this is  summarized for two sample c a s e s  in Table 2. 

analytic program and the integration (exact)  p rogram a r e  used in such a man-  

n e r  a s  to extract  the information being sought. 

conditions shown in the f i r s t  row a r e  inputs into the analytic program, and 

therefore,  a r e  satisfied f o r  that model. 

Table 1, i. e . ,  the lunar  burnout conditions as calculated in the analytic pro-  

g r a m  a r e  used in  the exact program and the r e -en t ry  resu l t s  tabulated in  the 

four  center columns. 

and includes the four bodies, sun, earth,  moon and vehicle and the ea r th ' s  

oblateness. The second run i s  a repeat  of the f i r s t  except that the ear th ' s  

oblateness t e rm i s  removed from the equation's of motion, 

difference (to three places  a t  least)  between runs 1 and 2 indicates that the 

per turbat ive effects of ear th 's  oblateness on the t ra jectory a r e  negligible. 

Run 3, again a repeat  of run 1 also has  the sun removed f rom the equations 

of motion, 

but st i l l  quite small when compared with the total differences of the exact run 

and the analytic run. 

m a j o r  partof thei3erturbations not included in  the analytic model a r e  due to 

the earth-moon system itself. 

Here,  the 

The des i red  t ra jectory 

The f i r s t  run is identical to those of 

This run integrates  the equations of motion numerical ly  

The lack of any 

The r e su l t s  in this case when compared to run 2 a r e  not negligible 

At this point, the conclusion may be drawn that the 

- 

Runs 4 and 5 were  made to determine the effects of the ear th  on the moon 

phase (within the MSA) portion of the t ra jectory and the effects of the moon on 

the ea r th  phase portion of the trajectory respectively. 

g ra t e s  the complete equations of motion up to the penetration of the sphere of 

action and then removes the sun and moon f o r  the remaining p a r t  of the tra- 

jectory.  

in the ear th  phase. 

of the vehicle a t  the MSA as calculated in the analytic program and integrates  

the complete equation's of motion to re-entry.  

That is, run 4 inte- 

This i s  equivalent to including only the ea r th ' s  central  force  field 

Run 5, on the other hand takes  the position and velocity 

The resulting t ra jectory then 
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has  only the moon's force  field in the moon phase. 

obtained f rom these two runs (and others  made  but not shown here)  indicates 

that the effect of the moon on the ea r th  phase t ra jectory is  2 to 3 t imes  as 

g rea t  as the effect of the ea r th  on the moon phase trajectory.  

this fact  i s  helpful in the analysis made  i n  the next paragraph. 

identical to run 5 except that the sun and moon a r e  removed f rom the exact 

integration. This run simply verifies that the resu l t s  f rom the integration 

will be identical to those f rom the analytic program i f  the gravitational models  

are  identical. 

A glance a t  the resu l t s  

Knowledge of 

Run 6 i s  

B. CORRECTION SCHEME 

The prel iminary study just  discussed points out that any effort in  

correct ing the basic analytic model should be centered about the ear th- lunar  

perturbational effects. In this regard,  severa l  schemes were  contemplated, 

including explicit analytic expressions which would periodically c o r r e c t  the 

osculating conic elements in the moon and ea r th  phases. This scheme was 

quickly discarded fo r  two reasons. F i r s t ,  the expressions themselves and 

the transformations required were s o  lengthy that the computer running t ime 

would be m o r e  than doubled. 

that, as frequently is t rue  for expressions of this kind, difficulty would a r i s e  

f o r  the special  ca ses  of nea r  parabolic and in-plane motion (in-plane meaning 

that the conic element 9 becomes undefined). Other attempts a t  theoretically 

correct ing the perturbational effects included a correct ion o r  variation of the 

vehicle 's  potential energy at the MSA, however, none of these methods gave 

consistent results.  

The second, and m o r e  important reason i s  

Finally, i t  was decided that the best  approach would be to co r rec t  

empirically fo r  the bias type e r r o r  that existed in all of the runs made with 

the analytic program. 

the aid of Figure 9a. 
perturbation is  that due to the moon on the ea r th  phase trajectory; but, as 

shown in the figure,  the moon at  this t ime has  rotated in i t s  orbit  and will 

always l ie  to the eas t  of the trajectory (as seen f rom the ear th) .  

then, is simply due to the moon pulling the t ra jectory eastward. 

method of correct ing this is shown in  F igure  9b. 

The nature of this bias  may be seen m o r e  clear ly  with 

As indicated in the previous analysis,  the g rea t e r  

The bias, 

A simple 

An explanation of the 
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correct ion must  be made in the context of the sea rch  method used in the 

analytic program. F i r s t ,  as discussed in Section 11, the analytic program 

calculates an approximation to the ear th  phase portion of the trajectory.  

Then, the ear th  phase velocity at the MSA, as shown in  F igure  9b, is com- 

to puted and used, a f te r  subtracting off the moon’s velocity a t  the t lme ts, 
calculate the moon phase conic. 

velocity. Specifically, the velocity is  f i r s t  projected into the earth-moon 

orbi t  plane and this projection rotated through the empir ical  angle T .  

only that component of u 
plane i s  rotated. 

always be counterclockwise. 

m e n t  of the moon phase conic as  shown in  F igure  9b. 

will be only slightly changed with additional i terations.  

this correct ion is the fact  that the perturbational effects on the ear th  phase 

t ra jec tory  will be pr imar i ly  in the earth-moon plane and, m o r e  strongly, the 

fac t  that the correct ion does yield satisfactory results.  

The correct ion i s  applied to this ear th  phase 

Thus, 

which l i e s  in (o r  paral le l  to) the moon’s orbit  

This rotation to counteract the unidirectional bias will 
S 

The effect of the rotation i s  pr imar i ly  an adjust-  

The ea r th  phase conic 

The justification for  

C. EVALUATION O F  TAU 

Investigations were  next carr ied out to determine, f i r s t ,  the t ra jectory 

p a r a m e t e r s  on which the correction angle T 

i ca l  expression which approximates this dependence. 

car ry ing  out these investigations was  f i r s t  to allow f 

input into the analytic program,  The lunar  burnout conditions which the 

p rogram calculated for  var ious values of T were  then fed into the exact 

p rog ram and the resu l t s  tabulated. 

tions, as obtained f rom the exact program, most  closely correspond to the 

des i r ed  entry conditions were  considered to have used the optimum s i ’  

c o r r e  c t i  on ang 1 e ,  

depends and second, an empir-  

The procedure used in  

to be an independent 

Those t ra jector ies  whose re -en t ry  condi- 

The variation of T with respect to the following t ra jectory pa rame te r s  

was  studied: 

a) total t ime of flight, 

b) re -en t ry  approach; clockwise and counterclockwise, 

c) re-entry angle, 
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d) lunar launch site location, 

e )  
f )  earth-moon distance at launch. 

declination of the moon a t  launch (with the equator) 

Table 3 presents  some resul ts  on the study of the variation of 7 with 

the t ime of flight. Here,  the estimation of optimum i s  based pr imar i ly  

in  obtaining the best  value of the r e -en t ry  angle and then, of latitude and 

longitude respectively, In a l l  cases,  an attempt was made to choose 'r such 

chat the tolerances on the re-entry angle and the latitude were  &5 degrees  and 

the longitude *15 degrees .  As  expected, the value of T is  m o r e  sensit ive 

to the t ime of flight than to any other parameter .  

