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ABSTRACT 


This is the second volume in a series done at 
Manned Spacecraft Center, documenting comunication 
techniques used in the Apollo Unified S-band Telecom
munications and Tracking System. A s  stated in the 
first volume, NASA TJY D-2208,the present document is 
concerned with detailed mathematical modeling of certain 
channels in the system. Specifically, this volume pro
vides simple mathematical tools usable for predicting, 
approximately, the performance of various communications 
and tracking channels in the system. 
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UNIFIED S-BAND TELECOMMUNICATION TECHNIQUES FOR APOLLO 

VOLUME I1 

MATHEMATICAL MODELS AND A-NALYSIS 

By John H. Pa in te r  and George Hondros 
Manned Spacecraft  Center 

SUMMARY 

This i s  t h e  second volume i n  a s e r i e s  done a t  Manned Spacecraft  
Center, documenting communication techniques used i n  t h e  Apollo Unified 
S-band Telecommunications and Tracking System. A s  s t a t e d  i n  t h e  f i rs t  
volume, NASA TN D-2208, the  present  document i s  concerned with de ta i led  
mathematical modeling of  c e r t a i n  channels i n  the system. Spec i f ica l ly ,  
this volume provides simple mathematical t oo l s  usable f o r  pred ic t ing ,  
approximately, t he  performance of various communications and t racking  
channels i n  the  system. 



SYMBOLS 


Signal  s t ruc tu re :  

A 


c ( t >  

nwi 

Acpreff 

peak amplitude of a s inusoida l  c a r r i e r  

a 	square-waveform, having values  +1 and -1, which 
m a y  be subscr ipted f o r  i d e n t i f i c a t i o n  

baseband modulation funct ion of a frequency-modulated 
cwr i e r  

a r b i t r a r y  s igna l  function 

output funct ion of an i d e a l  bandpass l imi t e r  

output function of an i d e a l  mu l t ip l i e r  

a 	des i red  s igna l  time funct ion which may appear 
with ident i fy ing  subscr ip ts  

peak frequency deviat ion i n  radians/sec of a sinu
so ida l  subcarr ier  on a down-link frequency 
modulated c a r r i e r  

peak phase deviat ion,  i n  radians,  of a s inusoidal  
subcarr ier  of a down-link phase modulated 
c a r r i e r  

peak phase deviat ion,  i n  rad ians ,  of a s inusoidal  
subcarr ier  of an up-link phase modulated 
c a r r i e r  

peak phase deviat ion i n  rad ians  of a pseudo-random 
ranging code on an up-link phase modulated c a r r i e r  

e f f e c t i v e  peak phase deviat ion of a pseudo-random 
ranging code on down-link phase modulated c a r r i e r  

equivalent phase modulation funct ion on a subcarr ier  
on a down-link frequency modulated c a r r i e r  

equivalent phase modulation funct ion on a down-link 
subcarri e r  

equivalent phase modulation funct ion on an up-link 
subcarr ier  

equivalent phase modulation funct ion of an angle 
modulated c a r r i e r  

2 




U t )  a modulating funct ion of an angle modulated s inusoidal  
c a r r i e r  

iu m o d u l a t e d  rad ian  frequency of a s inusoidal  c a r r i e r  
C 

iu
i 

radian  frequency of a down-link subcazrier 

e. r ad ian  frequency of an up-link subcar r ie r  
J 

Phase-locked loops : 

amplitude of input s inusoid 

amplitude of VCO s inusoid 

equivalent one-sided closed-loop noise  bandwidth 

Laplace transform of e ( t )  

maximum value of e ( t )  

loop modulation t racking e r ro r  funct ion 

Laplace transform of h ( t )  

equivalent  c losed loop input output t r a n s f e r  function 

loop f i l t e r  impulse response funct ion 

open loop gain constant 

VCO constant 

pole frequency of t he  loop f i l t e r  

Laplace transform of v d ( t )  

VCO dr iv ing  function 

output funct ion of voltage cont ro l led  o s c i l l a t o r  (VCO) 

peak f ac to r  f o r  VCO phase j i t t e r  

zero frequency of t h e  loop f i l t e r  

loop damping r a t i o  

var iance of VCO phase j . i t t e r  process 

Laplace transform of t p i ( t )  i n  complex va r i ab le  s 
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Laplace transform of output phase function 

input phase function 

VCO output phase funct ion 

loop na tu ra l  resonant frequency 

a 	sample function of a narrow-band-limited white 
Gaussian noise process 

sample functions of independent low frequency 
white Gaussian noise processes derived from n ( t )  

variances of t he  var iab les  n ,  x, y 

absolute,  nonzero, values of the  f l a t  spec t r a l  
dens i t i e s  

I 
2: 

(u)),@Y(iu),@ 
11

(u)) noise spec t r a l  dens i t i e s  of t he  functions x ( t ) ,  
Y ( t > ,  n ( t >  

I absolute,  nonzero, value of  t he  f l a t  spec t r a l  
densi ty  

spec t r a l  density of an equivalent low frequency 
white Gaussian phase process derived from n ( t )  

Miscellaneous: 

B f i l t e r  transmission bandwidth 

BL equivalent square transmission bandwidth of an 
idea l  bandpass l i m i t e r  

BO 
bandwidth of an output f i l t e r  

f m  midfrequency of an output bandpass f i l t e r  

Kf f i l t e r  transmission constant 

K
P 

peak t o  r m s  fac tor  

K' mul t ip l ie r  constant of an idea l  mul t ip l ie r
cp 

M frequency mult ipl icat ion r a t i o  


NO 
an output noise power 


pL output power of an i d e a l  bandpass l imi t e r  
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-S SNR” 

vL 

signal-to-noise power r a t i o  

vol tage  l imi t ing  l e v e l  of an i d e a l  bandpass l i m i t e r  

s igna l  suppression f ac to r  of an i d e a l  bandpass l i m i t e r  

1 .0  INTRODUCTION 

1.1 Background and Purpose of t he  Document 

Work s i m i l a r  t o  t h i s  volume has been performed previously,  ex te rna l  
t o  Manned Spacecraft Center. I n  general, such work w a s  fragmentary and 
w a s  performed t o  meet c e r t a i n  immediate needs such as responses t o  NASA 
requests fo r  proposal. When work began on t h i s  volume i n  mid-1963, t he  
authors f e l t  t h a t  a need ex i s t ed  f o r  a comprehensive t u t o r i a l  document 
s e t t i n g  down general analyses of t h e  types of channels employed i n  t h e  
Apollo system. It w a s  f e l t  t ha t  fo r  such a document t o  be use fu l  t o  NASA 
engineers it should contain,  i n  appendix form, s u f f i c i e n t  bas i c  explana
t i o n  t o  completely and independently support t h e  body of  t h e  document. 
This work i s  the  authors’ answer t o  t h a t  need. 

1 . 2  Theoretical  Approach 

1 .2 .1  Analytical  Scope 
The ana lys i s  presented i n  t h i s  document has been performed with the  

a i m  of obtaining t r a c t a b l e  equations w i t h  which the  output da ta  qua l i t y  
can be predicted fo r  each channel f o r  a va r i e ty  of transmission modes 
and conditions. 

The approach has been t o  derive output da ta  signal-to-noise power 
r a t i o s  which a r e  r e l a t e d  t o  the  input car r ie r - to-noise  r a t i o  f o r  each 
communication channel, by an expression containing generalized s igna l  
modulation parameters and channel transmission parameters. The require
ment t h a t  t he  channel equations be t r a c t a b l e  w a s  taken t o  &ply t h a t  t he  
expressions be r e l a t i v e l y  simple and amenable t o  hand ca l cu la t ion  with 
the  a i d  of mathematical t a b l e s .  Additionally, it w a s  des i red  t h a t  t h e  
form of t h e  channel equations should give some i n t u i t i v e  in s igh t  i n t o  
the  operation of the  channel. 

Input-output signal-to-noise r a t i o  r e l a t i o n s  were derived separa te ly  
fo r  each type demodulator and each type s igna l .  Where simplifying as
sumptions were made, they were s t a t e d  e x p l i c i t l y  i n  the  der iva t ions .  
Additionally,  t h e  most important of t he  a n a l y t i c a l  assumptions have been 
l i s t e d  i n  t h i s  sec t ion .  

This ana lys i s  has t r e a t e d  only des i red  s igna ls  and thermal system 
noise.  No attempt has been made t o  t r e a t  intermodulation e f f e c t s  or 
equipment non l inea r i t i e s .  System non l inea r i t i e s ,  such as l i m i t e r  e f f e c t s  
or t h e  e f f e c t s  of modulation r e s t r i c t i v e  de tec t ion ,  have been t r e a t e d .  
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It i s  not expected t h a t  these channel equations w i l l  y i e ld  r e s u l t s  
of absolute accuracy. Rather, ease of handling channel predict ions has 
been obtained with to l e rab le  accuracy through t h e  use of simplifying as
sumptions. The philosophy has been adopted t h a t  t h e  performance of the  
system analyzed here may be measured i n  the  laboratory.  The accuracy of 
t he  pred ic t iona l  equations having been determined, a required channel per
formance margin may be employed fo r  t h e  purposes of predict ing fo r  other 
transmission modes and conditions than those measured i n  the  laboratory.  

1.2.2 Method of Presentation 
This document i s ,  i n  a ce r t a in  sense, t u t o r i a l ,  and i n  another sense, 

Much mater ia l ,  which has been bas i ca l ly  deriveda working document. 
elsewhere, has been extended or modified and reproduced here.  Enough 
mater ia l  has been included t o  make the  document almost se l f - suf f ic ien t  
for  the  purpose of  making performance ca lcu la t ions  on the  system. The 
scheme employed i n  the wr i t ing  of t h i s  document has been t o  present a l l  
basic  der ivat ions i n  appendix form. The main body of t he  paper w a s  r e 
seyved fo r  assembling the  individual  channel equations from component 
equations appearing in the  appendices. I n  t h i s  manner, t he  m a i n  body 
of  the  t e x t  i s  usefu l  fo r  working computations, and the appendices pro
vide the  required ana ly t i ca l  support. 

1.2.3' Assumptions 
The most important of t he  simplifying assumptions which appear 

throughout the  document a re  tabulated below a s  an a i d  t o  t h e  reader .  

a .  Modulation r e s t r i c t i v e  phase-locked loops operate with no mod
u la t ion  e r ro r ,  except fo r  Doppler e f f e c t s .  

b .  Modulation t racking phase-locked loops operate l i n e a r l y  with 
respect  t o  phase. 

e .  Thresholds fo r  phase-locked devices may be defined on a l i nea r  
bas i s  a f t e r  t he  method of Martin ( r e f .  7 ) .  

d. All predetection and postdetection f i l t e r s  a r e  i d e a l  with f l a t  
amplitude transmission cha rac t e r i s t i c s  and square cut-off frequency 
cha rac t e r i s t i c s .  

e .  Input noise t o  a l l  channels i s  character ized as  being band-
l imited,  white, and Gaussian. 

f .  All amplitude l i m i t e r s  a r e  i d e a l  snap-action with idea l  pre
l imi t ing  and pos t l imi t ing  f i l t e r s  of equal bandwidth. 

g.  A l l  d i g i t a l  waveforms have an i d e a l  square shape. 

h. A l l  output data  signal-to-noise r a t i o s  a re  derived for  channel 
demodulators above threshold . 

i. Proper s igna l  design insures  no in-channel intermodulation 
products . 
6 




1 . 3  System Description 

A phys ica l  descr ip t ion  of t h e  system concept, spacecraft  and ground 
equipment, signal design, and system operation of t he  un i f i ed  S-band 
system has been discussed i n  volume I of t h i s  s e r i e s ,  NASA TN D-2208. 
Although t h e  present volume contains block diagrams of t h e  system channels, 
it i s  recommended t h a t  t h e  reader f ami l i a r i ze  himself with volume I p r i o r  
t o  reading t h i s  volume. 

2 -0  GROUND-TO-SPACECRAFT CHCWNEL ANALYSES 

The s igna l  t ransmi t ted  from t h e  ground t o  the  spacecraft  i s  taken as 
a s inusoida l  c a r r i e r  phase modulated by a sum of ranging code, up-data 
subcar r ie r ,  and voice subcar r ie r .  T h i s  composite s igna l  i s  demodulated 
a t  t h e  spacecraf t ,  and t h e  baseband s igna l  i s  routed t o  t h e  premodulation 
processor f o r  recovery of t h e  subcar r ie rs ,  and a l s o  t o  t h e  PM modulator 
f o r  down-link transmission. I n  t h i s  sec t ion ,  we w i l l  present t he  analyses 
of t h e  transponder c a r r i e r  t racking  channel, and a l s o  t h e  voice and up-
da ta  channels. 

2 . 1  Carr ie r  Tracking Channel 

The performance c r i t e r i o n  of t he  spacecraft  car r ie r - t racking  channel 
i s  the  threshold of t he  ca r r i e r - t r ack ing  phase lock-loop. The performance 
of such a loop has been analyzed i n  appendix C . 4 .  

The input s igna l  power a t  t h e  spacecraft  i s  obtained from equation 
A.3 .  (7 ) ,  page A-8, as 

n L 

where 

A = s igna l  amplitude 

A + r  = phase deviation of t h e  up-link c a r r i e r  by t h e  range code 

Adj = phase deviation of t h e  up-link c a r r i e r  by t h e  jth subcar r ie r  

The input noise power, computed i n  a bandwidth equal t o  t h e  c a r r i e r  
t racking  loop noise bandwidth, BN, i s  given by 
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where 

= t h e  magnitude of t h e  f l a t  input noise  s p e c t r a l  densi ty .  

