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Considered in  t h i s  paper a r e  t r a j ec to r i e s  beginning near the Moon, 

The axia l  t r a j ec to r i e s  
emerging from i ts  sphere of action on the first revolution, and approach- 
ing the  Earth during the first orb i t  around i t .  
of the  considered t ra jec tory  beams pass through the  center  of the Earth. 
They begin e i t h e r  on the lunar surface o r  on o r b i t s  of a r t i f i c i a l  s a t e l -  
l i t e s  of the  Moon (AMs). 

Possible types of re turn  t r a j ec to r i e s  a re  indicated and t h e i r  evolu- 
t i on  is ascertained with the change of i n i t i a l  veloci ty  modulus. 
influence of i n i t i a l  data  sca t te r ing  is  approximately analyzed. 

The 

* 
* * 

The problem of re turn  voyage from the Moon t o  the Earth was examined 
in  [l - 31. In t h i s  work the problem is considered f o r  the case of re turn 
from the surface of the Moon, a s  well a s  f o r  t ha t  from the o r b i t  of Moon's 
a r t i f ic ia l  s a t e l l i t e  (AMs). 

This problem has two aspects:  one refers t o  the poss ib i l i t y  of re turn 
of automatic devices t o  Earth a s  a whole, the o the r -  t o  the poss ib i l i t y  
of re turn of p i lo ted  c r a f t s  with f l a t  entry in to  the dense atmosphere layers  
f o r  example, in to  a preassigned corridor according t o  the height of a con- 
d i t i o n a l  (conventiona1)perigee.The width of t h i s  corr idor  is small by com- 
parison with the radius of the Earth [ 4 ,  51, and the requirements of precise  
r ea l i za t ion  of entry t ra jec tory  are incomparably higher than f o r  re turn 
t r a j ec to ry  t o  "Earth i n  the  whole". 

(*) 0 TRAEI\I'ORIAKII VOZVRASHCI-ENIYA OT LUNY K Z W  
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In the problem of re turn from the surface of the Moon unquestionable 
in te res t  is  offered by t ra jec tor ies  s t a r t i n g  from the  region of possible  
points of ve r t i ca l  landing. Interest ing a l so  a re  t r a j ec to r i e s  s t a r t i n g  
ve r t i ca l ly ,  o r  nearly s o ,  r e l a t ive  ts the 11mar sxrface, s ince f o r  then 
the control  system by takeoff is  simplest. 

When considering var iants  of re turn t o  Earth from AMs o r b i t  of the 
type "LUNA-10" and "LUNA-ll", it was assumed tha t  the planes of the consi-  
dered AMs o r b i t s  pass approximately through one and the same s t r a i g h t  l i ne .  
This l i n e  is  the axis of the beam of f l i g h t  t r a j ec to r i e s  t o  the Moon, pas- 
sing through i ts  center ,  with f l i g h t  time of about 3.5 days. 

The re turn  t r a j ec to r i e s  were analyzed with the a id  of an approximate 
method based upon the  consideration of selenocentrical  and geocentric 
escape ve loc i t ies  from Moon's sphere of act ion.  This method of study of a 
multitude of return t r a j ec to r i e s  allowed us  t o  obtain a good qua l i t a t ive  
,and an approximate quant i ta t ive  representation on the influence of various 
fac tors  and on the basic  charac te r i s t ics  of re turn t r a j ec to r i e s .  

I t  i s  ascertained tha t  there ex i s t  only two types of re turn t r a j ec to -  
r ies,  and tha t  there is a minimum i n i t i a l  veloci ty  assuring the  return in-  
t o  a preassigned region of Earth 's  surface.  
appears on the Earth 's  surface a forbidden region in to  which the return is 
impossible. 

A t  lower ve loc i t ies  there  

A re turn with least i n i t i a l  ve loc i t ies  (about 2.58 kmlsec) takes place 
For a return journey from the Moon's surface with a t  s t a r t  from AMs o r b i t .  

v e r t i c a l  s t a r t  lower i n i t i a l  ve loc i t ies  are required than f o r  an incl ined 
s t a r t ,  but these ve loc i t i e s  are found t o  be only by a few tens of meters per  
second grea te r  than the minimum, and t h i s  on condition of su f f i c i en t ly  good 
v i s i b i l i t y  of the point of s t a r t  from Earth. When s t a r t i n g  from the reginn 
of v e r t i c a l  landing, the horizontal d i rec t ion  of the i n i t i a l  veloci ty  i s  
found t o  be the most advantageous from the standpoint of energy, whereupon 
i ts  magnitude cons t i tu tes  2.65 km/sec. 