The study on all parameters  was f irst  made f o r  counterclockwise r e -  

entry. It w a s  found that the location of the launch s i te  had the l ea s t  effect on 

the value of 7 and that the lunar declination and the re -en t ry  angle had only 

minor  effects. These parameters  were  then considered to be invariant with 

respec t  to angle t .  

t ime and the earth-moon distance. 

This left the value of dependent only on the flight 

The expression fo r  optimum 7 with respec t  to the t ime of flight was 

then determined fo r  the average earth-moon distance. 

graphically in F igure  loa. 

with the t ime of flight fo r  clockwise re-entry.  

sufficiently different as to warrant a separa te  study. 

clockwise and counterclockwise re-entry,  i t  was found that both se t s  of 

empir ica l  data could be easi ly  approximated by quadratic expressions.  

The resu l t s  are shown 

Also shown in this graph i s  the variation of I 

The resu l t s  in this case  were  

Following the study f o r  

The effects of T on the distance to the moon was then studied for  t ra jec-  

to r ies  having a total flight t ime of 90 hours.  The resul ts  in this case,  shown 

in F igure  lob, indicate a l inear  dependence of T on the earth-moon distance. 

Again separate  studies were  required for  clockwise and counterclockwise 

re-entry.  

following expressions for  the evaluation of optimum - r :  

The product of the quadratic and l inear  expressions resulted in the 



Re -entry 
Latitude 

(deg) 

Re -ent rv 
Longitude 

(deg) 

Re -entry 
Angle 
(deg)  

Re-entry 
Direction 

30 

30. 8 

31. 3 

-104 

-100.0 

-106.7 

~ 

170 

166.9 

169.8 

~~ 

c c w  

c c w  

c c w  

30 

25. 1 

31.5 
37.1 

- 104 

- 99.6 
-108.,6 
-117.9 

140 

135.6 

141.7 
147.2 

c c w  

c c w  

c c w  

c c w  

30 

26. 7 

30.4 
33 .7  

-104 

- 99.9  
-104.7 

-109.8 

140 

137.6 

141.2 

144.7 

170 

162.9 
167.2 
171.2 

140 
145.3 

139.7 
133.3 

140 
155.2 

138.9 

135.3 

c c w  

c c w  

c c w  

c c w  

c c w  

c c w  

c c w  

c c w  

c w  

c w  

c w  

c w  

c w  

c w  

c w  

c w  

30 

27.4 

28 .9  
29.8 

30 

35.5  

29. 5 

22.7 

30 

45 .1  

27. 5 
23.4 

-104 

- 91.2 
-100.3 
-110.0 

-104 

- 94.9 
-108.4 
-122.7 

-104 

- 67.2 

-118.8 

-128.9 
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Table 3. Variation of T with Total Time of Flight 

Time of 
Flight 

( h r )  
Optimum 

T T 

50 
50. 2 

50. 2 

De s i red Value 8 

0 . 5  

1 .0  

Desired Values 

1 

0 . 5  

60 

60. 3 

60. 1 

59.9 

1.4 L 

3 

Desired Values 

5 

6 

7 

80 

80.0 
79.9 
79.7 

5 . 9  

Desired Values 

6 
8 

10 

90 
90.0 

90.1 
90. I 9.4 

Desired Values 

I 
2 

3 

60 
60. 1 

60.3 

60.5 

80 

79.9 
80.9 

81.2 

1.9 

Desired Values 

5 

6 

7 

5 . 5  

Desired Values 

8 
10 

12 

8.0 -105.6 
-117.8 

27. 3 -130.5 

172.6 

169.1 

L 
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Figure loa. Variation of T with Time of Flight. 
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Figure lob. Variation of T with Earth-Moon Distance. 
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F o r  counterclockwise re-entry and t ime of flight g rea t e r  than 45 hours,  

T = (5. 5246 - 3. 6052 x x ) m 

(9 .881  - 0.69055 x T mi t 1.2639 x Tm:) 

F o r  clockwise re -en t ry  and t ime of flight g rea t e r  than 35 hours, 

T = (4.7957 - 3. 0245 x x ) 
m 

(3. 1834 - 0. 28483 x Tmi t 0.69247 x Tm:) 

where x q-’, -= distance to the moon and T ( i r . 1 1  ) =t ime  of flight. The 

value of T i s  taken as ze ro  for  flight t imes shor te r  than these. 
m mi 

D; FINAL ACCURACY 

The resu l t s  obtainable with the 7-corrected p rogram a r e  ve ry  good in 

comparison with those of the uncorrected program.  

example, indicates that  the most important three quantities, r e  -entry latitude, 

longitude and flight path angle behave with respect  to I- in such a manner  as 

t o  be corrected simultaneously. 

in  the last paragraph into the analytic p rogram yields the resu l t s  shown in 

Table 4 for  a few sample cases ,  

favorably with the exact integration p rogram when the t ime of flight is the 

shortest  and when the re -en t ry  angle is  the s teepest  and compare the leas t  

favorably for  long flight t imes  and shallow re-entry.  

A glance at Table 3 ,  for  

Incorporating the expressions for T developed 

A s  expected, the resul ts  compare most  

It may be  possible,  by extending this  method of analysis,  to  find expres-  

sions for  T , and/or  some other angle, which will result  in even g rea t e r  

accuracy in the terminal  conditions, however, it should be remembered that 

t h i s  method improves pr imar i ly  the end point conditions and does not c o r r e -  

spondingly co r rec t  other  parameters  o r  coordinates along the t ra jectory.  

Intermediate values of position and velocity (midcourse) ,  however, com- 
p a r e  favorably with exact results as a r e  shown for  a specific case  in Table 5. 
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Table 5. Midcourse Comparison between the T -corrected Analytic 
and Exact P rograms  

R 
(ft) 

0.1216 x lolo 

0.1158 x lolo 

0.1104 x lolo 

0.1045 x lolo 

9 0.9815 x 10 

9 0,9115 x 10 

9 0.8339 x 10 

0.7473 lo9 

0.6492 x lo9 

0.5358 x lo9 

9 0.3998 x 10 

0.2211 109 

0.2133 x lo8 

t 
(min) 

0 
( O ) *  

360 
( 360) 

( 720) 
720 

1090 
(1080) 

1452 
(1440) 

1812 
1800 

2171 
(2160) 

2529 
(2520) 

2888 
(2880) 

3247 
(3 240) 

3606 
(3606) 

3965 
(3960) 

4200 
(4196) 

a 
(deg) 

-0.757 
( - 0 .  757) 

-1.03 
(-1.03) 

-0.734 
( - 0 ,  723) 

-0.165 
( - 0 .  267) 

0.471 
( 0 .  302) 

1.20 
( 0.99) 

2. 05 
( 1.82) 

( 3.08) 
( 2,86) 

4,41 
( 4.20) 

6.25 
( 6.08) 

9. 23 
( 9.12) 

16.25 
(16. 30) 

80. 0 
(83. 1) 

6 
(deg) 

-5.80 
(-5, 80) 

-5.98 
(-5. 98) 

-5.93 
(-5q92) 

-5.77 
( 5. 80) 

5. 58 
(-5.65) 

(-5.45) 

(-5.21) 

(-4. 83) 
(-4.90) 

-4.45 
(-4.50) 

-5.38 

-5.13 

3.90 
(-3. 93) 

(-3.00) 

-0.90 
( - 0 .  76) 

-3.02 

15. 0 
(15. 8) 

d 
UPS) 