From equations (1)and ( 2 ) ,  w e  ob ta in  

where 

The threshold value of may be determined according t o  t h e  desired 

spec i f i ca t ion  of t h e  probabi l i ty  of l o s s  of c a r r i e r  phase lock. The 

reader may refer  t o  appendix C-4 where versus t h e  probabi l i ty  of 
B 

l o s s  o f  c a r r i e r  phase lock i s  t r ea t ed .  

2 . 2  The Voice Channel 

The spacecraf t  voice channel i s  shown i n  f igu re  2.2-1 along with 
the  up-data channel. Let the narrowest bandwidth p r i o r  t o  the  wide-
band detector  be denoted as BLP * Then the  input  s ignal- to-noise  r a t i o  
computed i n  BLP i s  

where 

A = s igna l  amplitude 

I‘nil 
= t h e  magnitude of  t h e  f l a t  input noise  s p e c t r a l  densi ty  

8 
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From equatlon D.1.4.1 (61, page D-7, we obta in  t h e  voice subcar r ie r  
signal-to-noise r a t i o  computed i n  BLV' t h e  bandwidth of t h e  band-pass 

l imiter  of t h e  voice channel. Thus, from t h i s  appendix, and tak ing  i n t o  
considerat ion t h e  spacecraf t  l i m i t e r  suppression (as t r e a t e d  i n  sec t ion  
H. 3 ) ,  we ob ta in  

where 

aL = l i m i t e r  suppression f a c t o r  

A$r = phase deviat ion of t h e  c a r r i e r  by t h e  range code 

A$v = phase deviat ion of t h e  c a r r i e r  by t h e  voice subcar r ie r  

A$j = phase deviat ion of t h e  c a r r i e r  by t h e  jth subcar r ie r  

BLV = voice subcar r ie r  demodulator prede tec t ion  bandwidth 

The qua l i ty  of t h e  voice channel may be determined by computing t h e  
voice information peak-squared s igna l  t o  mean-squared noise  r a t i o .  T h i s  
r a t i o  w a s  chosen because much work has been performed ( re ference  2 3 )  re
l a t i n g  t h e  peak-squared s igna l  t o  mean-squared noise  r a t i o  t o  i n t e l l i g i 
b i l i t y  with cl ipping depth as a parameter. Thus, from equation E .3 .2(6) ,  
page E-9, w e  have 

Using now equations ( 2 )  and ( 3 ) ,  we obtain 
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Since 

equation ( 4 )  becomes 

where 

= peak frequency deviat ion of t h e  voice subcarr ier  by i t s  
Afrpeak information 

BV = bandwidth of voice channel postdetect ion f i l t e r  

Equation (6) gives  the  voice signal-to-noise r a t i o  i n  terms of t he  range 
code, t he  voice channel parameters, and L subcar r ie rs  t ransmit ted t o  
t h e  spacecraf t .  

2.3 The Up-Data Channel 

Rel’erring again t o  Sigure 2.2-1, che input signal-to-noise r a t i o
(sm) computed i n  ELP i s  

-‘i 
‘i 

F r o m  equation D.1.4.1 (6), page D-7,we obtain t h e  up-data subcarr ier  
SNR computed i n  B

LUD’ t h e  bandwidth of t h e  band-pass l i m i t e r  of t he  

up-data channel. 

Thus 
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IXlS 

A s  in t h e  case oi" t he  voice channel, t h e  peLk-squared s igna l  t o  mean-
squared noise  r a t i o  w i l l  be used to determine the  up-data channel 
qua l i t y .  Thus, from equation E.3.2 ( 6 ) ,  page E-11, we have 

where 

-of t h e  up-data s igna l .Kp = peak 

Using now equations ( 2 ) ,  (3), and t h e  f a c t  t h a t  

we  obtain 

where 

aL = l imiter  supression f a c t o r  

A f peak = peak frequency deviat ion of t h e  up-data subcar r ie r  by~ 
i t s  information 

BUD = bandwiath of t h e  up-data channel postdetect ion f i l t e r  

A% = phase deviat ion of t h e  c a r r i e r  by t h e  range code 


A%l = phase deviat ion of t h e  c a r r i e r  by t h e  up-data subcarr ier  


A Pj 
= phase deviat ion of t h e  c a r r i e r  by t h e  jth subcar r ie r  
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s ince  the  up-data rece iver  i s  a subsystem separate from t h e  spacecraft  
S-band subsystem, it i s  assumed t h a t  t he  output da ta  qua l i t y  of t h e  ,up
da ta  rece iver  may be uniquely r e l a t e d  t o  t h e  output signal-to-noise r a t i o  

of t h e  up-data subca r r i e r  demodulator, b] . Given a spec i f ica t ion  
B,, 

f o r  	%] , equation ( 4 )  may be used t o  i n f e r  t h e  channel qua l i ty .N 
UD BUD 

3.0 SPACECRCIFT-TO-GBOUND PHASE MODULATED CHANNEL ANALYSES 

3.1 Carr ie r  Tracking Channel 

There a re  two performance c r i t e r i a  for  t h e  c a r r i e r  tracking channel. 
One c r i t e r i o n  i s  the  input signal-to-noise r a t i o  a t  which the  channel 
thresholds.  The other c r i t e r i o n  i s  the  input signal-to-noise r a t i o  a t  
which the  VCO phase j i t t e r  i s  acceptable fo r  Doppler t racking .  

I n  sec t ion  F.3, it w a s  shown t h a t  t he  ground c a r r i e r  tracking loop 
may be t r e a t e d  f o r  th reshold  as i n  sec t ion  C . 4 ,  given a knowledge of t he  
loop's equivalent th reshold  noise bandwidth BN '  

The ground-received s igna l  power i n  the  rece iver  closed loop noise 
bandwidth i s  obtained from equation F.5.2 ( 7 ) ,  page F-36, as 

where 

2 
-0 


e O s  = 	 s igna l  suppression f ac to r  due t o  phase modulated noise i n  
the  spacecraft  turnaround channel 

A = peak value of t h e  received s inusoida l  c a r r i e r  
g 
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and 

h f j  

The reader should r e f e r  t o  sect ion F.3 f o r  t h e  discussion of t he  
spacecraf t  turnaround channel and the  der iva t ion  of equations (2 )  and 
( 3 ) .  Other terms a r e  defined as: 

= 	spacecraf t  turnaround channel phase gain,  neglecting l i m i t e r  
suppression 

Acpreff = 	e f fec t ive  phase deviat ion of t h e  c a r r i e r  by t h e  turnaround 
range code 

A q j ,  A(ph = subcar r ie r  phase deviat ion on t h e  up-link c a r r i e r  

A q  
= subcar r ie r  phase deviat ion on t h e  down-link c a r r i e r  

ctLS = spacecraf t  l i m i t e r  s igna l  suppression f a c t o r  

Ap.eff = e f fec t ive  phase deviat ion of t h e  c a r r i e r  by t h e  turnaround
J s-Jbcarr ie r  s 

The ground rece iver  noise spec t r a l  dens i ty  i s  a t t r i b u t e d  t o  the  
normal system noise s p e c t r a l  densi ty  p lus  t h e  phase noise 

l'ni I 
t ransmit ted from the  spacecraft  during the  turnaround process.  The 
t o t a l  receiver  noise spec t r a l  dens i ty  i s  defined here as l%l 
and it i s  t r e a t e d  i n  d e t a i l  i n  sect ion F.5.1. Thus, the  noise i n  the  
ground receiver  closed loop noise bandwidth BN i s  

N = 2 +  
c 1 nTIBN 

(4) 

The signal-to-noise r a t i o  computed i n  the  closed loop noise  band
width may be obtained from (1)and (4) .  Thus, we have 

S
C
-

N 
c-

II1 



Since 

equation ( 5 )  may be simpliyied.  Thus 

The threshold value of may be spec i f ied  as i n  sec t ion  C . 4 .  

3 .2  Angle Tracking Channel 

The closed loop  noise  bandwidth of the  angle channel i s  consider
ably smaller than t h a t  of t he  c a r r i e r  t racking channel. Since t h e  angle 
channel depends on t h e  c a r r i e r  channel VCO f o r  phase reference,  t he  
angle channel performance i s  d i r e c t l y  t i e d  t o  the  carr ier  channel per
formance. I n  p a r t i c u l a r ,  t he  angle channel does not  perform when the  
c a r r i e r  channel thresholds .  Therefore, equation 3 .1  (5) may a l s o  be 
used t o  define angle channel threshold.  

3.3 Ranging Channel 

The bas ic  model required t o  analyze the  performance of the  ranging 
channel i s  shown i n  f igu re  3.3-1. Since t h e  ranging channel includes 
the  spacecraf t  transponder as wel l  as the  ground range clock rece iver ,  
t h e  reader i s  urged t o  read  sect ions F . l  and F.5. 

Various terms a r e  def ined below: 

'is = input signa1,power t o  t h e  spacecraf t  receiver  

'n i s  
( w )  = spacecraf t  input noise spec t r a l  densi ty  

= 	 spacecraf t  signal-to-noise r a t i o  a t  l i m i t e r  input ,  
computed i n  l i m i t e r  bandwidth 



aLS = spacecraf t  band-pass l imiter s igna l  suppression f a c t o r  

%S 
= spacecraf t  band-pass l i m i t e r  bandwidth 

vLs = spacecraf t  band-pass l imiter vol tage l imi t ing  l e v e l  

K b  = spacecraf t  wideband de tec tor  gain constant 

= spacecraf t  turnaround channel phase gain constant 
+m 

= spacecraf t  output c a r r i e r  power 
sos 

S = input s igna l  power t o  t h e  ground rece iver  
i g  

'n 
( w )  = ground thermal input noise  s p e c t r a l  dens i ty  

i g  
@nT(W )  = ground t o t a l  "equivalent" input no ise  s p e c t r a l  densi ty ,  

including turned around noise  

= ground signal-to-noise r a t i o  a t  range clock rece iver  input ,  
computed using t o t a l  equivalent noise  s p e c t r a l  densi ty  

N = 	clock signal-to-noise r a t i o  a t  l i m i t e r  input ,  computed i n  
l imiter bandwidth 

BLR = range clock rece iver  l i m i t e r  bandwidth 

BN = range clock loop noise  bandwidth 

There a r e  two performance c r i t e r i a  f o r  the  ranging channel. One 
concerns t h e  signal-to-noise r a t i o  (SNR), requi red  a t  t he  input  of t he  
range clock rece iver  t o  insure t h a t  t he  clock loop (see f igu re  F.1-1) 
i s  above threshold.  The second c r i t e r i o n  concerns the  input SNR required 
fo r  a given range code acquis i t ion  t h e .  

3.3.1 Clock Loop Threshold 
Given a spec i f i ca t ion  fo r  t he  p robab i l i t y  of loss of lock,  t h e  

threshold  p rope r t i e s  of t he  range clock loop a r e  implied by the  clock 

SNR at the  l i m i t e r  input ,  , computed i n  B t he  clock loop noise" 

bandwidth. Combining equation F.1.4 (l), page F-12, and F.5.2 (4), 
page F-36, we obtain 
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(1) 

where 

aTreff = 	The equivalent turnaround phase deviat ion of t h e  range code 
on t h e  down c a r r i e r  as given by equation F. 5.2 ( 5 )  , page 
F-36. 

aV.eff = The equivalent turned-around phase deviat ion of t h e  up-
J subcar r ie rs  on t h e  down c a r r i e r  as given by equation F.5.2 

(6), page F-36. 

LD = 	a s igna l  detect ion l o s s  as defined i n  sec t ion  F.1.3, page 
F-12. 

LK A co r re l a t ion  l o s s  as defined i n  sec t ion  F.1.3, page F-11. 

The input SNR computed i n  BN i s  given as 

where 

A = t h e  peak value of t h e  s inusoidal  c a r r i e r  received a t  t h e  
g ground 

CT 
2 = t h e  mean-squared value of t h e  turned-around phase noise  as 
'ps given by equation F.5.1 ( 5 ) ,  page F-34. 

The value of may be obtained from equation F.5.1 ( 1 2 ) ,  page F-33. 

Using equation (1)and ( 2 ) ,  t h e  range clock loop may be t r e a t e d  f o r  
threshold as i n  sec t ion  C . 4 .  

3.3.2 Range Code Acquisit ion Time 

From f igu re  F.1.5-1, page F-17, t h e  acquis i t ion  t i m e  f o r  t h e  
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pseudo-random ranging code may be d i r e c t l y  r e l a t e d  t o  the  r a t i o  of 

e f f ec t ive  output signal-to-noise spec t r a l  density 	-, using equation
Pol 

F.1.5 (lb), page F-16. 

Combining equations F.1.5 (lo), page F-15, and F.5 (4), page F-30, 
we obtain 

CY L K n 

where 

and the  quan t i t i e s  A
g’ 

CT 
‘PS” 

Acpreff, IQn,l)and Acp.eff a r e  the  same 
J 

a s  i n  sect ion 3.3.1. 

3 .4  The PCM Telemetry Channel 

The PCM telemetry channel i s  shown i n  f igure 3.4-1. “he f igure  
includes only those components of  the channel necessary f o r  the  ana lys i s  
t o  follow. 