The approximate method allows us t o  obtain a representation on the in-  
fluence of i n i t i a l  da ta  sca t te r ing  on the re turn  t ra jec tory .  
factors  influencing the deviation of the return t ra jec tory  from the nominal 
arc the i n i t i a l  veloci ty  and the angular f l i g h t  range within the sphere of 
act ion of the Moon. 

The fundamental 

1. GENERAL CIIRRACTERISTIC OF 'IIE MlJLTITUDE 
OF RETURN TWJECTORIES 

Let us ca l l  return t ra jec tor ies  those which begin near the Moon, escape 
i t s  sphere of act ion over the f i r s t  o r b i t  around the Moon and then approach 
the Earth af ter  having complete around it no more than one revolution. 
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A l l  t r a j ec to r i e s  "Moon-Earth" s a t i s f y  t h i s  def in i t ion  on the condition 
tha t  f o r  them the value of Jacobi integrat ion constant i n  a c i c ru l a r  r e s t r i c t -  
ed three-body problem "Earth-Moon-device" exceed su f f i c i en t ly  i ts  f i r s t  cri- 
t i c a l  value hl (see [6],  pp.160-173). Trajector ies  'Noon-Earth" with values 
of h only l i t t l e  exceeding hi , perform numerous revolutions about the Moon 
and then around the Earth. 
of i n i t i a l  data ,  the corresponding f l i g h t  times a re  qui te  great  [6] ,  and i n  

selves t o  the study of return t r a j ec to r i e s  with f l i g h t  times of the order of 
a few days. 

An approximate analysis of re tuni  t r a j ec tu r i e s  may be coriikicted within 
the framework of the two-body problem: i n  the sphere of action of the Moon 
we neglect the perturbations due t o  Earth, and outisde the sphere of act ion 
of the Moon we disregard the perturbations due t o  the l a t t e r .  Then the r e -  
turn t ra jec tory  may be approximated by two arcs  of conical cross-sections:  the 
selenocentrical  a r c  with focus a t  the center of the Moon and the geocentric 
one with focus a t  the center of the Earth. The i n i t i a l  geocentric veloci ty  
which we s h a l l  c a l l  escape veloci ty ,  is equal i n  the sphere of act ion of the '  
Moon t o  the sum of selenocentric escape veloci ty  and of the geocentric velo- 
c i t y  of Moon's motion. 
c i r c u l a r ,  and t h i s  is  why the veloci ty  of the Moon (VM) w i l l  have a constant 
value (about 1 km/sec). 

Let the multitude of re turn t r a j ec to r i e s  from Moon t o  Earth by bounded 
by the combination of t r a j ec to r i e s  passing a t  a preassigned limit distance 
ry from the center  of the Earth. For the case of re turn t o  Earth 's  surface 
the quantity r y  is equal t o  the radius of the upper boundary of the t e r r e s -  
trial atmosphere; f o r  the case of re turn  t o  AES o r b i t  ry is equal t o  apogee 
distance of the s a t e l l i t e .  
major semiaxis of lunar o rb i t .  

Thet are  extremely sens i t ive  t o  the sca t te r ing  

-i;he foiiu-w-irig these trajjectories not be coi-ls-&red. l r l -  -1. 1 1  1 :-:+ vvc ~ I G A A  IJAIAL UUI 

The Moon's o r b i t  may be apprQximately considered as  

Obviously, ry rM, where q$ = 384,400 lan is the 
For example, i n  the first case we have 

ry / a = 1/60. 

For limit return t r a j ec to r i e s  radius ry is the perigee distance,  so t h a t  
I 

where V, is the veloci ty  i n  perigee, r 2 ,  V2T a re  respectively the geocentric 
radius and the transverse velocity at  the time t, of device's  escape from 
the sphere of act ion of the Moon. 

From the energy in tegra l  we have 

whence 
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Iiere V = Vn(ry) - / =  is the parabolic velocity at the distance r . 
From (1) ana (2) we have 

v2, = UV,(r,) J1 + B;, - v ,  ( 3 >  

whereupon v = ry / TM. 1/60. 
By order of magnitude quantity 82 cannot notably exceed [Vbq / VnjL, for on 
account of the rise of energy expenditures it is not advantageous to emerge 
from a sphere of action with selenocentrical velocity U, compensating with 
great excess the velocity VM of Moon's motion. 
Earth we have B~ % i o - ? .  

For the case of return to Earth's surface-v 

For the problem of return to 

Conseuuently, by virtue of (3) for the trajectories considered the trans- 
VT*, where V,* = vVn(ry), i.e. it constitutes only verse escape velocity V,, 

about 0.2 km/sec. 
the remaining ones 

This takes place for any limit return trajectories. For 

independently of the initial data (the equality here may obviously take place 
also for all trajectories with B, = v (see (3)). 
passing throughvthe center of the Earth, V,: = 0. 
establish that the value of the selenocentrical escape velocity U is not less 
than U, = VM - V,* 
contrary to ( 4 ) .  
parabolic velocity at the boundary of Moon's sphere of action (constituting 
no less than 0.4 km/sec). 
sphere of action of the Moon is inescapably a hyperbola. 