6288 
(6288) 

2460 
(2472) 

2572 
(2619) 

2837 
(2850) 

3130 
(3127) 

3464 
( 345 3) 

3856 
(3841) 

43 34 
(43 18) 

4948 
(493 1) 

5801 
(5785) 

7178 
(7164) 

10415 
(1 0404) 

36073 
(36078) 

P 
(deg) 

149.6 
(149.6) 

176.0 
(175.8) 

172.6 
(172.1) 

169.4 
(171.0) 

169.8 
(170.6) 

170.1 
(170.4) 

170.3 
(170.3) 

170.3 
(170.3) 

170.2 
(170. 1) 

169.9 
(169.7) 

169.1 
(168.8) 

166.3 
(166.0) 

135.0 
(133. 7) 

A 
(deg) 

245.3 
(245.3) 

86. 3 
( 85.5) 

77.2 
( 76.4) 

74.1 
( 74.9) 

74.0 
( 74.2) 

73.9 
( 73.8) 

73.8 
( 73.6) 

73.8 
( 73.4) 

73.7 
( 73.2) 

( 73.0) 
73.5 

73.3 
( 72.8 

73.1 
( 72.6) 

82.0 
82.6 

3s 
Quantities in parentheses  a r e  from the Exact P r o g r a m .  
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The 

and this  is noted in this  example for  the distance R = 0.1045 x 10 ??et. 

Here  the variation in the p-angle, fo r  example, jumps f rom -0.5 degrees  a t  

the previous point to 2. 7 degrees at this  point (the value of T is  3 . 7  degrees) .  

For 90 hour flight t imes  where the value of T may reach 10 degrees ,  as 
shown in Figure loa, the midcourse velues at the MSA will deviate f rom the 

exact resu l t s  by this  corresponding amount, and will be reflected ei ther  in the 

p-angle, as in the example above, o r  in some other  angular quantity; o r  the 

deviation will be distributed among all angular quantities. 

7 -correction introduces a velocity discontinuity at  the sphere of action 
10 

The final comparison of results that may be made with the exact program 

are the sensitivity coefficients obtainable f rom the Sensitivity Coefficient 

Routine. 

t imes  of flight, 

the same manner  as f rom the analytic program,  i. e . ,  each burnout p a r a m -  

e t e r  was var ied independently by the increment  shown and the t ra jec tory  was 

then integrated to r e  -entry.  

values and the unperturbed nominal values a r e  those shown in the tables .  

Table 6 presents  these resu l t s  for two cases ;  50 hour and 90 hour 

The resu l t s  were obtained f rom the exact p rog ram in exactly 

The differences between the resulting te rmina l  

It is c lear  that  the T -correction will not appreciably affect the values of 

the sensitivity coefficients generated by the p rogram since this  correct ion 

simply involves a rotation of the velocity vector  a t  the MSA. 

shown a r e  for  steep re-entry.  

s imi la r  accuracy for  t ra jector ies  having shallow r e  -entr ies  a One stipulation 

in producing a valid comparison of miss coefficients resulting f rom the exact 

and analytic p rograms  i s  that both t r a j ec to r i e s  have the same terminal  condi- 

tions. 

t ra jec tory  whose burnout conditions a r e  exactly identical to those of the 

7-cor rec ted  program.  

Both of the c a s e s  

It is expected that the analytic p rogram will give 

Thus,  it is c l ea r  that  a comparison is  not being made with an exact - 

In summary,  using the -i-corrected program: 

(1) The adjustment required in the burnout conditions of the analytic p r o -  

g r a m  to produce the desired conditions on an "exact" program will 

be of the o rde r  of a few tenths of a degree in p and A o r  a few fps in 

velocity. 

s ea rch  routine in the exact program. 

This adjustment may be made by incorporating a l inear  
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Table 6. Sensitivity Coefficient Comparison Between the Analytic and 
Exact Programs 

Total Time of Flight = 50 Hours  
Re-entry Flight Path Angle = 163 Degrees 

~ n c  rement s * 

Terminal  

P a r a m e t e r  8 

Re-ent ry  Time 

Latitude 

Longitude 

Re -entry Angle 

A r  

50,000ft) 

-21.4 

(-21.3)::<* 

-. 051 

( .003) 

4. 72 

( 4. 50) 

.291 

( .386) 

19. 9 

( 20.5) 

3. 33 

( 3.20) 

-20.2 

(-19.9) 

5. 81 

( 5. 70) 

-. 065 

( - .  300) 

1. 41 

( 1 .24)  

.692 

( .735) 

-. 49 

(-.56 ) 

A v  

(50 fps) 

-35.2 

(-35.1) 

.389 

( .451) 

4. 93 

( 4. 56) 

1.75 

( 1.89) 

Total Time of Flight = 90 Hours  
Re-entry Flight Path Angle = 169 Degrees 

Increments 

Termina l  

Re-entry Time .-48.4 

-44. 5) 
I 

Latitude 

Longitude 

R e  -entry Ang 

1.24 

( 1. 17) 

-1.72 

(-2.79) 

3.82 

( 3.95) 

68.4 

( 71.9) 

1. 13 

( 1.00) 

-20 .8  

(-21. 1) 

1.05 

( .90) 

-3.6 

( -4.3) 

7. 98 

( 7. 86) 

3. 29 

( 3.17) 

-3 .14.  

(-2.96) 

71.0 

(-65.0) 

1.34 

( 1.22) 

-4.67 

(-6.  50) 

4. 18 

( 4. 30) 

28.0 

( 28. 8) 

2.69 

( 2. 52) 

-28.1 

(-27. 8) 

a. 03 
( 7.90) 

. l l  

( - 30) 

-15.21 

(-15. 1) 

-3.52 

-3.25 

1.59 

( 1.5U) 

100.2 

(103. 9) 

-1.00 

(-1.  13) 

-30.8 

(-30.8) 

2.43 

( 2. 13) 

-6.67 

( 06.0) 

-7 .05 

(-7. 16) 

-0.55 

( 0.68) 

1. 58 

( 1.50) 

_. 
-6- 

The values in the tables represent  actual variations in the te rmina l  parameters  
and have not been divided by the indicated increments .  

Quantities in parentheses a r e  f rom the Exact Program.  
:k Y:< 
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(2) The sensitivity coefficients obtained f rom the analytic program a r e  

generally within 1 0  p e r  cent of those obtained f rom an exact program.  

Thus,  the resu l t s  obtained from the analytic p rogram should be sat isfac-  

tory fo r  all general  mission studies other than final mission t ra jec tor ies  and 

firing tables.  
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IV. TRAJECTORY ANALYSIS 

The purpose of this section is to present  a qualitative and quantitative 

analysis  of moon-to-earth t ra jec tor ies .  

reviewing the general  character is t ics  of such t ra jec tor ies ,  under the hypoth- 

e s e s  se t  for th  concerning the gravitational model, and then determining 

which pa rame te r s  in the ear th  phase most  affect the moon phase ‘ 3 3 .  i t 3  and, 

conversely,  which parameters  in the moon phase most  effect the ea r th  phase 

conic. In this manner ,  it will be possible to conveniently separa te  the 

analyses  of the ea r th  phase and moon phase portions of the t ra jec tory .  