L e t  us again define the  channel input signal-to-noise r a t i o  as 

2 
- 0  

e vs A 
13 

I ‘I 

where as before 

A = amplitude of t h e  s inusoidal  c a r r i e r  received a t  the 
g ground 

BLP = band-pass f i l t e r  bandwidth 
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I 

Qn ( f )  = t o t a l  e f f e c t i v e  t t inputttnoise s p e c t r a l  dens i ty  
T 

A t  t h i s  po in t  the reader  should note ca re fu l ly  t h a t  

only when the  transponder ranging channel i s  closed. When t h i s  channel 
i s  open, Q

"T
( f )  includes the  transponder turned-around noise as wel l  

as the  t t n 6 m 1 t t  ground system input noise. The term Gn ( f )  i s  given 
T 

i n  appendix F.6.1. 

The recovery o f  a subca r r i e r  using a band-pass f i l t e r  has been 
t r e a t e d  i n  appendix D. Thus, frm equation D . 1 . 4 . 1  (61, page D-7, and 
appendix F, equation F.5.2 (4), we obtain 

K L 

= 2 cos2(&reff) J:(%) J:(Acpi) 
i=1 j =1 
i # T  

where AcPreff and AcP.eff a r e  as defined i n  sec t ion  3.1 and
J 


2 
-0 

e " = s igna l  suppression f ac to r  due t o  phase modulation of t h e  
down-link c a r r i e r  by transponder turned-around noise.  

Now 


( 3 )  

Combining now equations ( 2 )  and ( 3 ) ,  we obtain 

K L 

= 2 cos2(AcPreff 

1=1 j=1 
?]BT i # T  LP 
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Considering now t h a t  

equation (4 )  becomes 

T 
= 2 cos2(A'P,eff) J:(AVT) J:(Acpi) ','(A,.'f)[> 

The telemetry demodulator i n  t h i s  r epor t  has been considered as a 
spec ia l ized  de tec tor .  A s  such, it has been t r e a t e d  i n  sec t ion  F.3. 
The reader  may refer  t o  t h i s  sec t ion  f o r  discussion of the  demodulator 
threshold.  

3.5 The Voice Channel 

The voice information i s  t ransmit ted from the  spacecraf t  on a sub-
c a r r i e r  which i s  a l s o  used f o r  transmission of biomedical data .  Thus, 
the  ground subcar r ie r  demodulator i s  common t o  both voice and biomedical 
da ta  channels. The voice channel i s  shown i n  f igu re  3.5-1. The channel 
input  signal-to-noise r a t i o  i s  defined as 

where 

A = amplitude of the  s igna l
g; 

BLP = band-gass f i l t e r  bandwidth 

= input  noise spec t r a l  dens i ty  
I@"Tl 

A s  i n  t h e  case of PCM telemetry only when the  transponder 

ranging channel is  closed. Otherwise; i t ' i s  defined i n  sec t ion  F.6. 
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The subcar r ie r  signal-to-noise r a t i o  may be obtained f r o m  appeh
d i x  D.1.4.1, equation (6). Thus 

K L 

J 


i # v  

A s  shown i n  f igu re  3.5-1, t h e  voice information i s  recovered with a low-pass 
f i l t e r  a t  t h e  output of t h e  modulation t racking  loop. The voice channel 
qua l i ty  may be determined by computing t h e  peak-squared s igna l  t o  mean-
squared noise  r a t i o  a t  t h e  output of t h e  voice channel low-pass f i l t e r .  
This r a t i o  w a s  chosen by t h e  authors ,  so  t h a t  it may be used d i r e c t l y  t o  
evaluate voice i n t e l l i g i b i l i t y .  -

Now, from sec t ion  E.3.2 (6 ) ,  page E-11, we have 

Using now equations (2)  and (3), we obtain 

("' = 6prj2 K 

cos2 ( A v ~ef f )  J t ( A T v )
Nv 

i f v  

Now since 
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i f v  

K 


= 6yqaj'cos2(Ayreff) J:(Aq) i=1 

where 

= peak frequency deviat ion of the  voice subcarr ier  by i t s  
M~ peak information 

Bv = postdetection f i l t e r  ba.ndwidth 

= phase deviat ion of t he  c a r r i e r  by t h e  voice subcarr ier  

Acpreff = phase deviat ion of the c a r r i e r  by the range code as de
fined i n  appendix E. 6 

Acp.eff = phase deviat ion of the c a r r i e r  by the  jth subcar r ie r  
J turned around i n  the spacecraf t  as defined i n  

appendix E . 6  

wi = phase deviat ion of the  c a r r i e r  by the  ithsubcarr ier  
or ig ina t ing  i n  the  spacecraft  

The voice channel threshold may be t r ea t ed  as i n  appendix C. 

3.6 Biomedical Data Channels 

The seven biomedical data  channels are ident ica l .  Therefore, only 
one of them w i l l  be analyzed here. One of these channels i s  shown i n  
f igure 3.6-1. 

Examination of f igure  3.5-1, sect ion 3.5,  reveals  t h a t  equations (1) 
and (2) of t h e  voice channel a r e  the  same for the  biomedical da ta  
channels. W e  may then proceed with t h e  signal-to-noise r a t i o  of one 
biomedical da ta  subcarr ier  a t  the  output of the  voice and biomedical 
data  subcarr ier  modulation t racking loop. Since the band-pass filter i s  
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Figure  3.6-1.- The biomedical data channel  
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used f o r  t h e  recovery of t h e  subcar r ie r ,  we may refer  t o  appendix E ,  
sec t ion  E . 3 . 1 ,  equation (81, page E-10. Thus, 

where 

A f  b = frequency devia t ion  of the  voice and biomedical da ta  sub-
c a r r i e r  due t o  t h e  biomedical da ta  subcar r ie r  i n  question 

fb  = frequency of t h e  biomedical da t a  subcar r ie r  i n  question 

The de tec tor  shown i n  biomedical data channel may be e i t h e r  a modulation 
t racking loop or an iDl discr iminator .  Excluding threshold considerations,  
the  ana lys i s  of t h i s  sec t ion  holds f o r  e i t h e r  type of detector .  

The recovery of da ta  from a subcar r ie r  using a modulation t racking 
loop and a low-pass f i l t e r  i s  covered i n  d e t a i l  i n  appendix E. Thus, 
from sec t ion  E.3.2, equation ( 8 ) ,  we f ind  t h a t  

Using now equations (1)and (2)  of sec t ion  3.6 and (1)and (2 )  o f t h i s  
sect ion,  w e  obtain 

cos2 (Avreff)  J12(A%) 	 fi 
i=1 

where 

K
P = f ac to r  r e l a t i n g  the  peak t o  rms value of t h e  baseband 

modulation of the  biomedical data  subcar r ie r  i n  
question 
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af,peak = t he  peak frequency deviat ion of the  biomedical data sub-
c a r r i e r  by i t s  modulation 

BB ' 

= bandwidth of biomedical da ta  postdetect ion f i l t e r  

The r e s t  of t h e  terms of equation (3) are as defined i n  sec t ion  3.6. 
Now since 

equation ( 3 )  becomes 

'n 
T 

The threshold of t h e  biomedical data channels is  e s s e n t i a l l y  t h a t  
of the  voice demodulator since voice and t h e  biomedical data subcarr iers  
a r e  frequency multiplexed. The voice demodulator threshold treatment 
may be found i n  appendix D. 

3.7 The mergency Voice Channel 

The emergency voice channel i s  s h m  i n  f igure  3.7-1. The reader 
i s  reminded a t  t h i s  point  t h a t  t he  emergency voice s igna l  does not con
t a i n  the "turn-around" noise.  This i s  because the  voice s igna l  i s  mod
ulated d i r e c t l y  on the  VCO output while t he  turn-around ranging channel 
i s  inact ive during t h i s  mode of transmission. 

The voice channel input signal-to-noise r a t i o  may be defined as: 
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Figure 3.7-1.- The emergency voice channel 
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where 

A = amplitude of input s igna l  
g 

BLP 	
= bandwidth of band-pass l i m i t e r  

= input noise spec t r a l  dens i ty  

Again the  peak-squared s igna l  t o  mean-squared noise will be used fo r  
evaluation of t he  channel qual i ty .  Thus, from sect ion D.1.4.2 ( 5 ) ,  
page D - 8  

2 
= sin ("V peak) [2IB

LP 

where 

@%peak = peak phase deviation of the  c a r r i e r  by the voice infor 
mation 

Using now equation ( 2 ) ,  and taking i n t o  consideration the  bandwidth 
r a t i o ,  we obtain 

where 

BE = bandwidth of low-pass f i l t e r  used t o  recover the voice infor
mation 

Now since 

equation (3) becomes 



The threshold of t he  emergency voice demodulator i s  e s s e n t i a l l y  t h a t  of 
t h e  c a r r i e r  t racking  loop. The c a r r i e r  t racking  loop threshold has been 
discussed i n  sec t ion  3.1. 

3.8 The knergency Key Channel 

The emergency key channel i s  shown i n  f igu re  3.8-1. A s  t h e  f igure  
ind ica tes ,  a beat-frequency o s c i l l a t o r  i s  used for demodulation. The 
reader i s  reminded t h a t  no turn-around noise e x i s t s  i n  the  channel since 
the transponder ranging channel i s  not ac t ive  during transmission of 
emergency key. 

Again, the  channel input signal-to-noise r a t i o  i s  defined as 

When present ,  t he  emergency key s igna l  appears as a subcar r ie r  i n  
the  incoming s igna l .  Thus, from equation D.1.4.1 ( 5 ) ,  page D-7, we 
f ind  t h a t  t he  signal-to-noise r a t i o  of  a subcar r ie r ,  recovered by a 
band-pass f i l t e r ,  a t  t he  output of a modulation r e s t r i c t i v e  loop i s  

where 

ATK = phase deviation of the c a r r i e r  by the  key subcar r ie r  

However, since 

( 3 )  


Equation (2) becomes 

Now s ince  
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Figure 3.8-1.- The emergency key channel 



equation (4 )  becomes 

where 

BK = key postdetect ion f i l t e r  bandwidth 

The emergency key channel threshold is  e s s e n t i a l l y  the c a r r i e r  loop 
threshold.  Thus, t h e  reader  may refer t o  sect ion 3.1 f o r  threshold 
r e l a t i o n s  of the key channel. 

4.0 SPACECRAFT-TO- GROUND FREQUENCY MODULATED CHANNEL ANALYSES 

The spacecraf t  frequency modulated c a r r i e r  i s  assumed t o  contain 
t e l ev i s ion  a t  baseband and two subcarr iers .  One subcar r ie r  i s  iden t i f i ed  
as the  PCM telemetry subcar r ie r ,  and may contain e i t h e r  high or low b i t  
r a t e  real-time telemetry or apparent high b i t  rate recorded telemetry. 
The other  subcar r ie r  i s  i d e n t i f i e d  as the  voice subcarr ier ,  and may con
t a i n  e i t h e r  real-t ime clipped voice plus  biomedical data ,  or recorded 
voice. 

The following sec t ions  w i l l  t r e a t  separately the  output da ta  s igna l 
to-noise r a t i o s  f o r  t e l ev i s ion ,  voice, PCM telemetry,  and biomedical 
data.  The reader  should note t h a t  the  mathematical re la t ionships  w i l l  
involve K subcar r ie rs ,  r a t h e r  than two, i n  order t h a t  these  r e l a t ion 
ships  remain general .  

4 . 1  Car r ie r  Demodulation Channel 

The performance c r i t e r i o n  f o r  the c a r r i e r  demodulator, which i s  a 
modulation t racking phase-locked loop, i s  i t s  threshold.  The demodu
l a t o r  threshold may be t r e a t e d  as i n  appendix C given a knowledge of 
the equivalent closed-loop noise bandwidth BN' The FM c a r r i e r  demcdu

l a t o r  i s  shown i n  f igu re  4.1-1. The input signal-to-noise r a t i o  i s  
taken as 
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where 

s inusoida l  c a r r i e r  amplitude 

input  noise s p e c t r a l  dens i ty  magnitude 

bandwidth of t he  band-pass limiter 

A t  t h i s  point  we w i l l  assume t h a t  t h e  carrier channel loop noise band
width i s  much l a r g e r  than the  bandwidth of t he  band-pass l i m i t e r  pre
ceding it. Therefore, the  threshold of t h i s  channel can be t r ea t ed  as 
i n  sec t ion  C.5.  

4 .2  Television Channel 

The performance c r i t e r i o n  f o r  t he  t e l e v i s i o n  channel is i t s  output 
da ta  signal-to-noise r a t i o .  Since the t e l e v i s i o n  demodulator i s  the  
c a r r i e r  demodulator, i t s  threshold i s  t r ea t ed  as s t a t e d  i n  sec t ion  4.1.  
Figure 4.2-1 shows the  t e l e v i s i o n  demodulator. 

The input signal-to-noise r a t i o  i s  taken as 

where 

A = sinusoidal  c a r r i e r  amplitude 

= input noise s p e c t r a l  densi tyI@niI 
= width of t h e  band-pass l i m i t e r  which feeds t h e  c a r r i e r  de-BLP modulator 

The r a t i o  of peak-squared s igna l  t o  mean-squared noise  out of t h e  
output low-pass f i l t e r  i s  taken from equation E . 3 . 2  ( 6 ) ,  page E-11. 
Thus 

where AFTIT i s  the  peak frequency devia t ion  i n  cycles  per second of 

the t e l ev i s ion  s igna l  on the  c a r r i e r .  