For the return trajectory 
It is not difficult to 

0.8 km/sec, for otherwise the projection @ + VM),> V,* 
The quantity U* is more than twice the selenocentrical 

This is why the arc of return trajectory in the 

As -For any hyperbolic trajectories at dissance from the focus, the di- 
rections of escape selenocentrical velocities U and radius 
trajectories are quite close. 
tions. 

$* for the return 
Let us estimate the angle between these direc- 

From selenocentrical energy and area integrals we have 

where 01, V I ,  a l  are the initial senenocentrical radius, velocity and angle 
between them, p' is the product of the gravitational constant by the mass of 
the Moon, p*  = 66,000 h i  is the racjius of Moon's sphere of action, a* is the 
angle between the escape velocity U and the escape radius-vector 3, . 
(5) we havc 

From 

where 



Fince i n  (6) a* decreases monotonically with the rise of 61 , i t  r e su l t s  
B 1 ,  i .  e. f o r  the smallest  t ha t  the grea tes t  a* w i l l  occur fo r  the smallest  

If = U,. 
t a i n  A, < 1/30 and a* of the order of a few degrees. 

I t o f  a s ing le  value IJ and a l l  possible d i rec t ions  a t  the moment of time t2 of 
missi le  emergence from the sphere of  act ion i n  a nonrotating system of coordi- 
nates u, y, g, of which the axis  u a t  the moment of time t, is  d i q c t e d  from 
Moon t o  Earth,  the  axis v is directed against  the Moon's veloci ty  V ( t 2 ) ,  and 
the ax is  complements axes u, t o  the  right-hand set of three.  #e con- 
junction of the ends of the considered selenocentr ical  ve loc i t ies  forms a 
sphere of radius U (see the dotted l i n e  of Fig.1). The corresponding conjunc- 
t ion  of escape geocentric ve loc i t ies  v2 ferns by t h e i r  ends 2 sphere of r a d i m  
U ( so l id  l i n e  i n  Fig.1).  

If we then take P I  of the order of the Moon's radius,  we s h a l l  ob- 

Let us consider now the geometrically escape selenocentr ical  ve loc i t i e s  

Fig.1 * 

L e t  us separate on t h i s  l a s t  
sphere the regions of directed V 
sa t i s fy ing  congition ( 4 ) .  I t  is  
obvious tha t  these regions a re  cu t  
out  from the sphere by a s t r a i g h t  
c i r c u l a r  cylinder of radius VT*, 
of which the axis coincides with 
ax is  E. A s  may be seen from Fig.1,  
f o r  U > U* = V M + VT* these parcels  
do not merge and have a s l i g h t l y  
oval shape. As U U* (U > U*) , 
they s t r e t c h  and approach one ano- 
ther .  
a t  the point  (0 ,  VT*, 0 ) .  I f  

A t  U = U* they a re  tangent 

u* < IJ < u*, !7 !  

region (4)  on the sphere already is 
s ingly connected (Fig.2). I t  is 
qu i t e  s t re tched f o r  values of U ap- 
proaching the right-hand boundary- of 

u = 11 W s e c  

the in te rva l  (7) and cons t r ic t s  a t  a point  with U approximation t o  i t s  l e f t -  
hand boundary. If  U < U,, the  re turn t r a j e c t -  
o r i e s  a re  absent. 

I t  is obvious tha t  i n  the case U U* 
the  l i m i t  t r a j e c t o r i e s  of re turn  encompass 
the geocentric sphere r - ry from a11 s ides .  
As IJ decreases from i ts  vzlue U* on the  geo- 
c e n t r i c  sphere r - ry a forbidden zone 31)- 
pears (from the  s ide  approximately opposite 
t o  Moon's veloci ty  direct ion)  , symmetrical 
reaa t ive  t o  lunar o r b i t  plane. i s  encompassed by re turn  t ra jec tor ies .  As Gig. 2 
U decreases t o  U,, t h i s  zone spreads over 
the e n t i r e  sphere r = r . 