This  will be accomplished by first 

A. EARTH PHASE ANALYSIS 

In Section 11, (as shown in Figure 4a) it has  been pointed out that  the 

majori ty  of the total t ra jectory will be the ea r th  phase conic. In fact ,  it 

can  be easi ly  shown that the angle subtended by the radius  of the moon’s 

sphere of action as seen f rom the ea r th  is about 8 , 5  degree.  

tande of the conic will be close to the radius  of the ear th ,  o r  l e s s ,  and its 

apogee distance (if  the conic i s  an ell ipse) must  be grea te r  than the distance 

to  the MSA. 

minimum eccentricity the ear th  phase conic may have is about 0. 96. 
e a r t h  phase conic, then, must be a section of a highly eccentr ic  ell ipse;  

o r  else be hyperbolic or  parabolic. 

The p e l  igee d i s -  

A simple calculation will show that this implies that the 

The 

Returning to Figure 4a, the t ra jec tory  as  drawn, with the moon on the 

left and the r e -en t ry  point on the right, will cause the vehicle to re -en ter  

the atmosphere in the same direction as the rotation of the ea r th ,  i. e . ,  in 

a counterclockwise manner.  It is possible to find a t ra jec tory  which sat- 

i s f ies  all of the input conditions 

the ear th  in a clockwise manner. 

to -ear th  t ra jectory,  one must  indicate which manner of approach at r e -en t ry  

is desired.  

stipulated in Section I1 and which approaches 

This  implies that in solving for  a moon- 

Figure 11 il lustrates this m o r e  clearl.lr. 

Refering now to Figure 4b of Section 11, it is interesting to  see what 

input pa rame te r s  will affect the in-plane conic elements and related quantities 

It has a l ready  been noted that the conic section will be determined direct ly  
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MOON 

RE-ENTRY A TOUCHDOWNS AT 
DIFFERENT TI ME 

Figure 1 la. Earth Phase Geometry (Rotating Earth) .  

CLOCKWISE 

0 
0 

/ 

/’ N 
M 

Figure 1 lb.  Mercator Projection. 
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by the quantities xr, xs, 

dependent on the distance to the moon a t  launch and the total t ime of flight, 

respectively. During a lunar month,  the distance to the moon will va ry  by 

about 7. 5 ear th  radii. 

time, the t ime Tsr remains fairly constant. 

vehicles launched on those days when the moon i s  fa r thes t  f rom the e a r t h  m u s t  

have higher energies  than those launched when the moon is closest  to the earth.  

This observation is born out by Figure 1 2  which plots the r e -en t ry  velocity for  

a re -en t ry  altitude of 400, 000 feet v e r s u s  the total t ime of flight fo r  different 

e a r  th-moon distances. 

p r ,  and Tsr  where x and Tsr  a r e  strongly 
S a 

It turns  out that for  t ra jec tor ies  with a fixed total flight 

Thus, f n r  fixed flight t imes,  

It should be pointed out that all of the data plotted on this and ensuing graphs 

(unless  otherwise stated) were  obtained f rom the Analytic Lunar Return P r o -  

gram.  Therefore,  they include the lunar  and three dimensional effects on the 

t ra jector ies .  In F igure  12, for  example, i t  was discovered by means  of addi- 

tional t ra jectory runs that the effects of the re -en t ry  angle f3 

counterclockwise re -en t ry  on the r e  -entry velocity a r e  negligible. 

not expect that the locations of the lunar  launch site or  the landing s i te  will have 

much affect on this velocity, and this has  a l so  been checked. 

and clockwise o r  r 
One would 

In a s imi la r  manner ,  referring to F igure  13 ,  i t  is possible to determine 

the variations of the velocity and the flight path angle a t  the sphere of action 

with the input parameters .  

depend pr imar i ly  on the t ime of flight and the distance to the moon. 

of the velocity us, 

the re -en t ry  angle. 

the t ime of flight for  near  extreme c a s e s  of ver t ical  and horizontal re -en t ry  

a r e  plotted. Values of us for  intermediate re -en t ry  angles w i l l  l ie  between 

these curves.  

a t  the MSA may be explained by the fact  that these t ra jector ies  re -en ter  on the 

s ide of the ear th  facing the moon whereas shallow re-en t ry  t ra jector ies  come 

in  on the back side to the ear th .  The s teep re -en t ry  t ra jector ies ,  then, m a y  
have a distance of a s  much a s  two ear th  radi i  l e s s  to travel than shallow r e -  

en t ry  t ra jector ies ,  and therefore require  l e s s  energy to accomplish this in  the 

same amount of time. 

A s  with the re -en t ry  velocity these pa rame te r s  

In the c a s e  

however, a significant variation is evident with respec t  to 

This i s  indicated in  F igure  13a where the velocity ve r sus  

The indication that s teeper  re -en t ry  angles have lower velocit ies 

- 
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MINIMUM DISTANCE TO MOON 8 1.17 x IO' FT 

MAXIMUM DISTANCE TO MOON * 1.33 x IO' FT 

37,000 

36,500 

36,000 
20 

TIME OF FLIGHT (HOURS) 
90 

Figure 12. Re-entry Velocity (Altitude = 4000,000 Feet)  versus  Total 
Time of Flight for  Various Distances to  the Moon. 
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Figure 13b presents  the flight path angle ve r sus  the t ime of flight for  

various distances to the moon and for  a re -en t ry  angle of 96 degrees .  

These curves represent  the lower limits of the flight path angles for  those 

t ra jec tor ies  having grea te r  re -en t ry  angles and similar distances to the 

moon. 

To round out the discussion of the ear th  phase conic, it is of interest  

to  plot the intermediate time and velocity relationships,  and this  has  been 

done in Figure 14a and b. 

integration runs for a launch date in which the moon is at a mean distance 

f r o m  the ear th .  

paramet r ic  relationships for these quantities. 

The data shown was obtained f r o m  three  exact 

No attempt has been made to acquire  a complete se t  of 

Having analysed the in-plane charac te r i s t ics  of the ea r th  phase conic, 

it is possible to derive some properties of the three  dimensional ear th  phase 

geometry of moon-to-earth trajectories. 

that  the ear th  phase conic, as seen on a Mercator projection of the ear th  

such as in Figure l l b ,  begins at mos t  8 . 5  degrees  f r o m  the moon. 

difference in the lati tudes of the moon and the vehicle at the MSA is much 

less than this .  In fact ,  observations of many moon-to-earth t ra jec tor ies  

indicate that the two declinations will always be within 1. 5 degrees  of one 

another e 

point S and point r ,  
time of flight and the r e  -entry angle pr .  The next im.>ai  ' >+n: --? - 3 m e t e r  

affecting this angle i s ,  as mentioned above, the distance to  the moon. 

This  effect, however, is consistantly l e s s  than 4 degrees .  

Section I1 Figure 4b, then, the in-plane angle qsr is essent ia l ly  a function 

of only the total t ime of flight and pr.  
in Figure 15 and will be called the moon-to-re-entry in-plane angle. 

F i r s t  it has  a l ready  been stated 

The 

Another important observation is that the in-plane angle between 

o r  q,,, remains essentially dependent upon the total 

;_'Cel*e:r:i1g to 

The parameter  ?l has  been plotted s r  

Returning to our first observation concerning the declination of the 

vehicle at the MSA being within 1. 5 degrees  of that  of the moon, it is a l so  

t rue  that the right ascension of the moon at launch and point S are within 

th i s  value. 

tends an  a r c  of 8. 5 degrees .  