35 




w cn 

S 3  

B~p BAND- PASS 
LIMITER - LOOF 

8, = BLP I 

Figure 4.2-1.- The television channel 



I 

U t i l i z ing  a peak t o  rms f ac to r  Kp, for the  t e l ev i s ion  waveform, 
as i n  sec t ion  D.3.2, t h e  mean-squared output signal-to-noise r a t i o  
i s  given as 

F r o m  equations (2)  and (3)  t h e  data  output signal-to-noise r a t i o  i s7 = 3K 2 [y MTvL9 [-12[3
NTv BTV BTV BTv i Bw 

However, since 

then 

(41 
Tv 

4 .3  PCM Telemetry Channel 

The performance c r i t e r i a  for the  telemetry channel a r e  i t s  output 
data signal-to-noise r a t i o  and the  telemetry demodulator threshold.  
Figure 4.3-1shows the telemetry channel. 

The input s igna l  noise r a t i o  i s  taken a s  

where 

A = sinusoidal  c a r r i e r  amplitude 

r n i  I= input noise s p e c t r a l  densi ty  

BLp 
= width of t he  band-pass limiter which feeds the c a r r i e r  

demodulator 
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Figure 4.3-1.- PCM telemetry channel 



The telemetry subcar r ie r  signal-to-noise r a t i o  a t  the c a r r i e r  
demodulator output, computed i n  BLS, the  bandwidth of the  subcar r ie r  

band-pass l i m i t e r ,  i s  taken from equation E. 3.1 ( 8 ) ,  page E-10. Thus, 

where 

fT = subcarr ier  frequency 

Ai?T = peak frequency deviat ion of the subcarr ier  on the  c a r r i e r  

Equation (2)  employs the  assumption that 

12 f TLp]2 
<<I 

Now the output data signal-to-noise r a t i o  may be obtained. Thus, 

(41 

where 

BT = bandwidth o f  t he  postdetection f i l t e r  

Using now equations (2) and ( b ) ,  we obtain: 

However, s ince 



- -  

The threshold of the  telemetry demodulator has been discussed i n  
sect ion F.3 where the  demodulator ana lys i s  i s  given. 

4.4 Voice Channel 

The performance c r i t e r i a  f o r  the voice channel are t he  da ta  output 
signal-to-noise r a t i o  and the voice subcar r ie r  demodulator threshold. 
The voice channel i s  s h m  i n  f igure 4.4-1. 

The input signal-to-noise r a t i o ,  cmputed i n  BLP’ the bandwidth 

of  the c a r r i e r  band-pass l i m i t e r  i s  taken as 

-A2 

2 

where 

A = sinusoidal  c a r r i e r  amplitude 

= input noise spec t r a l  densi ty  

The voice subcarr ier  signal-to-noise r a t i o  a t  the  c a r r i e r  demod
u la to r  output, computed i n  BLs, the  subcar r ie r  band-pass l i m i t e r  band

width, i s  taken fYm equation E . 3 . 1  ( 8 ) ,  page E-10, as 

where 

fSV = voice subcarr ier  frequency 

Afm = peak frequency deviation o f t h e  subcarr ier  on the ca r r i e r .  

Equation (2) uses the  assumption t h a t  

L p j  <<IfSV 

The peak-squared s igna l  t o  mean;squared noise a t  t h e  low-pass 
f i l t e r  output,  computed i n  B

V Y  
t h e  low-pass f i l t e r  bandwidth i s  taken 

from equation E.3.2 (61, page E-11, as 
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where 

= peak frequency deviat ion of  the voice s igna l  on the  
peak voice subcarr ier  

From equations ( 2 )  and ( 4 )  t h e  output da ta  signal-to-noise r a t i o  
i s  given as 

('V peak 
BV 

= 2 [ . - [ f v B ; e a j 2 p ]  :IBLp ( 5 )
Af sv 
f S V  N 

However, s ince  

('V peak) 1BV = 3rfS V I 2  rfVB;eaK] [>]
NV * fSV i BV 

The threshold of the  voice demodulator may be t r ea t ed  as i n  appendix C .  

4 .5  Biomedical Data Channel 

The performance c r i t e r i a  for the  biomedicalchannels  a re  the  da ta  
output signal-to-noise r a t i o ,  the  ind iv idua l  biomedical subcarr ier  de
modulator th resholds ,  and the  voice demodulator threshold,  since the  
biomedical subcar r ie rs  a re  frequency multiplexed with t h e  normal voice.  
Only one biomedical channel i s  t r e a t e d  i n  t h i s  sec t ion ,  since the  gen
e r a l  equations a re  the  same for a l l  biomedical channels. 

The input  signal-to-noise r a t i o ,  computed i n  BLp, t h e  c a r r i e r  

l imi t e r  bandwidth i s  taken as  
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Figure 4.5-1.- The biomedical data channel-F w 
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where 

A = sinusoidal  c a r r i e r  amplitude 

I 'nil 
= input  noise spec t r a l  dens i ty  

The voice subcar r ie r  signal-to-noise r a t i o  a t  the  c a r r i e r  demod
u la to r  output, computed i n  BLs, t he  subcarr ier  l i m i t e r  bandwidth, i s  

taken from equation E. 3.1 ( 8 ) ,  page E-10, as 

where 

fSV = voice subcarr ier  frequency 

Afw = peak frequency deviation of  the  subcar r ie r  on the c a r r i e r  

Equation (2) uses the  assumption t h a t  

2 
1 fSV12 [k] (31 

The biomedical subcarr ier  signal-to-noise r a t i o  a t  the  output of 
t he  voice subcarr ier  demodulator, computed i n  B~~~ the  biomedical 

subcarr ier  band-pass l i m i t e r  bandwidth, i s  ta.ken from equation E.3.1 ( 8 ) ,  
page E-10, as %I
N 

2 
- BLs 

where 

fSB = biomedical subcarr ier  f'requency 

MSB= peak frequency deviation of the biomedical subcarr ier  on 
the  voice subcarr ier .  

Equation (4) uses the assumptions t h a t  t he  noise spec t r a l  densi ty  out 
of the  voice subcarr ier  demodulator may be considered f lat  across  the  
bianedical  subcarr ier  limiter bandwidth, and t h a t  
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2 
1[k] << 1 ( 5 )  
l2 fSB 

The peak-squared s igna l  to mean-squared noise r a t i o  a t  t h e  output 
of the  law-pass f i l t e r ,  computed i n  BB, the  low-pass f i l t e r  bandwidth, 

i s  taken f’rom equation E. 3.2 ( 6 ) ,  page E-11, as 

Using a peak-to-rms factor ,  K
P’ 

for the  biomedical data s ignal ,  

t he  mean-squared da ta  signal-to-noise r a t i o  a t  the  output i s  taken 
from equation E. 3.2 (7),page E-11, as 

Cmbining equations (21, (41, ( 6 ) ,  and (71, the  output biomedical 
da ta  signal-to-noise r a t i o  i s  given as 

However, s ince 

equation (8) becomes 

The threshold of the  biomedical data  channels i s  e s s e n t i a l l y  t h a t  
of t he  voice demodulator s ince voice and t h e  biomedical data subcarr iers  
are frequency multiplexed. 



APPFNDIX A 

ANGL;E MODULATION 

A s  explained i n  volume 1 of t h i s  se r ies ,  t he  Apollo lunar communi
cat ion system employs s inusoidal  angle modulation. I n  par t icu lar ,  both 
phase modulation (PM) and frequency modulation (FM) are employed. It 
i s  the  purpose of t h i s  appendix t o  derive usable mathematical models 
for two angle modulated signals.  The first s inusoidal  s igna l  i s  modu
l a t ed  by K s inusoidal  subcarr iers .  The second s igna l  is modulated by 
the sum of K s inusoidal  subcarr iers  plus a rectangular wave, generated 
from a pseudo-random ranging code. 

A.l Basic Considerations 

A s inusoidal  angle modulated s igna l  may be simply represented as 

s ( t )  = A COS $(t) (1) 

where 

A = s igna l  amplitude 

$(t)= time va r i a t ion  of the sinusoid 

If a s igna l  function, f ( t ) ,  i s  t o  be incorporated i n  the  s ignal ,  
two simple methods may be used. For phase modulation, l e t  

$(t)= w c t  f f ( t )  (m ( 2 )  

then 

sPM(t)  = A cos kct + f ( t ) ]  ( 3 )  

I f  w i s  taken as t h e  m o d u l a t e d  f’requency of the  s inusoidal  s ignal
C 

(or c a r r i e r ) ,  then it i s  seen t h a t  the  s igna l  function f ( t )  appears 
d i r e c t l y  i n  the  s igna l  phase. For frequency modulation, l e t  

then 


s,(t) = A  COS w e t  + f ( t )  d tc 4  I 
A-1 




Now, the  instantaneous f'requency of the  s inusoida l  s igna l  may be defined 
as the  time der iva t ive  of the  angle $(t) 

It is seen t h a t  i n  FM, the  s igna l  function f ( t )  appears d i r e c t l y  i n  
the  s igna l  frequency. 

Based on the  preceding equations, one nota t ion  may be used t o  
represent e i t h e r  PM or modulated s ignals .  

as ( t )  = A cos ECt+ ys(t)l (7) 

vs ( t )  i s  the  equivalent phase modulation of t he  s ignal .  I n  terms of 

a s igna l  function f(t), 
fo r  PM: c p s ( t )  = f ( t )  

f o r  FM: c p s ( t )  =J f ( t )  d t  (9) 
t 

Most useful  per iodic  s igna l  functions can be represented as terminated 
Fourier s e r i e s  i n  the  form. 

K 
f ( t)= a0 + c pi cos wi t + bi s i n  W i t  1i=1 

K 
f ( t )  = c 

0 
+ 

i
c=1 ci cos W i t  + ei d  

o r  
K. 7 1 

f ( t )  = d 
0 

I-
i=1 

di s i n  w . t  + viI. _I 

A-2 



... . . 

where 

c and do are constants 
0 7 

J 
For a given s igna l  function, co and do a re  non-time varying and 

convey no information. They w i l l  be deleted f o r  s implif icat ion.  Then 
the s igna l  function may be defined 

where the brackets ind ica te  "either/or".  

For PM we may define 

where 

ATi = peak phase deviat ion due to the  ithcanponent. 

It i s  seen t h a t  the  de f in i t i on  of  equation (15) places no r e s t r i c t i o n s  
on 'pi. For the case where V s ( t )  represents K subcarr iers ,  the 

subcarr iers  themselves may be angle modulated, i n  which case Vi i s  a 

function of time. 
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For FM, we may def ine the  frequency funct ion 

K6 (t) = c AWi COS
S i=1 

where 

AWi = peak radian frequency deviat ion due t o  the ithcomponent 

It i s  seen t h a t  t h e  de f in i t i on  of equation (16) places no r e s t r i c t i o n  
on e.. For the  case where bs ( t )  represents  K subcarr iers ,  the  

1 


subcarr iers  themselves may be angle modulated, i n  which case 8i i s  
a function of time. It i s  d i f f i c u l t  t o  determine, ana ly t ica l ly ,  the  
equivalent phase modulation cp,(t) when 8i i s  a funct ion of t i m e ,  
due t o  the d i f f i c u l t y  of in tegra t ing  the fYequency f’unction. However, 
t h i s  d i f f i c u l t y  does not inval idate  the  concept of representing FM by 
an equivalent phase modulation. 

A.2 The Carr ier  with K Subcarr iers  

This s igna l  may be represented as 

We w i l l  examine first, the PM case. L e t  

K r 1

cp,(t)  = c s i n  pit +- cpd
i=1 

Then 

Equation ( 3 )  has previously been t r ea t ed  by Giacolleto ( . r e f . l ) .  The 
r e s u l t  obtained i s  
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The Bessel funct ion expansions and summing processes leading t o  equa
t i o n  ( 4 )  are unaffected by t h e  t i m e  behavior of 

(pi. 
Therefore, 

equation ( 4 )  i s  v a l i d  f o r  angle  modulated subcar r ie rs .  

The r e s idua l  c a r r i e r  i s  defined as t h a t  term remaining a f te r  modu
l a t i o n  a t  t h e  frequency w of t h e  unmodulated c a r r i e r .  Observation 

C 

of equation (4) shows t h a t  t h e  r e s idua l  c a r r i e r  term of frequency w 
C 

i s  t h a t  term f o r  which a l l  ni are iden t i ca l ly  zero. 

ni E O  ( 5 )  

Then 
K 

s c ( t )  E A 

The FM case may be t reatel  exact ly  only f o r  unmodu-ated subcar r ie rs ,  
where B i  i s  constant.  The case may be t r e a t e d  approximately i f  t h e  

grea tes t  frequency component i n  'i 
i s  much less  than t h e  subcar r ie r  

frequency w i '  The equivalent phase modulation i s  
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The equivalent peak phase deviat ion is  seen t o  be 

Aw, 
ATi =r (9)

i 

Then, the FM s igna l  may be represented as 

Equation (10) holds only with the  r e s t r i c t i o n  on Bi, previously 

mentioned. The Giacolet to  ( r e f .  1) expansion i s  then 

A s  i n  equation (6) the  r e s idua l  c a r r i e r  i s  obtained as 

A . 3  The Carr ie r  with K Subcarr iers  and Range Code 

This sec t ion  extends the  Giacolet to  ( r e f .  1) expansion for  a 
c a r r i e r  which i s  phase modulated by K s inusoidal  subcarr iers  plus a 
square waveform, representing a pseudo-random ranging code. 