* In a l l  f igures  V 

I t  no longer 

Note that the points  of region (4)  on the V,-sphere 
Y 

stands for  Vhq 



f o r  which VzU < 0 correspond t o  the d r i f t i n g  away of the device from Earth. 
Indeed, the corresponding points  on the U-sphere are located i n  i ts  upper 
left-hand pa r t  (Figs. 1 and 2 ) .  Since it was shown above tha t  the emer- 
gent selenocentrical  radius const i tutes  a small angle with the ve loc i ty  T J ,  
the points of emergence are a l so  located i n  the upper left-hand half  of t he  
sphere of act ion.  is d r a m  in to  such a poilit,  i t s  
angie with the respective vector $2, sa t i s fy ing  condition (41 ,  w l l l  be  sharp 
(Figs.1 and 2). 

If a geocentric radius r 

Thus, f o r  VzU < 0 we have Vzr > 0.  

We s h a l l  call  the motions with VZU < 0 ascending, and those with VzU > 0 

If the veloci ty  V 

descending. 

Vn(r2) = d m i ,  the device w i l l  turn toward the Earth a f t e r  a ce r t a in  time 
past  i t s  escxpe from the sphere of act ion of the Moon. In the opposite case 
it w i l l  d r i f t  t o  i n f i n i t y  and the  t ra jec tory  w i l l  not be a return t ra jec tory .  
This is only possible when U > V,(r2), whereupon w e  have 

does not exceed the geocentric parabolic veloci ty  

1.56 km/sec = Vn(rM - P * )  > V ( r  ) > Vn(rM + P * )  = 1.32 km/sec, n 2  (8) 

where rM is the radius of  the lunar o r b i t .  

a l l  points of t h i s  region do indeed correspond t o  re turn  t r a j ec to r i e s .  
g rea te r  f l i g h t  times and a greater  sca t te r ing  of geographic coordinates of the 
landing point w i l l  correspond t o  ascending re turn  t r a j ec to r i e s  than t o  descend- 
ing ones. 

Since fo r  the s ingly connected region (4) U < U* 2 1 . 2  km/sec < Vn(r, + P * ) ,  
However, 

That is why the decsending return t r a j ec to r i e s  o f f e r  greater  i n t e re s t .  

2 .  

1. 

NOMINAL RETURN TRAJECTORIES OF VARIOUS FORMS 

We s h a l l  c l a s s i fy  the nominal re turn  t r a j ec to r i e s  by i n i t i a l  data.  
We s h a l l  r e f e r  t o  the f i r s t  type the re turn  t r a j e c t o r i e s  from the lunar sur -  
face and t o  the second type those from the o r b i t  of an AMs. 

I t  i s  appropriate t o  subdivide the  t r a j ec to r i e s  of re turn from lunar sur-  
face in to  two forms: 
s t a r t  ( 

t ra jec tory  with ve r t i ca l  s t a r t  and those with inclined 

For the determination of  i n i t i a l  nominal t ra jec tory  data  with v e r t i c a l  
s t a r t  we s h a l l  sonsider the  spheres of escape ve loc i t i e s ,  selenocentr ical  8 
and geocentric V2 (Fig.1) a t  a fixed i n i t i a l  veloci ty  V1, 
ve loc i ty  U > U*. Then there will be on the Q2-sphere two vectors Q2cBf and {(HI 
respect ively f o r  the ascending and the descending motion by t r a j ec to r i e s  h i t -  
t i n g  t h e  center  of the Earth o r  a preassigned point of the Earth 's  surface.  
We sha l l  deqote thg  respective vectors of the escape selenocentr ical  ve loc i ty  
by symbols Uii and UB. The angle $ of these vectors '  projections on the Moon' 
o r b i t  plane (Figs 1 and 5) with direct ion c ( t2)  from Moon t o  Earth w i l l  be 
respe.-t ivclyi~enotcd by $J!! and $E. When h i t t i n g  the center  of thc Earth, vec 
t o r s  $, and U l i e  i n  the lunar orbi t  plane; when h i t t i n g  the o i n t  of the 
ground surface located under the lunar o r b i t  plane,  vectors $ and ~ a lso  
rise above tha t  plane. 

fo r  which e esca e 
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The angle + of vcctor 8 ' s  r i s e  above the  lunar o r b i t  plane a t  v e r t i c a l  
s t a r t  evidently is the selenocentrical  l a t i t u d e  41 of the s t a r t i n g  point .  
The selenocentr ical  longitude h l  of the point of s t a r t  (counted from meridian 
of the d i rec t ion  iv!oon-Earth] on the angle + = wT1.2exceeds (F ig . j j  M 

A i  = d.~ + ~ T 1 . 2 ~  (9) 

where w i s  the  mean motion of the  Moon, and T1.2  is the f l i g h t  time from the 
Moon's surface t o  i t s  sphere o f  action. 
(see [ h ] ,  Fig.12 >, so tha t  T i . 2  9".  