-- 
This is t rue  in spite of the fact that the radius  of the MSA sub- 

The reason for  this  is the fact  that just  af ter  
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lunar  burncut the vehicle very  nearly cancels the angular velocity of the 

moon caur;ing its angular position with respect  to  an  inertial  ea r th  centered 

sys t em to remain near ly  fixed,out to the point S. 

On the basis  of these observations, it is possible to define what may  be 

This cone may be gener -  called a "touchdown cone" as shown in Figure 16. 

a ted  as follows: 

F o r  a given total flight t ime and a given r e -en t ry  flight path angle 

the in-plane angle qSr will be fixed and determined by Figure 15. 

With the a r g u m n t s  given above, this angle will be essent ia l ly  the 

in-plane angle f rom the moon to re -en t ry .  

The r e -en t ry  maneuver angle, i f  non-zero,  may  now be added to  

'% r 
down. 

With this total in-plane angle fixed, it is possible to  generate all 

possible ear th  phase conics which a r e  launched f r o m  a cer ta in  

declination of the moon, i. e. , on a cer ta in  day, and which have a 
given total flight t ime,  r e -en t ry  flight path angle and r e -en t ry  

maneuver angle, 

the in-plane conic about the earth-moon line at launch producing 

the touchdown cone shown in Figure 16a. It is c l ea r  that as r e -en t ry  

progresses  f rom shallow to s teep angles, the angular radius of the 

cone will increase to a maximum of 90 degrees  and then decrease ,  

on the moon side of the ear th ,  down to ze ro  for  a rect i l inear  tra- 

jectory. The allowable declination for  this t ra jec tory  will be, as  

expected, identical to the declination of the moon at launch. 

to produce the total in-plane angle f rom the moon to touch- 

These t ra jec tor ies  may be generated by rotating 

One question which can now be asked i s :  what res t r ic t ions  does this  

p rocess  place on allowable landing s i t e s?  

res t r ic t ion on the landing s i te  longitude since any longitude may  be obtained 

by launching f r o m  the moon a t  the proper  t ime of day. There a r e  r e s t r i c -  

t ions on the allowable landing site lati tudes,  however, and this is shown in 

Certainly there  will be no 
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Figure  16b. 

cer ta in  angular distance d the earth-moon axis as measu red  f r o m  the centey 

of the ear th .  

jectory passing over the north pole whereas the minimum latitude will be for  

a t ra jec tory  passing over the south pole. These are shown in the figure 

for  50 hou2 and 90 hour flight times. Simple l inear  relationships m a y  be 

obtained f rom this f igure giving these optimcm lati tudes as a function of the 

total  ic-plane angle and the declination of the moon. 

Srai3hically in Figure 17. 

i i - r s ~  to decide what 'Ae total  in-plane angle is, based on the total t ime of 

flight, the re -en t ry  flight path angle and the r e -en t ry  maneuver angle (with 

the a id  of Figure 15) and second to  determine the declination of the moon on 

the day of launch. The allowable touchdown lati tudes will then lie withii? the 

paral le logram f G r  ;he given lunar declination and total in-plane angle. 

A s  indicated on this diagram, the landing s i te  must  be within a 

The maximum allowable latitude will be attained f o r  the t r a -  

These a r e  presented 

The manner in which this  graph may be used is 

This graph mayLalso be used to answer the following question: fo r  a 

given landing site latitude, total time of flight and r e -en t ry  flight path and 

maneuver angles,  what a r e  the allowable declinations of the moon (which is 
equivalent to days of the lunar  month) for  which a t ra jec tory  is possible? 

question is easi ly  answered by determining whai lunar declination paral le l -  

og rams  will cause the des i red  touchdown latitude to l i e  within them farr a fixed 

total  in-plane angle. 

This 

The following two examples are given for i l lustration. 

a) Simple lunar  sample re turn  mission: 

Total t ime of flight = 70 hours  

Re-ent ry  flight path angle = 175 degrees  

Re-ent ry  maneuver angle = 0 degrees  

F r o m  Figure 15, the moon-to-re-entry in-plane angle will be about 

10 degrees .  

landing s i te  latitude is 20 degrees,  then f r o m  Figure 17, the allowable 

declinations of the moon will be between 10 degrees  to 30 degrees .  

This will a l so  be the moon-to-touchdown angle. If the ?esired 

b) Apollo manned return mission: 

Total t ime of flight = 70 hours  

Re-ent ry  flight path angle = 96 degrees  

Re-ent ry  maneuver angle = 40 degrees  
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F r o m  Figure 15, the moon-to-re-entry in-plane angle will be about 

160 degrees .  

touchdown angle equal t o  200 degrees. 

cone as one whose angle i s  360 degrees  -200 degrees  = 160 degrees) .  

Again if the des i red  landing site latitude is 20 degrees  then, f r o m  Figure 

17, the allowable declinations, of the moon will lie between 0 degrees  and 

-30 degrees .  

Adding on the maneuver angle will make the total moon-to- 

(This angle will produce the same 

The reduct ion of the number of significant var iables  that en ter  into the 

calculation of the ear th  phase conic a lsomakes i t  possible to graphically 

determine some 6f the angular quantities involved. 

to  Figure 4a, the declinations of the moon and landing site and the total 

in-plane angles ,between these points will determine the orientation of the 

ea r th  phase conic. F igures  18 and 19 present  the inclination of the conic 

and the azimuth at touchdown respectively fo r  specific total in-plane angles. 

Graphs for a complete range of in-plane aggles have been drawn, however, 

only these a r e  presented for  illustrative purposes.  F o r  the Sample Return 

mission presented above where the declination of the moon is 15 degrees ,  

F igures  18a and 19a indicate the inclination and azimuth to be about 

36 degrees  and 120 degrees  respectively. In the case  of the Apollo Return 

for  a declination of the moon of -10 degrees ,  the inclination and azimuth 

by Figures  18b and 19b a r e  34 degrees and 62  degrees  respectively. 

F o r  example, r e fe r  ring 

It is a l so  possible to  generate other variations of res t r ic t ion curves 

such as those shown in Figures  20 and 21. 

f r o m  data obtainable f r o m  Figures 15 and 17 and present  the available 

launch dates  for  a given month in 1963. 

the r e -en t ry  maneuver angle is  0 degrees .  

redrawn if  th is  angle has  some other value. 

latitude restr ic t ions for a given r e -en t ry  flight path angle. 

launch date and total t ime of flight, the avaslable touchdown lati tudes will 

lie between the corresponding upper and lower curves.  

similar for  determining the available launch dates  for  a given landing site 

latitude. 

These curves  were generated 

All of these graphs a s sume  that 

These graphs may be easi ly  

Each graph represents  the 

F o r  a given 

The situation is 



TOTAL MOON TO TOUCH DOWN IN-PLANE ANGLE 

SIGN-OF THE TOUCH DOWN 
DECLINATION SCALE 

f 
IO 20,o IC 

-90 -80 -70 -60 -50 -40 -30 -20 -10 

=IO, 170, 190, 
IO O r 2 0  -IO 

1 
IO i 

8976-0008-RU-000 
a z e  51 

SO DEGREES 
30 -20 -30 

I 30 40 50 60 
DECLINATION AT TOUCH DOWN (DEGREES) 

* FOR CLOCKWISE RE-ENTRY, TAKE THE INCLINATION TO BE 180' MINUS THE VALUE GIVEN HERE 

DECLINATION AT TOUCH POWN (DEGREES) 

3k 
Figure  18. Earth Phase Inclination with the Equator versus  the Declination 

at  Touchdown for Various Declinations of the Moon. 
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Figure  20. Allowable Re-entry Latitudes versus  Time of Lunar Month for 
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Various Flight Times and Re-entry Angles. 

for 



8976-0008-RU-000 
Page 55 

B MOON PHASE ANALYSIS 

The ear th  phase analysis has been based pr imar i ly  on the fact  that many 

independent pa rame te r s  a t  the moon have l i t t le effect on the ear th  phase conic. 