The modulated s igna l  i s  represented as 

where ACPr 
i s  the  peak phase deviat ion of the range code on the  ca r r i e r ,  

and c t ( t )  i s  a code waveform, having only the  values +1. It - i s  as

sumed t h a t  t h e  code makes instantaneous t r a n s i t i o n s  between the  + and - 1 
sta t e s .  
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Equation (1)may be expanded as 

NOW 

s i n  Acp, ; c t ( t )  = +10 

i-) 

( 3 )
- s in  0Acp, ; c t ( t )  = -1 

= c t ( t )  s i n  (a ~ p  

and 

Combining equations ( 2 ) ,  ( 3 ) ,  and (4), we obtain 

-
K 

w c t  + C mi s i n  pit + cpi
i=1 

cos (“Pi-) K 
+ 

-c 
t 
(t) s i n  (LY i-) 

1 sin WC-t + C cCpi s i n  pit + cp i$ ( 5 )i=1 
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Equation ( 5 )  contains  two expressions which may be t r e a t e d  with the 
Giocoletto ( r e f .  1) expansion to give 

r K l\ 


Equation (6) w i l l  be used subsequently i n  appendices D and G to obtain 
e x p l i c i t  expressions for detected subcar r ie rs  and range code. A s  i n  
equation A . 2  (12), page A-6, the  residual c a r r i e r  term may be obtained 
as 

K 
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APPENDIX B 

NOISE 

This appendix s e t s  down a l l  the  re la t ionships  f o r  noise which a r e  
used i n  the  remainder of the  document. The governing asswaption s h a l l  
be t h a t  a l l  noise processes encountered a t  the  inputs  of the various 
systems and subsystems s h a l l  be considered as character ized by Gaussian 
s t a t i s t i c s .  That is ,  a l l  input noise wave forms w i l l  be taken as sta
t ionary,  random, Gaussian processes. Since the  t reatments  of Gaussian 
processes and cmbina t ions  of de te rminis t ic  s igna l s  s m e d  with Gaussian 
noise a re  w e l l  documented, only the per t inent  r e s u l t s  w i l l  be s e t  down 
here, along with references t o  the  o r ig ina l  treatments. 

B . l  The Narruw-Band Gaussian Random Process 

A Gaussian noise process which has a s p e c t r a l  width, Af, much l e s s  
than i t s  center  frequency, fc ,  can be expressed i n  a very meaningful, 
useful  form. A sample function of the process w i l l  be represented as 
n ( t ) .  The sample function n ( t )  may be expressed as the  difference of 
two components i n  phase quadrature as i n  reference 2. 

where w i s  the radian center  frequency of the  specrum of n ( t ) .
C 

Bennett ( r e f .  2 )  shows t h a t  x ( t )  and y ( t )  are sample funct ions of 
independent Gaussian processes. Davenport and Root ( r e f .  3) show t h a t  
the possible values of x ( t )  and y ( t )  a r e  determined by Gaussian 
var iab les  x and y, which have expected values, o r  means, of zero, 
and whose variances a re  r e l a t ed  t o  the variance of the o r i g i n a l  sample 
function n ( t )  by 

Moreover, i f  the  narrow-band process i s  character ized by a noise spec t r a l  
density,  'Pn(w) w a t t s  per cycle of bandwidth, the  spec t r a l  d e n s i t i e s  of 

the x and y components are r e l a t e d  as 

where equation ( 3 )  holds regardless  of l imi t a t ions  of bandwiath of the 
o r ig ina l  process (ref. 2). 
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A transformation f r o m  rectangular  t o  polar  coordinates y i e lds  

where p ( t )  i s  iden t i f i ed  as the  "envelope", and cp(t) t he  "phase" of 
n ( t ) .  Both p ( t )  and t p ( t )  are sample funct ions of random processes 
which a re  not  independent ( r e f .  3 ) .  The dens i ty  of t he  random variable  
p i s  Rayleigh, while the dens i ty  of the  random var iab le  (p i s  uniform 
i n  the  range (0, 27~). 

It should be noted that  since spec t r a l  d e n s i t i e s  of time functions 
a re  e i t h e r  Fourier transforms of  au tocorre la t ion  functions or products 
of Fourier transforms with conjugate Fourier transforms, and since the  
o r ig ina l  time flmctions are real, then the  spec t r a l  dens i t i e s  are two-
sided; t h a t  is, the  spec t r a l  d e n s i t i e s  e x i s t  f o r  pos i t ive  and negative 
real frequencies. 

A spec ia l  case of the Gaussian narrow-band process occurs when the  
spec t r a l  density,  @,(W), may be considered, within the  narrow frequency 

region of i n t e r e s t ,  t o  be a constant. That is, f o r  a center  frequency, 
W it may be assumed t h a t  

C' 

2 0; a l l  other W ( 51 
where i s  a constant. The spectrum of mn(w) cons is t s  of two 

square blocks of i n t e n s i t y  I Q n I  and width AW, centered on +w 
C 

and 

- W  respect ively,  as shown i n  Figure B. l -1 .  
C' 

Figure B.l-1.- Input noise spectrum 

Then t h e  l o w  frequency components have spec t r a l  dens i t i e s  

= 0 ; a l l  other  w 
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This spec ia l  case is useful i n  the  treatment of thermally generated 
noise processes. 

B.2 Angle Modulated Carr ier  Plus Noise 

This sec t ion  t r e a t s  t he  sum of an angle modulated (PM or FM) car
rier plus  Gaussian narrow-band noise. It i s  assumed t h a t  the  c a r r i e r  
is  centered i n  t h e  s p e c t r a l  densi ty  of the  noise. The s igna l  i s  repre
sented as 

s ( t )  = A cos f.t + v,(t)] 

where 

A = c a r r i e r  amplitude 

w = c a r r i e r  radian frequency
C 


cps(t)= c a r r i e r  "equivalent" phase modulation as t r ea t ed  i n  
appendix A 

The sum of s igna l  plus  noise is  wr i t t en  as 

where 

n ( t )  = a sample function of a narruw-band Gaussian process 

s(t) + n ( t )  = A  cos Ect + c p , ( t )  1 + x ( t )  cos wCt - y ( t )  s i n  u)Ct 

s ( t )  + n ( t )  = cos q s ( t )  + x ( t q  cos w Ct - [A s i n  ps(t) + y ( t g  sin w Ct 

A transformation t o  	polar coordinates gives 

s ( t )  + n ( t )  = A ( t )  COS ( 5 )  
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where 

A cos V s ( t )  + x ( t )  
cos $(t)= A( t) 

+(t)= a r c  t an  

Equation ( 5 )  shows t h a t  t he  e f f e c t  of  summing Gaussian noise with an 
angle modulated c a r r i e r  can be in te rpre ted  as t h a t  of producing a s ig
n a l  which i s  simultaneously amplitude and angle modulated. It i s  seen 
that the  amplitude or envelope function A ( t )  i s  not negative. 

For the  spec ia l  case of an angle modulated s igna l  embedded i n  
narrow-band white Gaussian noise with a r e l a t i v e l y  high r a t i o  of ca r r i e r 
to-noise, Bennett (ref. 2)  has shown t h a t  equation ( 3 )  and ( 5 )  may be 
wel l  approximated by 

s ( t )  + n ( t )  S A  COS w c t  + 'ps( t )  + A A2 >> y2( t )  (10)1 
Thus, i n  the  low-noise case, addi t ive white band-limited Gaussian noise 
may be considered t o  add a separate "phase" j i t t e r  t o  an angle modulated 
signal.  Where the  approximation holds, the  phase noise may be considered 
t o  be a sm@e function of  a Gaussian process. Thus, for the  spec ia l  
case, the spec t r a l  density,  @ (W), of the  phase noise may be expressed 
as 'p 

or  

where S i s  the  angle modulated c a r r i e r  puwer. 
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B . 3  Transmission of Signal Plus Noise Through 
a Perfect  Band-pass Limiter 

The treatment of  passing a c a r r i e r  plus Gaussian noise through a 
l i m i t e r  i s  complex and has been performed by Davenport ( r e f .  4), Mid
dleton ( r e f .  5 ) ,  and others.  Section H . 3  summarizes some results of 
Davenport s analysis .  

The treatment here w i l l  be more in tu i t i ve ,  drawing on Davenport’s 
r e s u l t s  as needed. Figure B.3-1  shows the  block model. 

s ( t )  Band-pass z ( t )  I dea l  ~ Band-pass - l(t),
f i l t e r  l i m i t e r  f i l t e r  

Figure B.3-1.  - Limiter model. 

The sum of  input s igna l  plus noise i s  taken i n  polar form from 
equation B.2 ( 5 ) ,  page B-3, as 

s ( t )  + n ( t )  = A ( t )  cos I.Ct + $(tq 
The i d e a l  cha rac t e r i s t i c s  of the  l i m i t e r  output V , ( t )  are represented 

i 
as 

v1(t)  = +vL; Z ( t )  > 0 

= -vL; z ( t )  < o ; z ( t )  = s ( t )  + n ( t )  

= 0 ; Z ( t )  = 0 J 
where 

VL = voltage l imi t ing  l e v e l  

The output f i l t e r  of the  l i m i t e r  i s  assumed -0 be a perfec- band-pass 
f i l t e r  having a f l a t  amplitude transmission cha rac t e r i s t i c ,  square f r e 
quency cut-off cha rac t e r i s t i c ,  and f la t  phase transmission cha rac t e r i s t i c  
across the  pass-band. The transmission constant i s  a r b i t r a r i l y  taken as 
unity.  The f i l t e r  pass-band i s  assumed wide enough t o  pass a l l  zonal 
energy associated with the  c a r r i e r  frequency u) and narrow enough t o  

C 
r e j e c t  a l l  other zones. From Davenport ( r e f .  4), t he  t o t a l  power PL 
out o f t h e  band-pass f i l t e r  i s  taken as 
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PL =8pJ ( 3  

The output waveform l(t) i s  taken as 

Jc
l(t)= 42 cos pCt + +(t)l (4)  

A s  i n  equation B. 2 (lo), page B-4, for t he  s p e c i a l  case of narrow-band, 
white Gaussian noise and high carr ier- to-noise  r a t i o ,  equation (4)may 
be approximated as 

vL
l(t) 4-7T cos + cp , ( t )  4- A ; A2 >> y2( t )  ( 5 )  

For t h i s  spec ia l  case, the  phase noise s p e c t r a l  dens i ty  i s  given as 

where 

1 'n 1 = constant value of the  white noise s p e c t r a l  dens i ty  i n t o  the  
limiter 

S = l i m i t e r  input s igna l  power 

Aw = bandwidth of the  input noise s p e c t r a l  densi ty  

B.4 Transmission of Signal Plus Noise Through 
a Per fec t  Product Device 

B.4.1 A Nonprelimited Product Detector 
The product de tec tor  of f igure  B.4.1-1 i s  fed an angle modulated 

s igna l  p lus  narrow-band white Gaussian noise .  The reference s igna l  has 
negative s ine  phase with respect  t o  t h e  angle modulated c a r r i e r .  

- s in  w t 
C 

Figure B.4.1-1.- Nonprelimited product detector  
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IThe product de t ec to r  i s  assumed t o  have some gain constant, K and t o  
cpy

r e j e c t  a l l  except t h e  "d. c. '' or difference terms of the  product. Then 

m ( t )  = -Ki s in  w e t  [s(t) + n ( t q  
cp 

(2 1 
The d i f fe rence  terms a t  the  output a r e  

It i s  seen t h a t  t h e  output funct ion i s  e a s i l y  separable i n t o  a signal 
component, sm (t),and a noise component, nm(t ) ,  as 

nm(t )  = K' yo ( 5 )r p 2  

The output noise s p e c t r a l  dens i ty  i s  given as 

2 

= o  ;a l l  o ther  w (7) 
B.4.2 A Prel imited Product Detector 

The band-pass l i m i t e r  of f i gu re  B.4.2-1 i s  fed an angle modulated 
s igna l  plus  narrow-band Guassian noise and dr ives  a product de tec tor ,  
having gain constant K'cp. 
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The reference s igna l  has negative s ine  phase. 

- s in  W t 
C 

Figure B. 4.2-1. - Prelimited product de tec tor  

From equation B.3 ( 4 ) ,  page R-6, 

JI
l(t)= 4 5 cos pet + c c t q  
where VL i s  voltage l imi t ing  level .  Equation B.2 ( g ) ,  page B-4, de

scr ibes  $(t). Then 

m ( t )  = -K'' s i n  w e t  l(t) (2)  

V K' 
m ( t )  = -4 -fl 's i n  w 

C 
t cos pet + $(ti] (3) 

The "d.c." or difference term i s  given as 

2V K' 
m ( t )  = -' s i n  $(t) ( 4 )

rl 

Prom equation B. 2 (7) page B-5 

For the s-pcial  case of r e l a t i v e l y  high signal-to-noise r a t i o  i n t o  the 
l imi te r ,  the  approximation holds t h a t  

A ( t )  Z A  (6) 
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and 

Where the  approximation holds, the product de tec tor  output i s  separable 
i n t o  s igna l  and noise  components 

2V K’ 
sm(t) = -’ 

fl 
9 s i n  qs( t )  

2v P’ 
n 

m 
( t )= -L -Y ( t )  ( 9 ).rrA 

and t h e  output noise  spec t r a l  densi ty  i s  given as 

= o  ; a l l  other  w 

B.4.3 A Nonprelimited Product Mixer 
For t h e  device shown i n  f igu re  �3.4.3-1, several  conditions a r e  s t a t ed .  