For the  problem considered T l . 2  < 17h 

In the  following w e  sha l l  take f o r  the nominal t ra jec tory  the descending 
one. I t  is  in t e re s t ing  in  t h z t  f o r  it the  point  sf s t a r t  is v i s i b l e  from the  
Earth, while the f l i g h t  times and the influence of e r ro r s  i n  the i n i t i a l  data  
a re  less than f o r  the ascending t ra jec tory .  The point of s t a r t  f o r  the des- 
cending t r a j ec to ry  w i l l  be so much the nearer the center  of the v i s i b l e  Moon's 
disk a s  the i n i t i a l  ve loc i ty  is greater .  For i n f i n i t e l y  great  i n i t i a l  veloci-  
t i e i s  it coincides with the indicated center  ( A 1  = 0 ) ,  and as the ve loc i ty  
decreases t o  the value VI,, corresponding t o  the selenocentr ical  ve loc i ty  on 
the sphere of act ion U = V M  (so as t o  h i t  the cei,ter of the Earth),  the  point 
of s tar t  reaches the limb of the v i s ib l e  d isk  of the Moon ( A  2 90").  
t i a l  ve loc i t i e s  of the order of 1 km/sec angles Am 55" - 65" a r e  obtained. 
This follows a l so  from propert ies  of motion r e v e r s i b i l i t y  [7] by symmetrical 
t r a j e c t o r i e s  r e l a t i v e  t o  the plane S S  (axis 5 being d i rec ted  toward the north- 
e rn  hemisphere orthogonally t o  lunar o r b i t  plane and axis 5 being constantly 
directed from Moon t o  Earth) ,  i f  we take in to  account t ha t  fo r  the point  of 
missile's f a l l  from Earth t o  Moon with selenocentr ical  entry ve loc i ty  in to  
the sphere of ac t ion  of the Moon of the order of 1 km/sec w e  have A , = - % -  -65". 
Note tha t  the points of ve r i ca l  s t a r t  f o r  ascending motions a re  about synunetric- 
a1 t o  the nominal ones r e l a t i v e  t o  the plane n C .  

For i n i -  

2 .  Let us now examine the return journey t o  Earth from a preassigned 

Note tha t  i f  the given point does not coincide with t h a t  
Thus, f o r  in -  

point of the lunar surface,  whereupon we s h a l l  l i m i t  ourselves only t o  des- 
cending motions. 
of ve r i ca l  s t a r t ,  the  minimum i n i t i a l  veloci ty  exceeds Vlm. 
s tance,  f o r  a s t a r t  with vcloci ty  V1, from the landing region of the s t a t i o n  
"LUNA-9" $1 NN l o " ,  A i  W -50' the angular remoteness of the f l i g h t  i n  the sphere 
of act ion @ (*) docs not exceed 135" (**), whereas i n  order t o  h i t  the  center  
of the Eartfi the angular veloci ty  @n = YO" + 60" = 150" > @p. is prerequis i te .  
For t h  e i n i t i a l  ve loc i ty  responding t o  the value U = 1 . 4  km/sec, w e  s h a l l  ob- 
t a i n  ( a t  horizontal  s t a r t )  @ % 120°, while from Fig.1 w e  f ind  @ =SOo + 60°= P =  
= 110". Now we see t h a t  @p > @ n .  
ve loc i ty ,  f o r  which f o r  a horizontal s t a r t  we have 

fi Consequently, there  e x i s t s  SUC an i n i t i a l  

Op = @ n  

(*) 
(**) 

even when the elevation anglc of the i n i t i a l  veloci ty  vector 0 .  
The numerical data  used here ]nay be obtained w i t h  tile a i d  of the  

graph (Fig.1,4), of the work ref. LO]. 



This veloci ty  cons t i tu tes  for  XI 60°, $1 < 10' about 2.65 lun/sec, 
corresponding t o  U 2 1 . 2  Isn/sec. 
from Fig. l ,4  of the work [6] ,  Qn = 65' + 60' = 125'). 

cities the solut ion e x i s t s  only for a ce r t a in  inclined start (0 < 01 < 90"). 
The greater  the i n i t i a l  elevation angle, the greater  the required i n i t i a l  velo- 
c i t y  f o r  a f ixed i n i t i a l  point.  Thus, the horizontal  s t a r t  is  the most advan- 
tageous from the standpoint of energy. 

Note t h a t  f o r  it we have Op 2 125', while 

N.2 co1u;tion exis ts  f o r  lower i n i t i a l  ve loc i t i e s ,  while f o r  greater  velo- 

Note t h a t  as  the i n i t i a l  point approaches the point $ = O ' ,  h = 90°, the  
minimum required i n i t i a l  veloci ty  a t  v e r t i c a l  s t a r t  decreases monotonically 
t o  V,, value. 