To a cer ta in  extent, the r eve r se  is a l so  true. 

c lear ly  what the relation is between the two phases  by analysing the velocity 

vec tors  of the t ra jectory a t  the sphere of action. 

Section I, i t  is seen that the moon's velocity vector m u s t  be added to the 

vehicle 's  velocity at the lMSA to  obtain the vehicle's velocity with respec t  to the 

earth.  The velocity vector of the moon, however, is  ve ry  near ly  perpendicular 

to the earth-moon line and i t s  magnitude (about 3500 fps)  i s  of the o rde r  of the 

earth-phase velocity for  a 60 hour flight (Figure 13a). This implies  that fo r  a 

d i r ec t  impact  on the earth,  the vector diagram will be very  near ly  a right 

tr iangle and, specifically, fo r  a 60 hour flight time, the vehicle 's  velocity 

vector  with respect  to the ear th  wi l l  be pointed about 45 degrees  to the right 

of the moon-earth line. If the return t ra jectory were  not a d i rec t  impact  on 

the earth,  then the ea r th  phase velocity can deviate f r o m  this direction. 

m o s t  i t  may deviate will be the ear th  phase flight path angle a t  the MSA fo r  

tangential re-entry which i s  shown approximately i n  F igure  13b. 

in  the 60 hour case  discussed above, this angle will be about 180 

Thus the ear th  phase velocity and hence the moon phase velocity a t  the MSA 

will not va ry  great ly  f rom i t s  vertical  impact direction. 

moon- to-ear th  t ra jector ies  which have been run on the analytic program 

indicates that the moon phase velocity of the vehicle a t  the MSA will always be 

directed to the eas t  of the moon-earth line (as seen on the moon). 

It i s  possible to see  m o r e  

Referring to F igure  1 of 

The 

F o r  example 

- 170 = loo. 0 0 

a 

Analysis of many 

Before presenting some of the quantitative resu l t s  of these runs, i t  i s  

possible to deduce some qualitative propert ies  of the velocity a t  the MSA by 

visualizing the c l a s s  of all moon-to-earth t ra jector ies  fo r  a given flight t ime 

and a given re -en t ry  angle. 

be done without involving the shape or  orientation of the moon phase conic. 

F igu re  22a shows such a class of t ra jector ies .  In this f igure,  no positions 

will be designated on the sphere of action. 

v 

l a t e r ,  the directions of these velocity vec tors  will represent  ve ry  near ly  the 

direction of the hyperbolic asymptote of the moon phase.  conic. 

As deduced in  the ea r th  phase analysis,  this may 

Instead, only the velocity vector - 
projected f rom the center  of the moon,will be drawn. As will be seen 

S' 

a 



8976-  0008-RU- 000 
;.'age 56 

2 
w 
4 

N 
N 

a, 
k 
3 
M 
.d 



8976- 0008-RU- 000 
Page 57 

Continuing with Figure 2&, the ea r th  phase conic has  been drawn with 

respect  to iner t ia l  space where and u a r e  the velocit ies of the vehicle 
S m 

and the moon respectively a t  the MSA relative to the ear th .  

of launch, flight time, and re-entry flight path and maneuver angles, i t  i s  

possible to draw the re-entry cone indicated. 

jec  tor ies  which approach the earth i n  extreme clockwise and counterclockwise 

manner s  and over the north and south poles. 

a surface passing through these four, 

and the re-entry flight path angle a r e  fixed then, as shown in  the ea r th  phase 

analysis,  the velocity magnitude u and the flight path angle p will be 

constant. Also, since the vector um is fixed and the velocity 

F o r  a fixed day 

Shown on this f igure a r e  t r a -  

All other t ra jec tor ies  will form 

If as assumed above, the t ime of flight 

S 

the class of ea r th  phase velocity vectors  may  be drawn a s  radi i  of a sphere 

whose radius i s  us and whose center i s  located a t  the tip of the Gm vector. 

This  is called the spherical  boundary in  F igure  22b where the velocity vector 

additions f o r  extreme clockwise and counterclockwise re -en t ry  are shown. 

On visualizing the class of all possible vector additions, i t  is seen that 

the extreme clockwise re-entry w i l l  generate the maximum possible moon 

phase velocity vs and the extreme counterclockwise r e -en t ry  will generate 

the minimum possible velocity ';Ts. 
energy of the vehicle fo r  various t ra jector ies  may be identical in the ear th  

phase,  the energy in  the moon phase will differ. 

wise  and counterclockwise re-entry t ra jector ies  computed, by, the analytic 

p rogram indicates that the difference may be considerable. 

made  to find the bounds on the energy and this is shown in  F igure  23. 

the lunar  burnout velocity has  been plotted against the total t ime of flight fo r  

var ious  distances to the moon. 

flight path angle of 96 degrees  was chosen fo r  all cases .  

Thus, i t  has  been shown that although the 

Analysis of extreme clock- 

An attempt was 

Here 

To obtain extreme t ra jec tor ies  a re -en t ry  

. 

By means  of the vis-viva integral, i t  is possible to convert  these velocit ies 

to equivalent velocities vs at  the sphere  of action. 

F igu re  24. Also plotted here  a r e  the hyperbolic excess  velocities, and these 

The resu l t s  a r e  shown in  
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M I N I M U M  DISTANCE TO MOON = 1.17 x to9 FEET 

Figure 23. Lunar Burnout Velocity (Altitude = 100, 000 Feet)  versus  Total 
Time of Flight for  Various Distances of the Moon. 
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Figure.  24. Hyperbolic Excess Velocity and Velocity at the MOOD'S 
Sphere of Action versus  Lunar Burnout Velocity a t  100,000 
Fee t  Altitude Above the Surface of the Moon. 
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a r e  within 100 fps  to 300 f p s  of the velocit ies vs. 

direction of the hyperbolic asymptote is within 0. 1 degrees  (order  of magni- 

tude) of the direction of V,. 

It can  be shown that the 

Finally, F igure  25 presents  the t ime that the vehicle will remain within 

the sphere of action ve r sus  the total t ime of flight. 

a function of the energy and so will have the same pa rame t r i c  dependence. 

These curves a r e  presented f o r  the purpose of indicating upper and lower 

bounds on the t ime spent within the MSA. 

This t ime is pr imar i ly  

As  mentioned previously, the direction of the velocity vector  v (and 

equivalently the hyperbolic asymptote) always l ies  to the e a s t  of the moon- 

ea r th  line. It will be shown shortly that this angle plays a v e r y  important 

p a r t  when the launch s i te  location is  introduced into the analysis,  

i t  is convenient to know the direction of 

moon. 