The input t o  t h e  product device, having gain constant K I P ,  i s  an angle 

modulated s igna l  and narrow-band Gaussian noise ,  centered on a radian 
frequency w . The reference s igna l  has negative s ine  phase, a r b i t r a r i l y ,

C 

and i s  of a frequency wd such t h a t  t h e  output spec t ra  of t h e  sum and 

difference terms do not overlap.  The idea l  band-pass f i l t e r  t ransmits  
a l l  energy associated with t h e  d i f fe rence  terms, a r b i t r a r i l y ,  and r e j e c t s  
t he  sum terms. 

6-s in  w t 
C 

Figure B.4.3-1.- Nonprelimited product mixer 
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The band-pass f i l t e r  has an  a r b i t r a r y  gain constant Kf. 

vo(t) = Kfktj	difference 
terms 

+ cp,(t) + x ( t )  i n  (".- wd)t1 
+ y ( t )  cos ("c - "d)t) 

It i s  seen t h a t  the  output function cons is t s  of a s igna l  component and 
a noise component. 
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The output s igna l  a.nd noise functions have the  same form as the  input 
functions, being merely multiplied by constants and t rans la ted  i n  f r e 
quency. Equation (6) can be transformed t o  the  usual recognizable form 
of equation B.l (l), page B-1, by a su i t ab le  r ede f in i t i on  of v a r i a h k s .  
For the  spec ia l  case of white Gaussian noise a t  the  input,  the output 
noise spec t r a l  densi ty  is  given as 

c d ( 7 )  
0 

= o  ; a l l  other w 

It i s  i n t e re s t ing  t o  compute the r a t i o  o f  output c a r r i e r  p w e r  So t o  

tne magriitude of t he  output noise spec t r a l  densi ty  f o r  the  white Gaus
s ian  case 

where 

S = input c a r r i e r  power 

I $( = magnitude of the  input noise spec t r a l  densi ty  

It i s  seen t h a t  t he  r a t i o  i s  constant through a per fec t  product mixer 
and i d e a l  band-pass f i l t e r ,  regardless  of transmission gain constants. 
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APPENDIX c 

PHASE-LOCKED LOOP THEORY 

C . l  A Physical Approach t o  the  Phase-locked Loop 

Figure C.l-1.- Physical loop model 

Figure C . l - 1  shows a model of the phase-locked loop which i s  essen
t i a l l y  a closed loop feedback mul t ip l ie r .  The device cons is t s  of a 

mul t ip l ie r ,  having mul t ip l ica t ion  constant K '
cp' 

a loop f i l t e r ,  of the  

law-pass type, and a voltage control led o s c i l l a t o r  (VCO). The physical 
operation of the loop may bes t  be explored by assuming a noiseless  input 
s ignal ,  s i ( t ) .  

The input s igna l  i s  taken as an angle modulated sinusoid of ampli
tude A, frequency W having "effect ive" phase modulation c p i ( t ) .

C' 

1
s . ( t )  = A COS bCt+ ( P i ( t q  

Without loss  of genera l i ty ,  t he  VCO may be considered t o  produce 
an angle modulated sinusoid of amplitude Av, frequency W

C, 
having an 

e f f ec t ive  phase modulation cp
0
(t),and having negative s ine  phase with 

respect  t o  the  input s ignal .  Assuming negative s ine  phase and a 
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frequency W exac t ly  equal t o  the input s igna l  frequency i s  not  a re-
C 

s t r i c t i o n  on general i ty ,  s ince a term l i n e a r  i n  t and a constant may 
be taken i n  t h e  otherwise unspecified output phase cpo( t ) .  

The output of the  mul t ip l i e r  m ( t )  i s  

It may now be assumed that  the mul t ip l i e r  i s  f u l l y  balanced so 
t h a t  the double f'requency term i s  rejected.  Also, t he  low-pass f i l t e r  
w i l l  not pass double flrequency components. I n  any event, the desired 
low-frequency mul t ip l i e r  output is  given as 

The VCO dr iving function v d ( t )  i s  given as the  time convolution 

of the mul t ip l ie r  s igna l  with the  impulse response function h ( t )  of 
the low-pass f i l ter .  

Assming zero i n i t i a l  conditions a t  t i m e  zero 

W 
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The output phase c p o ( t )  of t h e  VCO i s  proportional t o  the  time 

i n t e g r a l  of t he  dr iv ing  s ignal .  The propor t iona l i ty  constant i s  Kv 

t 
= %Jvd( t )  d t  

0 

Thus 

Equation (9) i s  the  exact nonl inear . in tegra1  equation giving the  
VCO phase response t o  an input phase function. Equation (9) shows t h a t  
the output phase c p o ( t )  responds t o  the  input phase cpi(t), but  the  

equation does not give one an i n t u i t i v e  " fee l"  for the  manner i n  which 
the loop responds. 

Suppose, through some unspecified means, over some i n t e r v a l  of 
time, the output phase approaches and remains near t he  input  phase, say 
within 30". Then the  s ine  function of the input-output phase difference 
i s  very near ly  the  phase difference i tself .  Equation (9) may then be 
rewri t ten,  with good approximation, as 

Equation (10) i s  l i n e a r  and e a s i l y  Laplace transformable. First, assum
ing the integrand i s  w e l l  behaved, the order of in tegra t ion  may be 
changed t o  give 

Defining the  k p l a c e  transform of cp(t) t o  be @ ( s ) ,  equation (11)may 
be transformed t o  
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Now the i n t e g r a l  over 7 of  t he  loop f i l t e r  impulse response i s  simply 
the Laplace transform or the  t r a n s f e r  function of the loop f i l t e r  which 
w i l l  be labeled FL(s). Then 

Qo(S) = (14) 

Next, a gain constant for the  loop i s  defined as 

K =aV&v 
2 

and equation (13) i s  rea.rranged a s  

The form of equation (15) i s  w e l l  known f r o m  the  theory of  servo
mechanisms, representing a l i n e a r  servo loop whose output cp,(t)  i s  

subtracted f r o m  i t s  input v i ( t ) ,  and having a loop gain function 
F,(4

K 
S 
L. The t racking propert ies  of servomechanisms a re  wel l  known and 

wel l  documented (ref. 6). Therefore, once the  VCO phase of a phase-
locked loop i s  brought su f f i c i en t ly  near t he  input phase so  that the 
loop operates l i nea r ly ,  then the loop operates as a l i n e a r  servomechan
i s m  for phase. The loop output phase w i l l  "track" t h e  input phase 
within t h e  dynamic capab i l i t i e s  of the servo as determined by the loop 
f i l t e r  transfer function FL( s )  ; hence, the name "phase-locked loop. 

C . 2  The Linearized Model of  the  Phase-locked Loop 

From t h e  work i n  the  preceding section, it i s  evident t h a t  as long 
as the output phase t r acks  the input phase c lose ly  enough, say within 
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30°, the  loop may be described for phase by l i n e a r  t r a n s f e r  functions. 
Equation C . l  (l?), page C-4, may be wr i t t en  i n  an expanded form f r o m  
which the equivalent l i n e a r  model of the  loop, for phase, may be drawn 
by inspection. 

figure C. 2-1. - Linear loop model 

Inspection of equation (1)and f igure C . 2 - 1  shows t h a t  the multi
p l i e r  has been replaced by a phase subtractor  with gain constant K

cp'
which i s  proportional t o  the  mul t ip l i e r  gain constant K '

cp' 
and the  

amplitudes of the  input s igna l  A and VCO signal %. 

C . 2 . 1  The Closed Loop Transfer Functions 
From t h e  l i n e a r  model of t h e  loop th ree  t r a n s f e r  functions of intere 's t  

may be derived. These th ree  functions r e l a t e  t h e  input s igna l  phase 
Q. ( s )  t o  t h e  output s igna l  phase QO( s )  , t h e  VCO dr iving s igna l  V D ( s ) ,
1 

and t h e  phase e r ro r  s igna l  E(s). 
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KP[l - G(s] 

1 +  yrcpFL 
S 

Equations (l), (2), and ( 3 )  hold for  any loop f i l t e r .  They may be 
special ized f o r  the usual loop f i l t e r  t r a n s f e r  funct ion which has one 
each, r ea l ,  f i n i t e  transmission zero, and pole. 

where 

Kf = f i l t e r  constant, a dimensionless number 

The closed loop t r a n s f e r  function may now be wr i t t en  as 

s - z
G ( s )  = Iv(tpKf 2i. + s(!%%Kf - 4 - KJCciKfZ 

( 5 )  

A t o t a l  gain constant K may nuw be defined as 

The three t r a n s f e r  functions may be rewr i t ten  as 

Is - z
G ( s )  = K ( 7 )

+ s ( K  - p) - Kz 
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V D W  s(s - 2) 


m,o = K6f[s2 -f- s ( K  - p)  - KzI ( 9 )  

1 


It i s  seen tha t  the denominators o f t h e  t r a n s f e r  functions a re  of 
-the form 

D(s) = s2 + 2 5 W n s  + wn2 E s2 + s ( K  - p) - Kz (10) 

where 

A valid approximation f o r  most second order loops i s  that 

K>> - p (121 

t h e n  

and 

n 
21-25 


It is informative t o  d r a w  t h e  asymptotic Bode diagrams of the 
steady state t r a n s f e r  functions.  It should be understood tha t  these 
diagrams are val id  only so long as the loop is  locked and is  operating 
l inear ly .  The diagrams apply only t o  periodic input phase functions.  
There are c e r t a i n  aper iodic  phase functions which w i l l  cause t h e  loop 
t o  become nonlinear and to unlock. These functions w i l l  be examined 
i n  a following sect ion.  



I 

ab I 

I 

a. 

( ' IPI 
I I 
I 
I 

b. 
c 

C. 

C 


a. 
C 

Figure C. 2.1-1. - Asymptotic Bode p l o t s  of t r a n s f e r  functions 



C.2.2 Modulation Tracking Error 
It has been s t a t e d  tha t  t h e  l i n e a r  treatment of t h e  phase-lock loop 

i s  v a l i d  only so long as t h e  instantaneous e r r o r  between input phase 
p i ( t )  and output phase p 

0 
( t )  remains small; say l e s s  than 30°. T h i s  

sect ion examines t h e  e f f e c t s  of ce r t a in  input s igna l  phase functions on 
t h e  e r r o r  function. 

e ( t )  = vi ( t )  - cpo(t) (1) 

Although t h i s  e r r o r  ana lys i s  i s  l i nea r ,  while t he  very e r r o r  it attempts 
to analyze causes the  loop t o  become nonlinear,  s t i l l ,  the results are 
usefu l  f o r  inference of the  loop operation. The ana lys i s  w i l l  be car r ied  
through by evaluat ing t h e  inverse Laplace transform of the  e r r o r  function 
f o r  each of four  input  phase s ignals .  The input  s igna l s  and correspond
ing Laplace transforms are given i n  t a b l e  C.2.2-I. 

~ . 

Case 

1 


2 K2-
2

S 


3 2 53 
S 


K K K w
4 U ( t )  C K~ s i n  w n t  c n n  

n = l  n= l  s2 + w 2 
n 

... 

TABLE C.2.2-I INPUT FUNCTIONS 

U ( t )  i s  the  un i t  s t e p  function, as defined as 

u ( t )  = 1 ; t 2 0 

= O ; t < O  

Case 1 is  a phase s t e p  input of amplitude K1 radians.  Case 2 i s  a 

phase ramp input  with slope K2 radians/second. Case 3 i s  a phase 

acce lera t ion  with acce lera t ion  5 radians/second 
2 . Case 4 i s  a sm

mation of s ine  waves having amplitudes Kn and frequencies u)n' 
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The e r ro r  function t o  be t rea ted  i s  given as 

E(s) = mi(s) - B0(s) E 
K S(S - P)  

G i b )  ( 3 )  

Case 1: 

K1 
= -

S 

Icp( s  - PI 
(3)E(s) = K K  

s2 + s (k  - p) - Kz 

where  1 

4 = t an-1 
- 4 - h K z  - (K - I 

( 5 )  

It i s  seen t h a t  there  i s  no steady-state error ,  only a t ransient .  The 
peak t rans ien t  e r ror  may be found by se t t ing  the  f irst  derivative of 
e ( t )  t o  zero. 

Case 2: 

K2 
= 2 

s 

K2KP(s - P )
E(s) = 

[s s2 i-s(K - p )  - Kz] ( 3 )  
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where 

It i s  seen t h a t  t h e r e  i s  a t r a n s i e n t  e r r o r  and also a steady-state e r ro r  
which i s  dependent on t h e  pole  frequency p of t h e  loop f i l t e r .  T h i s  
steady-state e r r o r  i s  general ly  s m a l l  enough t o  be neglected. 

Case 3: 

2 K  K
E ( s )  = 3 @  

( s  - p )  
( 3 )

s 2 L 2  + s ( K  - p )  - Kz] 
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where 

JI = 2 tan-' - t a n-1 
K - p  K + P  

It i s  seen t h a t  t he re  i s  a t r ans i en t  e r r o r ,  a s teady-state  e r r o r  which i s  
an increasing function of t ime, dependent on t h e  pole frequency, and 
two constant steady-state e r r o r s ,  one dependent on t h e  pole frequency. 