3. Let us f i n a l l y  consider the 
s t a r t  from AMs o r b i t  of the "LUNA-10" 
- "LUNA-11" type. Assume t h a t  the 
nominal selenocentrical  t ra jec tory  
"Earth-Moon'' , passing through the cen- 
t e r  of the Moon, with a f l i g h t  time 
of about 3.5 days, is the axis  of a 
beam of selenocentrical  t r a j ec to r i e s  
t h a t  may be used f o r  the creat ion of 
an AMs. 
with the Moon t h i s  axis  cons t i tu tes  
with the d i rec t ion  Moon-Earth an angle 
of about 60'. 
standpoint, most advantageous is tk 
t rans i t i on  t o  s a t e l l i t e  o r b i t  from 
the l i n e  of apsides of selenocentri-  
c a l  t ra jec tory  lying i n  the o r b i t  
pl.ne of the AMIS. Re1ow we shall 

toward )Earth 

A t  the point of encoun e r  

h I 
Fron the energetic 

Sphere of act ion 
P = P *  

Fig. 3 

consider only the t rans i t ions  (transfers) c lose t o  the most advantageous. 

For a photographic AMs the s a t e l l i t e ' s  o r b i t  inc l ina t ion  t o  the o r b i t  
plane of the Moon of 90' ( i  m- 90") may be appropriate. This means t h a t  the 
o r b i t  plane of the AMs w i Y 1  c m s t i t u t e  a t  the time tu of its escape an angle 
of about 60' with the d i rec t ion  S ( t u )  Moon-Earth (Fig.4). Consequently, yhe 
longitude of the ascending node of s a t e l l i t e ' s  o r b i t  f o r  a hyperbola passing 
t o  the r,orth of the Moon, w i l l  const i tute  about 300°, and f o r  a hyperbola pas- 
s ing  t o  the south of the Moon, the indicated longitude w i l l  cons t i tu te  about 
120'. 
s a t e l l i t e ' s  o r b i t  is materialized is  about 90°, the  t ransfer  point w i l l  not  
be v i s i b l e  from Earth f o r  a close photographic AMs. 

- 

Since the angle between hyperbola's asymptotes, with which t r ans fe r  t o  

For the emergence (escape) from the sphere of act ion with the veloci ty  
U = 1 . 2  lun/sec along the re turn  t ra jectory it is necessary (Fig.4) t h a t  the 
asymptote of t h i s  t r a j ec to ry  at  time of escape cons t i tu te ,  as  the axis  of a 
beam of possible escape t r a j ec to r i e s ,  an angle of about 60' with the d i rec t ion  
Moon - Earth. 
cons t i t u t e  a small angle with the AMS's o r b i t  plane, which takes place twice 
a month. 

For the escape with energy close t o  minimum the asymptote must 
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_. kig.4 Fig. 5 

If we take into account the rotation of the direction Moon-Earth during 
flight time from AMs orbit to the boundary of the sphere of action (about 
12 hours) and if we neglect the AMs orbit's precession under the action of 
perturbing forces, the directions Moon-Earth at the time tu of transfer to 
the AMs orbit and at the time tl of convergence from that same orbit will be 
differing by about S O o .  
stitutes about 4 days. 

Consequently, the minimum waiting time in orbit con- 

For energy expenditures close to minimum it is possible to return to the 
Earth from AMs orbit only at time intervals multiple of a fortnight (half month). 
At the same time, for the return trajectory - a hyperbola passing to the south 
or to the north of the Moon, we shall obtain respectively a longitude ,2,,"= 250' 
or :? ' = '70". (here the angle.fi, is counted from the direction Earth-Moon). We 
shall correspondingly obtain the longitude of the apside line of the return 
trajectory WJ" 
branch of the hyperbola leading toward the Earth is nearly parallel to the lu -  
nar orbit plane and constitutes with the other branch an angle of about 90' 
(here w0 is counted from the Moon's orbit plane, Fig.5). 
ty of the photographic AMs was visibly appropriately being taken as zero, so 
that the height of photographic remain constant. 
of AMs passage through the apside of the return hyperbola obviously is also 
the initial moment of motion. 

= 225' or w0'=45", provided we take into account that the 

The orbit eccentrici- 

the moment of time Then, 

3 .  ESTIMATE OF THE REQUIRED PRECISION OF INITIAL DATA 

Let us pass to the estimate of the accuracy of initial data required for 
the return to Earth in the whole, at start from the surface of the Moon or 
from the AMs orbit. 
trajectory the transverse component'VZT of the escape geocentric velocity must 
satisfy condition (4),  which brings to light the admissible regions on the 
V2-sphere and consequently also on the U-sphere. 
cisely those allowing us to judge about the required precisions of the initial 
data. 
ing in direction from the nominal, must not emerge from the admissible region. 