S 

Therefore,  

with respec t  to the surface of the 
S 

Under the assumptions made in  Section I concerning the gravitational 

model, the moon phase conic may be considered a s  stationary in iner t ia l  space 

(for an observer  on the moon) from the moment that i t  l eaves  i t s  surface. 

fore ,  although the moon wi l l  rotate in this system, the direction of the velocity 

vector  

angle, measured  f rom the earth-moon line i s  presented in  F igure  26.  It i s  

called earth-moon-probe angle (EMP) and will depend upon the same se t  of 

p a r a m e t e r s  on which the magnitude of 7 
f r o m  analytic runs representing extreme re-en t ry  conditions a t  the ea r th  
( p r =  96O) and fo r  var ious distances to the moon. 

that this angle va r i e s  considerably i n  going f rom counterclockwise to clockwise 

re-entry,  

F i g u r e  22b, the angle E M P  i s  greater  for  clockwise r e -en t ry  than for  counter- 

clockwise re-entry,  

dis tance to the mood the angle will va ry  between 40 degrees  (ccw re-en t ry)  

and 49 degrees  (cw re-entry).  

There-  a 
may be found with respect to the surface of the moon a t  launch. This 

S 

depends. Again the data was taken 
S 

It is seen f rom this graph 

Also, as expected from the velocity vector  diagram shown i n  

F o r  example, f o r  a 60 hour total flight t ime and a mean 

Concerning the moon, i t  is well known that except fo r  l ibrations which 

amount to about 7. 5 degrees  in the east-west  direction and about 6. 5 degrees  

i n  the north-south direction, the face of the moon directed towards the ear th  a 
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Figure  25. Time During Which the Vehicle is Within the Sphere of Action 
versus  Total Time of Flight. 
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Figure  26.  Earth-Moon-Probe Angle versus  Total Time of Flight for 
Various Distances of the Moon. 
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remains  relatively fixed. 

a r e  such that the surface 's  "mean" position on the earth-moon line represents  

ze ro  latitude and longitude. Also, the moon's  axis of rotation l i e s  ve ry  nearly 

perpendicular to its plane of motion around the ear th .  

plane will near ly  contain the moon's velocity vector 

the vector  7 will be very close t o  the selenographic equator and in fact upon 

observing the resul ts  of many analytic runs,  it does consistently come within 

10  degrees  of the moon's equator. 

magnitude as the l ibrations of the moon, and since the l ibrations will be 

ignored in the discussion that follows, it will be assumed that the vector  V 
does in fact lie in the moon's  equator. 

The selenographic coordinates set  up on the moon 

Thus,  its equatorial  

. This  implies  that  m 

S 

Since this  angle is  of the same o r d e r  of 

S 

We shall  consider now a graphical method which may be used to solve 

approximately for  some of the remaining pa rame te r s  used in the moon phase 

geometry.  This  approach has  the dual purpose of providing a method for  the 

pract ical  determination of some of the important moon-to-earth p a r a m e t e r s  

while at the same t ime indicating the paramet r ic  relationships involved in the 

moon phase.  The data used in generating these graphs have been obtained in 

some cases  f rom the analytic program and in o thers  f rom solutions of simple 

spherical  tr iangles.  

(1) First, it is  assumed that all the pa rame te r s  required to solve the 

ear th  phase have been decided upon and that the analysis has  p ro -  

gressed  to the point where the magnitude and direction of the 7 
vector has  been found; with the E M P  angle representing the direction 

of this  vector relative to the selenographic coordinate system. 

( 2 )  Then, referr ing to Figure 27, the specification of the selenographic 

latitude and longitude (po and Xo respectively) will determine the 

orientation of the moon phase conic since it must  p a s s  through the 

v vector and the launch site vector.  The right spherical  tr iangle 

shown in this  figure with the s ides  p and (Xo - E M P )  

S 

' 

- 
* S 

may then be 
0 

Remember that longitudes measured west of (0,O) a r e  negative. 
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solved for the inclination of the moon phase t ra jectory,  the launch 

azimuth 

The inclination is given in  F igure  28 ver sus  the longitude minus 

the E M P  angle f o r  the specified launch site latitude. 

and the in-plane angle f rom launch to the Vs vector.  

BURNOUT 

t 
EARTH 

Figure 27. Moon Phase  Geometry. 

( 3 )  The launch azimuth may be found f rom Figure 29 which is a lso  

plotted versu8 the longitude minus the EMP angle and fo r  var ious 

launch site latitudes. 

(4) The in-plane angle f r o m  the launch site to the vector  V 
also indicates the direction of the hyperbolic asymptote) is com- 

posed of the sum of the powered flight angle and the in-plane 

Tpf Tbs t ps in burnout to asymptote angle; indicated by 

Figure  27. This angle is presented in Figure 30 and also plotted 

ve r sus  the longitude minus the EMP angle for  var ious launch site 

latitude s. 

(which 
8 

- 

(5) The par t ia l  in-plane angle 5 t p may now be used to solve for  

b '  

b s  S 
t he  burnout flight path angle 

reference is made to  Figure 5b in Section 11. Here  it is seen that 

the moon phase conic w i l l  be completely determined i f  the burnout 

To see how this  may be done, 
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pa rame te r s  of altitude, velocity and flight path angle a r e  specified. 

Then it would be possible to solve for  the angle - 1 2 . ~ ~  t p given 

Rs, the radius of the sphere of action. These pa rame te r s  have 

been plotted in  Figure 31 for  a fixed burnout altitude of 100,000 

feet  and may be used to solve fo r  Fb . 

5 

To i l lustrate  th i s  procedures consider the following example: 

Total t ime of flight = 90 hours 

Distance of the moon at launch 1.33 x 10 feet (max)  

Type of r e  -entry = counterclockwise 

Launch site latitude = 5O 

Launch site longitude = 25O 

Burnout altitude = 100,000 feet 

Powered flight angle = 3' 

10 

With this  information and the foregoing graphs,  the following information may 

be obtained, 

Lunar  burnout velocity Z 8250 fps (Figure 23) 

Velocity a t  the sphere of action G 3200 fps (F igure  24) 

Hyperbolic excess  velocityZ 2900 fps (F igure  24) 

Time in the sphere of action Z 13 .4  hours  (F igure  25) 

Earth-moon-probe ( E M P )  a n g l e r  61' (F igure  26) 

Longitude - E M P  angle = 25 - 61 = -36O 

Trajectory inclination = 9 O  (Figure 28) 

Launch azimuth = 97' (Figure 29) 

Launch site - asymptote in-plane angle = 37 (F igure  30) 

Burnout - asymptote in-plane angle = 37' - 3O = 34' 

Burnout flight path angle = 23' (F igure  31) 

0 

Since i t  was not necessary  to  specify the day of the month on which the vehicle 

was launched (except that it must be on a day when the distance to the moon 

specified above is satisfied)the determination of the moon phase by this method 

i s  independent of the declination of the moon. 

that the moon phase is essentially independent of the terminal  conditions at the 

ea r th  (except f o r  cw o r  ccw re-entry) .  

It has  a l ready been made c lear  
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It is  realized that all of these values a r e  approximate and that the 

grea tes t  uncertainty en ters  in the clockwise-counterclockwise decision, 

two a r e  not completely independent since in the ear th  phase there  is a con- 

tinuous transit ion f rom one type of re-entry to  the other.  F o r  the example 

above, be t te r  resu l t s  may have been obtained by first solving for  the inclina- 

tion of the ea r th  phase trajectory and on this  bas i s  interpolating between 

clockwise and counterc1ockwisav;iluey. c7LYne should also be aware of the two 

o ther  assumptions made; the f i rs t  being the neglect of the lunar  l ibrations 

(mentioned previously) and the other the rest r ic t ion of 7 
equatorial  plane. 