Case 4: 

K 
c p . ( t )  = U ( t )  c Kn s in  Writ 
I n=l  

K K K (U S ( S  - p) 
E ( s )  = C n c p n  

n=l  [I.' + on'] [s2 + S(K - p) - ~4 

K 
e ( t )  = C 

n=l  
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where 

-

- t a n  4 
- (K - p ) 2  + w + Kz n -

It i s  seen t h a t  t h e r e  i s  a t r a n s i e n t  e r ro r  and a l s o  a s teady-state  
e r ro r  which i s  a sum of s inusoids  having frequencies t h e  same as t h e  
input s inusoids ,  and amplitudes and phases which a r e  dependent on 
s inusoid frequency and loop parameters. The steady-state peak e r ro r  
i n  radians may be seen t o  be 

K AVi 

e 	 c .  ( 7 )
pk i=l 

wi wi 

K AY, 


2w
i 

C.2.3 Loop Phase Noise 
I n  t h e  following sec t ions  it w i l l  be necessary t o  be ab le  t o  r e l a t e  

t h e  phase noise  or " j i t t e r "  of t h e  VCO s igna l  t o  t h e  noise  accompanying 
t h e  input s igna l .  If t h e  input phase noise  i s  character ized as being 

Gaussian and has a f l a t  s p e c t r a l  densi ty  with value IO ,p I ,  then t h e  

variance 
IS: 

or mean squared value of t h e  VCO phase noise  may be 

wr i t t en  as t h e  product of t h e  input spec t r a l  densi ty  t i m e s  t h e  "closed
loop equivalent no ise  bandwidth" %, For two-sided spec t r a l  dens i t i e s  
w e  may w r i t e  
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The closed-loop equivalent noise bandwidth may be cmputed i n  terms of 
general  loop parameters, using the  loop t r a n s f e r  function of equation 
C.2.1 ( 7 ) ,  page C-6, and the  method of appendix H-1. 

mob) G(s) = K(s - Z )

"= 
1 s2 + s ( K  - p)  - Kz 

where 

Then, 

It i s  seen that the  only poles i n  the lef't  half plane a r e  a t  s = A 
and s = B, respect ively.  Define 

The residue a t  s = A i s  given a s  

The residue at s = B i s  given as 
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The sum of t h e  res idues  i n  the  l e f t  half plane i s  given as 

Subs t i t u t ing  and reducing, we  have 

For t h i s  loop the  l a w  frequency gain i s  taken as reference 

Then 

2A% = TCK [s] 
o r  

X K  

2% = 2  [e] 

For the a l t e r n a t e  notation, 
u)nK = 2 5 w  

n ' =-Z 

2BN = 2 + 4 5 7  

C.2.4 Threshold Predic t ion  
A phase-lock loop i s  usefu l  only when it i s  locked. A phase-locked 

loop which i s  operating a t  a high input signal-to-noise r a t i o  w i l l  
remain locked most of t h e  time. A s  t h e  input signal-to-noise r a t i o  i s  
lowered t h e  loop w i l l  break lock more frequently,  but w i l l  regain lock 
i f  t h e  signal-to-noise r a t i o  i s  not t o o  low. 
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Perhaps the  simplest  way t o  t r e a t  threshold i s  t o  def ine the loop 
as operating above threshold i f  it i s  i n  lock a ce r t a in  average percent 
of the time and define it as below threshold i f  it i s  i n  lock less than 
the required percent of time. I n  t h i s  manner loop threshold i s  r a t h e r  
subjective and i s  dependent on the  loop's use, which def ines  the thresh
old i n  lock time percentage. 

The ana ly t i ca l  methods and assumptions by which the  s ignal ,  noise, 
and loop parameters a r e  r e l a t ed  t o  the  percent inlock time have provided 
a f e r t i l e  f i e l d  f o r  analysis .  Martin (ref. 7) defined a "pract ical"  
"absolute" threshold,  predictable  from a l i n e a r  loop model, which w a s  
reasonably substant ia ted by laboratory t es t  data.  Later  work by Develet 
( r e f .  8) t r e a t e d  threshold with nonlinear loop models. 

It i s  the  purpose of t h i s  sect ion t o  set down the  simplest method 
of loop treatment which w i l l  y ie ld  r e s u l t s  of t o l e rab le  accuracy. The 
simplest method i s  t o  define the  conditions under which the  l i n e a r  loop 
model i s  va l id  and then use the  l i n e a r  model t o  i n f e r  the nonlinear 
threshold propert ies  of the loop. 

An assumption which highly s impl i f ies  the  ana lys i s  i s  t h a t  t he  phase 
component of t h e  input s igna l  i s  separable i n t o  a d i s t i n c t  s igna l  term 
and a d i s t i n c t  noise term. A second simplifying assumption i s  t h a t  the 
phase noise term represents  a Gaussian noise process having a f l a t  spec
t r a l  density.  With these two assumptions the  modulation t racking e r r o r  
of  the loop i n  response t o  the input s igna l  phase term and the  VCO phase 
j i t t e r  i n  response t o  the input phase noise term may be e a s i l y  deter
mined by the methods set f o r t h  i n  sect ions C.2.2 and C.2.3. 

Wi'ih a knowledge of the modulation t racking e r r o r ,  and espec ia l ly  
the peak t racking e r r o r  em i n  radians,  and a knowledge of the standard 

deviation 0 of the  VCO phase noise i n  radians,  Mar t in ' s  ( re f .  7)
cp

threshold c r i t e r i o n  may be employed. It i s  given a n  

where x i s  a peak f ac to r  or confidence f a c t o r  for the  VCO phase noise. 

The s ignif icance of the  number E may be seen by observation of
2 

equation C . l  (91,page C-3, t he  nonlinear equation giving the  loop re
sponse t o  input phase. Suppose i n i t i a l l y  both cp.(t) and cpo(t) are

1 


i den t i ca l ly  zero. Suppose 'pi ( t) increases  pos i t i ve ly  from zero. Then, 

according t o  equation (9) c p o ( t )  w i l l  increase pos i t i ve ly  t o  t rack  

cpi(t). This t racking i s  caused by the  e r r o r  function s i n  ki(t) - To(%], 
increasing as Y i ( t )  separates  i n  value from cp,(t). However, i f  

T i ( t )  separates  from cp,(t) r ap id ly  enough s o  t h a t  t h e  instantaneous 
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JIvalue of  c p i ( t )  - cpo(t) exceeds -2 radians, then the  e r r o r  function 

s i n  F i ( t )  - cpo(t] w i l l  decrease with increasing phase e r r o r  and 

T o ( t )  w i l l  not t r ack  c p i ( t ) .  I n  other words, i f  the  instantaneous value 
JIof T i ( t )  - c p o ( t )  exceeds -2 f o r  a loop which i s  i n i t i a l l y  locked, t h e  

loop w i l l  break lock. 

Given a peak t racking e r r o r  emy then the  s t a t i s t i c a l  probababili ty 

o f - t h e  loop breaking lock i s  implied by equation (1)above. For Gaussian 
phase j i t t e r  the  probabi l i ty  of t he  loop breaking lock a t  the  time of 
peak t racking e r r o r  em may be determined. I n  p robab i l i s t i c  notation, 

the  probabi l i ty  t h a t  t he  locked loop loses lock i s  given by 

where 

Hx(x) = normal d i s t r i b u t i o n  function. 

I n  terms of t he  e r r o r  function, which i s  tabulated,  we have 

L 

Equations (3) and ( 4 )  show that given a t racking e r r o r  em’ the  

standard deviat ion u of the  VCO phase j i t t e r  uniquely determines the  
cp 

probabi l i ty  of loss  of lock. Given a required probabi l i ty  of l o s s  of 
lock, the confidence value x may be obtained frm t a b l e s  of t he  e r r o r  
function. 

Table C.2.4-I gives t h e  values of x corresponding t o  l o s s  of lock 
p robab i l i t i e s  f o r  f i v e  cases.  

TABLE C .2.4-1. - CONFIDENCE VALUES VERSUS LOSS-LOCK PROBABILITIES 
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I n  sect ions C . 4  and C . 3  t o  folluw, de t a i l ed  threshold r e l a t i o n s  
w i l l  be derived f o r  two spec ia l  cases of phase-locked loops, r e l a t i e  
the probabi l i ty  of loss  of lock t o  t h e  input signal-to-noise r a t i o .  

C.3 Signal and Noise Charac te r i s t ics  of 
Prelimited Phase-Locked Loops 

The remainder of appendix C w i l l  be r e s t r i c t e d  t o  phase-locked 
loops preceeded by an i d e a l  band-pass l imi te r .  The model i s  given i n  
f igure C.3-1 .  

CP I 

S & t )  I d e a l  
5 band-pass 

m ( t )  * Loop 

n i ( t l o  l i m i t e r  f i l t e r  

-~

vco < 

Figure C. 3-1. - Prelimited phase-locked loop 

The input  s igna l  s i ( t )  i s  taken as an i d e a l  angle modulated 
& 

s igna l  from equation A.l (7),page A-2. 

The noise i s  taken i n  the  form of equation B . l  (l), page B-1, as a 
sample function of a Gaussian process, with a f la t  spec t r a l  dens i ty  
band-limited t o  the  input bandwidth of t he  limiter. 

n i ( t )  = x ( t )  cos w 
C 
t - y ( t )  s i n  w e t  (2 1 

The l i m i t e r  output function i s  taken from equation B.3 (4), page �3-6, as 
TT 
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where, from equation B .2  ( 9 ) ,  page B-4, 

For high signal-to-noise r a t i o  (SNR) i n t o  the  l i m i t e r  t he  output 
function i s  approximated, from equation B.3 ( 5 ) ,  page B-6, as 

l(t) = 4-
vL 

cos W C t  + c p p + a1 ( 5 )fl 1 A 

For high input SNR i n t o  the  l imi t e r ,  i t . i s  seen from equation ( 5 )  t h a t  
t h e  input s igna l  phase function t o  the phase-locked loop i s  cps(t). 
A l s o ,  frm equation B. 2 (ll), page B-5, the  phase noise spec t r a l  densi ty  
a t  t he  input t o  the  loop i s  

where 

AW = 27tBi (7) 

i s  the constant value of the  f l a t  noise spec t r a l  dens i ty  i n t o  the 

l i m i t e r  and B
i 

i s  the  l i m i t e r  input bandwidth. 

C . 3 . 1  Limiter Effects  on Loop Parameters 
Section H . 3 ,  page H-9, which i s  based on Davenport 's(ref.4) work, 

d iscloses  a property of band-pass l imi t e r s  which a f f e c t s  t h e  parameters 
of a l i m i t e r  driven phase-locked loop. A t  l o w  l i m i t e r  SNR t h e  amplitude 
of t h e  sinusoid feeding t h e  phase-locked loop i s  suppressed by a f ac to r  

L f r o m  i t s  value a t  high l i m i t e r  SNR. Martin 's  ( r e f .  7 )  approximation 

t o  ciL i s  reproduced here from equation H.3(3), page H-11 

where 

121= l i m i t e r  input noise-to-signal r a t i o  
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Equation C . 2  (2), page C-3 ,  shows t h a t  the  phase subtractor  con
s t a n t  K i s  proportional t o  the  amplitude of t he  sinusoid feeding the  

cp
phase-locked loop. When the  l i m i t e r  suppresses the  sinusoid, it a l s o  
suppresses K by the  same fac to r  y. The value of K which i s  sup

'p cp
pressed by the  limiter ac t ion  w i l l  .be denoted by K . 

'a 
then 

K = a K  
'pa LcP 

The loop parameters derived i n  sec t ion  C . 2 . 1  and C . 2 . 3  may be 
modified for l i m i t e r  suppression. Since t h e  phase subt rac tor  gain i s  
reduced, s o  i s  the loop gain K. If K i s  understood t o  be the  max
imum loop gain for no limiter suppression, then the modified gain i s  

K a = % K  ( 3 )  

and 

It should be noted t h a t  the  t racking e r r o r  of the loop changes i n  a 
l i k e  manner. The e r r o r s  f o r  pa r t i cu la r  modulations and pa r t i cu la r  
alphas may be evaluated through use of the  expressions of sec t ion  C . 2 . 2 .  

C . 4  Modulation Rest r ic t ive  Loop 

This sect ion w i l l  consider the  threshold treatment of a spec ia l  
type of loop known as "modulation r e s t r i c t i v e " .  This type loop is  used 
t o  t r ack  an m o d u l a t e d  s inusoidal  c a r r i e r  or the  res idua l  c a r r i e r  com
ponent of a narrow-phase modulated s ignal .  It i s  assumed t h a t  by s u i t 
able  input f i l t e r i n g  and proper signal design, a modulation r e s t r i c t i v e  
loop w i l l  see l i t t l e  or  no s igna l  modulation and w i l l  operate with 
negl igible  modulation e r r o r  em except for t h a t  error caused by Doppler 

e f f ec t .  
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The following treatment w i l l  be f o r  the spec ia l  case of zero Doppler 
e f f ec t .  If Doppler e f f e c t  cannot be neglected, loop threshold may be 
t r ea t ed  easily using the results of sect ion C.2 .4 .  

Several  assumptions are made. First, t h e  l i m i t e r  bandwidth i s  
taken t o  be much wider than the  loop equivalent noise bandwidth. Second, 
the s t a t i s t i c s  of the  phase noise process passing from the  limiter i n t o  
the  loop are assumed t o  be approximately Gaussian f o r  any l i m i t e r  SNR. 
The e f f e c t  of l i m i t e r  suppression i s  included i n  the determination of 
the  closed loop noise bandwidth BN. 