It is obvious that for return to Earth along a nonnominal 

The latter regions are pre- 

Indeed, because of errors of initial data the factual vector U, deflect- 



10 

The case of vertical start differs essentially from that of the hori- 
zontal start by the influence of initial data scattering, 
the extreme cases, we may obtain a representation on the intermediate cases 
alsc! e 

Having considered 

As a consequence of the error in the direction of the velocity vector 
there will appear during the flight from surface to the sphere of action 
an angular remoteness $ for a nearly vertical start. 
from the hyperbola equation [8] 

We shall determine it 

pv = 1 + (p - 1)cos 6 - tBlsin a1 cos a1 sin (iij 
-b 

where v = p i /  p , p =  p/p is the parameter ratio to the initial radius pl, 
B l  -- [V1/Vn(plf]2 a1 = 40' - G1; e l  is the elevation angle of the initial 
velocity vector above horizon. Substituting 

sin +/2 

sin a1 
- p = 2Blsin2crl and A = Y 

we shall obtain 
4 
2 Bl(v - COS 4) = A ( A  - 2~1~0s- COS al). 

As al -+ 0, $ -+ 0, and for A we obtain the quadratic equation 

A 2  - B l A  + Bl(1 - vj = 0, 

whence 
x=(l-v)/ l + V -  1 - v  

61 

From the two solutions we took the one, which , as V1 -+ 03, satisfies the 
evident relation 

From the determination (12) we have 

2 =2A=2(1--vj/ 1 + u -  l - v  
aai B l  

we shall obtain Introducing instead of a1 the angle 8 = 90' - a i  , 
a $  / a e l  = -  2x. 

Besides, for the vertical start we have 
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For a value U x l  h l s e c  we have a @  a e l  = - 0.86. 
U-sphere have dimensions close t o  r e l a t ive ly  greatest  f o r  values 
d i f f e r ing  frm l'!.!. 
simply connected. I t s  angl la r  dimensions consti tute several  tens c?f degrees 
i n  length,  and about 20' i n  width. 

Since 34 / 2 8 1  < i, the limit er rors  by angle 8 1  w i l l  be of the order of 
* l o o  i n  the  d i rec t ion  of region ( 4 ) ' s  width, t h a t  is along the normal t o  Moon's 
o r b i t  plane. 
absence o f e r r o r s  by e) must not exceed *0.2 h / sec  so t h a t  region (4) s t i l l  
contain the t r a j ec to ry  considered ( fo r  6U < -0 .2  km/sec, region (4) is empty, 
f o r  6U > +0.2 km/sec it is  doubly connected and the f ac tua l  ~ e c t o r  6 w i l l  be 
s i t ua t ed  between p a r t s  of region ( 4 ) ,  outside i t ) .  The corresponding limit 
e r r o r s  6V1 of the i n i t i a l  veloci ty  V I ,  according t o  energy in t eg ra l ,  w i l l  sa- 
t i s f y  the condition 

Region (4)  on the 
little 

A t  the same time the regicr, ccnsiJereJ  is  S O U I ~ L ~  to  

For the nominal value U = V  the e r ro r s  by ve loc i ty  U ( i n  the 

V , N ,  = U6U 

i . e .  the  cons t i t u t e  about 0.06 lan/sec. 
mixed e r ro r s ,  so t h a t  the real ones must not  exceed values of the order 2'- 3' 
by 8 and 15  - 20 m/sec by V I .  

Obviously, most harmful here are the 

In  case of incl ined start, be varying equation (1) we s h a l l  obtain 

Introducing the longitude of the per icenter  w and the eccen t r i c i ty  2 
6 t g  e l  = we obtain from (19) with the a i d  of solut ions p - 1 = e cos a; 

- e  s i n  o : - - 
' I  dc: i I -  cosrp 

_. __ - C ' l  ----- 
U p :  F4c>i . , ( ( ;  - c)) ' c I c i i i ( ( p -  O) 

For a horizontal  s t a r t  (e1 = 0) w e  have 
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We see tha t  the modulus of the der iva t ive  with respect t o  e l  i s  almost 
twice as  grea t  a s  f o r  the v e r t i c a l  var ian t .  

A t  a horizontal  s t a r t  from the surface of the Moon from t h e  region of ver-  
t i c a l  landings we have U 2 1 . 2  h / s e c  (see sect ion 2) , V, = 2.65 Ion /sec.  The 
l i m i t  e r ro r s  a r e  determined by the p a r t  of region (4) f o r  which V 2 ~  < 0. I ts  
dimensions a r e  of the order of 50" i n  length and 20" i n  width (Fig.4j .  
l i m i t  (single) e r ro r s  a re  obtained by 8 1  near *loo, by veloci ty  near k150 m/sec 
(taking in to  account (23) ,  (24)).  