The 

to  l ie  in the moon's 
S >'< 

Aside f r o m  using these graphs to  obtain approximate values of moon 

phase pa rame te r s  in specific situations, it i s  possible to generate r e s t r i c -  

tion curves  as has  been done in the ea r th  phase analysis.  

F igure  27 (and also Figure 5b), for  example, it is c lear  that the in-plane 

angle Tbs t Ps is dependent only on the velocity magnitude v 

burnout flight path angle pb . 
flight, and for  specific ear th  phase conditions, the selenographic position 

and velocity of 7 
will then be only a function of pb . 
constant p 
where each point on a given contour is displaced by the corresponding \{ 
angle f rom the 7 vector.  

Returning to 

- 
and the 

S 
Thus, for  a given day of launch and t ime of 

- 
%s '$b will remain essentially fixed. The in-plane angle 

S 

In this  situation it is possible to draw - 
contour curves  on the surface of the moon as shown in Figure 32 b 

b s  ps 

S 

Such contours have been generated with the analytic program by running 

t ra jec tor ies  with different launch s i tes  but having all remaining input para-  

m e t e r s  equivalent. 

which plots, by interpolation, the constant pb 
curves.  These curves a r e  not everywhere orthogonal, The res t r ic ted  region 

shown here  and in  Figure 32 simply implies that i t  is  impossible to launch a 

d i r ec t  ascent  moon-to-earth flight f r o m  these s i tes ,  for  the ear th  phase param-  

e t e r s  considered, without f irst  passing through the pericynthion of the moon 

phase conic. 

The resul ts  of these runs a r e  presented in Figure 33 

P )  and constant azimuth 

- 

>:e 
It should be noted that these simplifying assumptions a r e  - not made in the anal- 
ytic Lunar  Return Program,  but were  only made in  the qualitative graphical 
analysis  discussed above and i l lustrated in F igures  26 through 30. 
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Figure 32. Constant Burnout Flight Path Angle Contours. 

With the aid of Figures 23 and 31, and restricting the class of moon-to- 
ear th  trajectories to those having a mean distance to the moon and a steep 
re-entry angle, i t  is  possible to generate the graph shown in Figure 34. 

figure and Figure 26 may be used to generate data required to plot constant 
Pb contours and forbidden launch regions. 

C. SENSITIVITY COEFFICIENT ANALYSIS 

This 

The Sensitivity Coefficient Routine provides a method of computing quite 

accurate sensitivity coefficients a t  a very rapid rate ( 0. 1 sec per perturbed 
trajectory) and therefore makes i t  possible to generate extensive burnout o r  

midcourse sensitivity data. This data, sonie of which is presented in the 
following graphs, may then be used to show the dependence of sensitivity 
coefficients on launch site location, energy, time of flight, etc., and the 

results may be examined f o r  general trends. However, the most meaningful 
results will be obtained when a specific launch guidance system (i. e., se t  of 
burnout e r r o r s )  is  considered, since i t  i s  the resultant e r r o r s  a t  re-entry- 

or  more  complex, the midcourse correction requirements-which a r e  
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significant ra ther  than ei ther  the burnout e r r o r s  produced by the guidance 

sys tem o r  the sensitivity coefficients. 

over-al l  guidance analysis a r e  described in  

The methods fo r  carrying out such an 

0 
. 

[41 
In this report  no attempt i s  made to conduct an extensive analysis of 

sensit ivity coefficients, but rather, ma te r i a l  is presented which will indicate 

(1) the general  behavior with respect  to burnout and landing s i te  variables,  and 

( 2 )  the general  magnitudes of these coefficients for  var ious flight t imes and 

re -en t ry  conditions. Le t  u s  begin then with F igures  35, 36, and 37. Here we 

have plotted the sensitivity coefficients of latitude, longitude, flight path angle 

and time of re -en t ry  with respect  to the lunar burnout velocity, burnout flight 

path angle and launch azimuth, 

assumed that the powered flight angle was zero.  

affect on the results.  

selenographic longitude of the launch site (latitude is ze ro )  f o r  three t imes of 

flight. 

In the corresponding analytic runs,  i t  was 

This t e rm has no appreciable 

The sensitivity coefficients were  plotted against the 

Looking a t  these graphs and the following three F igures ,  i. e . ,  38, 39, and 

0 40 which have a shallow flight path angle, the following observations may  be made: 

(1) As expected, t ra jector ies  with slow flight t imes yield g rea t e r  sensitivity 
coefficients than those with fas te r  flight t imes.  
of the burnout variables.  

This is t rue among all 

(2) Also, i t  is  possible to discern some general  t rends when the coefficients 
with respect  to the three burnout var iables  a r e  plotted ve r sus  longitude. 
Specifically, the coefficients with respect  to velocity seem to va ry  
l inearly with longitude. 
angle has  a tendency to remain constant in  magnitude but change signs 
nea r  the longitude corresponding to  ver t ica l  launch. Finally, with 
respect  to the burnout azimuth, there  seems to exis t  a sinusoidal type 
symmetry of the sensitivity coefficients with respec t  to the launch site 
longitude, 

The coefficients with respec t  to the flight path 

(3 )  Returning to the quantitative propert ies  of the sensitivity coefficients, 
i t  is seen that their  magnitudes in latitude, longitude and flight path 
angle with respect  to burnout velocity increase  as the launch site sweeps 
f rom the west side of the moon to the eas t  side of the moon. 
of curves  indicate the opposite effect on the t ime of re -en t ry  sensitivity 
with respect  to launch site longitude. In this case,  the coefficient mag-  
nitude decreases  as the launch s i te  moves f rom wes t  to east;  except 
for  the 50 hour case  in which i t  nemains near ly  constant. 

Both se t s  
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Figures  41 and 42 plot the same information a s  the previous graphs except 

that he re  they a r e  plotted fo r  a single flight t ime and re -en t ry  angle (70 hours  

and 96 degrees  respectively) and include the sensitivity coefficients with respect  

to the positi'on radial  vector r 

longitude Xo. 
the sensitivity with respect  to the radius  vector  va r i e s  l inear ly  ( a s  i s  the case  

with the burnout velocity) and i n  the s a m e  direction a s  the velocity coefficient. 

the launch s i te  latitude po, and the launch s i te  

One trend that may be noted on these graphs is that, as expected, 
0' 

The remaining f o u r  Figures, 43 through 46 present  the sensitivity coefficients 

of the terminal  pa rame te r s  with respect  to Cartesian midcourse velocit ies v e r s u s  

the t ime f rom lunar burnout. As expected, the sensitivities dec rease  as the t ime 

f r o m  burnout increases .  Two other observations may  be made: 

( 1 )  In the vicinity of the moon the variations of the coefficients a r e  ve ry  
great.  
magnitude and direction in  this region. After a few hours,  all of the 
coefficients sett le down and va ry  in a uniform manner.  

This i s  most  likely due to the g rea t  variation of the velocity 

(2)  Some midcourse directions exis t  along which there will be no (o r  
l i t t le)  variation in  the sensitivities of cer ta in  terminal  parameters .  
This is particularly obvious in F igure  46 in which the variations in 
the re -en t ry  longitude, latitude and flight path angle a r e  much sma l l e r  
fo r  perturbations in the & and k directions than f o r  perturbations 
in  the direction. Similar behavior, i. e . ,  the presence of "cr i t ical  
midcourse directions", i s  well known f o r  earth-to-moon t ra jec tor ies  
PI, M. 
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