-. ine 

Errors by azimuth must of same order a s  by e , .  

A t  s t a r t  from s a t e l l i t e  o r b i t  the l i m i t  e r rors  w i i i  be somewhat g rea t e r ,  
f o r  the region on the U-sphere can be increased a t  the expense of t r ans i t i on  t o  
lower nominal ve loc i ty  VM = 1.1 h/sec.  This i s  more advantageous a l so  from 
the standpoint of energy. 
puters  the motions inside and outside the sphere of act ion with more precise  
ranges of e r r o r s ,  assuring the re turn  t o  Earth as  a whole, and a l so  t o  a preas- 
signed 

I t  is  not d i f f i c u l t  t o  obtain with the a id  of com- 

region of the ground surface.  

C O N C L U S I O N  

1. 
as the other  problems of f l i g h t  into the Earth 's  g rav i ta t iona l  f i e l d ,  o r  t h a t  
of the Moon: 
t o  lunar  o r b i t  plane. Note a l so  tha t  the l a s t  of t he  re turn  t r a j e c t o r i e s  
(with minimum selenocentr ical  velocity) by-passes the Earth i n  the  d i rec t ion  
of motion of the Moon, l i e s  i n  the lunar o r b i t  plane and is tangent t o  the geo- 
cen t r i c  sphere r = r 
time of device 's  emergence from i t s  sphere of act ion.  

The s p a t i a l  problem of return has the same cha rac t e r i s t i c  s ingular i ty  

the re turn  t r a j ec to r i e s  t h a t  have extreme propert ies ,  belong 

a t  a point opposite t o  the d i rec t ion  toward the Moon a t  

2 .  The approximate method expounded is asymptotic, i . e .  it is so much 
the more precise  as the mass r a t i o  of a t t r a c t i n g  bodies is  lesser. 
t o  Earth mass r a t i o  (% 1/80) is already found t o  be su f f i c i en t ly  small t o  obtain 
a good qua l i t a t ive  and approximate quant i ta t ive  representation on the d i f f e ren t  
propert ies  of re turn  t r a j e c t o r i e s  with the help of t h e  analysis of  veloci ty  
conjunctions ( t h i s  is  corroborated by computers). The approximate method allows 
t o  rapidly f ind with the a id  of a computer those solut ions which have the requi- 
red proper t ies  and belong t o  the  regions offer ing the grea tes t  i n t e r e s t .  I t  
allows us t o  resolve the questions of existence and uniqueness of solut ions.  

The equal i ty  condition of t h e  deployed angular range of the f l i g h t ,  

The Moon 

3 .  
which is geometrically indispensable (formula (10) from sect ion 2) a t  a given 
i n i t i a l  ve loc i ty ,  has the same theore t ica l  s ignif icance as  the analogous condi- 
t i o n  i n  the problem of h i t t i n g  the  Moon from a preassigned point of the terres- 
t r i a l  surface (see 161, pp.16-47). For i n i t i a l  ve loc i t i e s  i n su f f i c i en t  f o r  the 
fu l f i l lment  of t h i s  equal i ty  there  is no solut ions f o r  the problem. 

tlowever. the p rac t i ca l  significance of of t h i s  e f f e c t  i n  the problem of 
f l i g h t  from the lunar surface t o  Earth is  notably l e s se r  than i n  the problem 
of h i t t i n g  the Moon from Earth, for the indicated condition is always s a t i s f i e d  
when the  i n i t i a l  veloci ty  is raised above minimum i f  only by a few meters per 
second. 
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4 .  From the analysis conducted on the influence of initial data scat- 
tering in the problem of return from the orbit of an AMs it may be concluded 
that the optimum value of the escape velocity from the sphere of action of 
the Moon constitutes about 1.1 km/sec. 
is required for the return from AMs orbit as in the case of return from the 
landing area of the station "LUNA-9", and the escape selenocentrical velo- 
ciry may be decreased to the geocentric velocity of the Moon. 

noticeably. But at velocity of about 1.1 km/sec the region on the sphere of 
escape velocities (Fig.4) already is simply connected, but still maintains 
large angular dimensions (i. e. according to the admissible direction devia- 
tions of the velocity vector from nominal, the ranges are stili sufficiently 
great). 

Indeed, no escape velocity of 1.2 h / s  

However, as is 
sho.w?; by cGr,pdtat~oiis, +LA LIlG IIIIIUCILLE: :-I*.----- of initial data scattering tiien ilkcreases 
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