For t h i s  spec ia l  case, the  threshold defining equation C . 2 . 4  (l), 
page c-16, spec ia l izes  t o  

where the  equa l i ty  def ines  the threshold VCO phase j i t t e r .  Dividing 
equation (1)by x and squaring, 

From equation C . 2 . 3  (11,page C-14, 

f i o m  equation c.3 (61, page C-19, 

and 

But the  quant i ty  on t h e  right-hand s ide  of equation ( 5 )  is  i d e n t i c a l l y  
the noise-to-signal r a t i o  i n t o  the  limiter, computed i n  t h e  loop noise 
bandwidth BN. 
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then 

and 

Thus, the  limiter input  SNR, taken i n  the  loop noise bandwidth, has 
been r e l a t e d  t o  the confidence value x. F'rom t h e  results of t a b l e  
C. 2.4-1, page C-171, t he  required SNR may be tabulated f o r  various 
p robab i l i t i e s  of loss of phase-lock. These are as follows; 

7.47db 8.62db 

TABU C. 4-1. - INPUT SNR VERSUS LOSS-LOCKPROBABILITIES 

It should be noted t h a t  when making computations involving %, 
t he  value of BN used should be t h a t  value a c t u a l l y  produced by the  

limiter input SNR. The ca lcu la t ion  of BN i s  t r ea t ed  i n  the  following 
sec tion. 

C.4.1 Loop Noise Bandwidth Above Threshold 
For a prekimited modulation r e s t r i c t i v e  phase-locked loop which 

has been optimized ( f o r  threshold)  a t  some p a r t i c u l a r  loop signal-to-noise 
r a t i o ,  it i s  necessary t o  be able  t o  determine t h e  e f f ec t ive  loop noise 
bandwidth f o r  signal-to-noise r a t i o s  above threshold.  The usual  assumptions 
a r e  made t h a t  t h e  loop i s  locked, fed by an i d e a l  l i m i t e r ,  an unmodulated 
sinusoid,  and white band-limited Gaussian noise .  From equation C.2.3 (15), 
page C-15, t h e  t w o  sided closed loop noise  bandwidth i s  taken as 

where 

K = open loop gain 
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z = loop f i l t e r  zero frequency 

p = loop f i l t e r  pole frequency 
Resul ts  w i l l  be obtained for a spec ia l  case which represents  a wide 
c l a s s  of loops. The loop f i l t e r  parameters w i l l  be set such that 

] P I  <<K 

5 = 0.707 

where 

5 = loop damping f ac to r  

then 

Az = z  -= KO 
0 2 

= ao% 

where 

a = limiter signal voltage suppression f a c t o r  

% = maximum o r  high s igna l  value of loop gain 

0 
= conditions a t  t h e  loop design threshold 

Then 

Now the  threshold loop noise bandwidth occurs f o r  a E a so that
0’ 

2BN = 3 a~ % 
0 

The r a t i o  of bandwidth for any a t o  threshold bandwidth i s  

This result i s  given by Martin (ref. 7). 

( 3 )  

( 5 )  
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Using Mar t in ' s  ( r e f .  7) approximation t o  a as a function of 
limiter input  signal-to-noise r a t i o ,  we have 

1 
a s  

or 


then 

2BN 1 + 1 -= 

2% 
0 

L I 
( 7 )  

(9) 

A r e l a t e d  problem i s  t h a t  of determining the  loop signal-to-noise r a t i o  
a t  which a loop w a s  optimized, given a p l o t  of loop bandwidth versus input 
s igna l .  It i s  e a s i l y  determinable t h a t  

where 

= strong s igna l  value of  loop noise bandwidth 
BNH 

C .  5 P r e f i l t e r e d  Modulation Tracking Loops 

This  sect ion will consider t h e  threshold treatment of a spec ia l  
type of loop known as "p re f i l t e r ed  modulation t racking."  This type of 
loop i s  used t o  demodulate angle modulated s inusoidal  c a r r i e r s .  For 
some types of s igna l  modulations it i s  poss ib le  t o  reduce peak modula
t i o n  t racking  e r ro r  e m t o  a very s m a l l  value by making the loop 
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na tu ra l  resonant frequency wn very la rge  compared t o  t h e  highest  

modulating fkequency. Simultaneously, t o  reduce the transmission of 
phase noise or j i t t e r  through the  loop, t he  input s igna l  plus  noise 
may be processed through a sharp cut-off band-pass f i l t e r  having a 
bandwidth j u s t  wide enough t o  pass the  modulated s ignal .  For high in
put signal-to-noise r a t i o s  and l inear  loop operation, the  bandwidth of 
the equivalent phase noise w i l l  be ha l f  the  input bandwidth. For mod
ula t ion  indices  not  t oo  large,  the bandwidth of t he  phase noise w i l l  
form, e s sen t i a l ly ,  t he  closed loop noise bandwidth. Such a modulation 
t racking loop i s  ca l led  a p re f i l t e r ed  loop. 

Assuming t h e  loop na tu ra l  fkequency w n i s  much l a r g e r  than the  

highest  modulation f’requency, t he  peak modulation t racking erroP be
comes negl ig ib ly  small. The threshold def ining equation f o r  t he  pre
f i l t e r e d  modulation t racking loop then becomes the  same as f o r  the  
modulation r e s t r i c t i v e  loop, since again em approaches zero. 

3T xu = 
c p 2  

then 
2.2=k] 
cp 

Due t o  the p r e f i l t e r i n g  and the  assumption t h a t  t h e  input bandwidth i s  
much less than the  loop Wn’ the  e f f ec t ive  noise bandwidth of t h e  phase 

noise i s  ha l f  the  input bandwidth o r  2’ Then, from equation C.2.3 (l), 
page C-14 ,  

rum equation c.3 (61,page ~ - 1 9 . ~  

and 
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then 

where 

= noise-to-signal r a t i o  i n t o  the  l imi t e r ,  computed i n  the  
l i m i t e r  bandwidth Bi 

then 

From the  r e s u l t s  of t ab le  C.2.4-I, page C-19,  t h e  required SNk i n t o  
the limiter may be tabulated f o r  various p r o b a b i l i t i e s  of loss  of 
phase-lock. These a re  given as follows: 

.- .. . . 

10-3 I O - ~  10-7 
... -. - . - - . - - ... . . 

2.91ab 4.47db 5.62db 

TABLE c.5-I.- INPUT SNR VERSUS LOSS-LOCK PROBABILITIES 

It i s  seen t h a t  f o r  the  lower p robab i l i t i e s  the  l i m i t e r  input SNR 
i s  l o w  enough t o  v io l a t e  the assumption of high S m  which w a s  used t o  
obtain the  phase noise spec t r a l  density. Therefore, care should be 
exercised i n  applying the  r e s u l t s  of t ab le  I f o r  the lower SNR. 
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APPEN3IX D 

PRODUCT DEMODULA!IT ON 

D . l  Linear Product Demodulator 

Figure D.1-1 shows the  configuration of a prod1 z t  demodulator, use' 
t o  coherently de tec t  phase modulation. This i s  t h e  product de tec tor  of 
sec t ion  B.4.1, page 13-6, followed by an idea l  output f i l t e r .  

I s o woutput1 * f i l t e r  -
n o wBO 

- s i n  w t 
C 

Figure D. 1-1.- Demodulator configuration 

The output f i l t e r  i s  defined t o  be e i t h e r  law-pass or band-pass, with 
f la t  uni ty  amplitude and phase transmission cha rac t e r i s t i c s ,  square 
frequency cut-off cha rac t e r i s t i c s ,  and transmission bandwidth of B0 cps. 

The input  s igna l  and noise are taken i n  the  usual forms as 

where 

si( t)  = angle modulated s igna l  with equivalent phase modulation V s ( t )  

n i ( t )  = sample function of a random Gaussian process 
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n . ( t )  i s  fu r the r  defined as white and band-limited t o  R cps.
1 

The noise power spec t r a l  densi ty  at t he  mul t ip l i e r  output i s  g l1 ven 
from equation B.4.1 (7),page B-7, as 

2 

= o  ; a l l  other values of W ( 3 )  

where 

I@-- 1 = constant value o f  the  input noise spec t r a l  densi ty  @-- ( w )
LIi 

The s igna l  component, f'rom equation B. 4 . 1  ( 4 ) ,  page B-7, i s  

K' 

2s m (t)= .-Y A s i n  cps(t) (4) 

Equation ( 4 )  will be subsequently t rea ted  for spec i f i c  signal types. 

D . 1 . 1  Detection of Sinusoidal Subcarriers 
This sect ion t r e a t s  demodulation of a c a r r i e r  which i s  phase modu

l a t e d  by t h e  sum of a pseudo-random range code plus  K subcarr iers .  
The model of f igure  D.l-1 appl ies .  

The input s igna l  i s  taken In  usual form as 

K 
s . ( t )  = A cos + Acprct(t) + c ncpi s i n  ( W i t  + cpi1 i=1 


the mul t ip l i e r  output i s  

2 K 
m ( t )  SK'c p 2A s i n  + c .AV, s i n  pit + cpii=l 

Expanding equation (2 )  and applying the  i d e n t i t i e s  of' equations A . 3  ( 3 )  
and A . 3  (41, page A-7, w e  obtain 
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The first term of equation ( 3 )  i s  a funct ion of t he  subcar r ie rs  m u l t i 
p l ied  by the  range code and i n t e r f e r e s  with the  desired s igna l  which 
i s  the second term of equation (3). 

Then, the  desired mul t ip l i e r  term i s  

Using the  Giacolet to  expansion ( r e f .  1) 

I m m K 

L 

-
K 


s i n  

Frm equation ( 5 )  the  jth detected subcar r ie r  terms, the first order 
terms having frequency w3' may be obtained by s e t t i n g  

ni = O  ; i # j  
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then, for n i  = +1 

NOW 


and 

J (x )  = ( - l l n  Jn(x)-n 

then 

K 


m . ( t )  = K'A cos (ATr) J1 (ATj) [.o(ACPd s i n  (mjt + CPj) (11)
J CP i=1 

i # j  

A s  i n  appendix A, equation (11)holds whether or not  the individual 
subcar r ie rs  are, themselves, angle modulated. 

The output s igna l  f'rom the  output f i l t e r  i s  

K 


D . 1 . 2  Detection of Arbi t rary Baseband Modulation 
This sec t ion  t r e a t s  baseband modulation which i s  not a sinusoid o r  

sum of s inusoids .  The most workable method i s  t o  descr ibe t h e  a r b i t r a r y  
function by i t s  peak phase deviat ion and by an empir ical ly  determined 
peak t o  r m s  r a t i o ,  o r  form fac to r .  
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The m o d e l  of f igure  D . l - 1  applies.  The input  s igna l  i s  taken as 

si(t) = A 

where now c p s ( t )  i s  a baseband signal, having peak phase deviation Acp, -
The output s igna l  f'rm the  output f i l t e r  i s  

K' s o w  = 2 A s i n  c p s ( t )  (2 )  

The peak squared output s igna l  i s  

It i s  noted t h a t  f o r  the  output s ignal  t o  be a l i n e a r  r ep l i ca  o f  
the  phase modulation, AT, must be l e s s  than about 30". If l i n e a r i t y  

i s  not of g rea t  consideration, as for clipped speech, ATp may be 
increased. I n  no case may ATp be grea te r  than 90". Residual c a r r i e r  

suppression considerations w i l l  generally l i m i t  ATp t o  less than 90". 

It i s  des i rab le  t o  place a bound on the  res idua l  c a r r i e r  remaining 
a f t e r  modulation since general ly  the demodulator reference s igna l  i s  de
r ived from the res idua l  c a r r i e r .  For square wave modulation the r e m i n 
ing c a r r i e r  i s  given by the  l imi t ing  case of equation A . 3  (7),page A-8, 
for ATi i d e n t i c a l l y  zero, as 

sC ( t)  = A  cos (ATp) cos (4) 

Likewise, f o r  s inusoidal  modulation, where ATr i s  i d e n t i c a l l y  zero, 
t he  res idua l  c a r r i e r  i s  

s,(t) = A Jo (ATp) cos u) t 
C 

For the sake of simple analysis ,  it i s  assumed t h a t  for a r b i t r a r y  base
band narrow deviat ion modulation of peak deviat ion &JP, t he  res idua l  

c a r r i e r  term i s  bounded by equations (4)  and ( 5 ) .  
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D.l.3 Noise Charac te r i s t ics  
The noise spectrum out of the  mul t ip l ie r  i s  f l a t  within the  l i m i t s  

s e t  by the input  bandwidth B. Therefore, t he  bandwidths Bo of the  

low-pass o r  band-pass f i l t e r s  a re  the  equivalent noise bandwidths at 
the  output.  

The output noise  powers f o r  both the  band-pass and low-pass cases 
a re  given by 

N =  
0 


where 

= f l a t  amplitude of the  input white noise spectrum 
jmnil 

D.1.4 Output Signal-to-noise Ratios 
The r e s u l t s  of the  p r i o r  th ree  sect ions may now be in tegra ted  t o  

give output signal-to-noise r a t i o s  f o r  coherent demodulation of both 
subcarr iers  and a r b i t r a r y  baseband modulation. 

D.1.4.1 Subcarrier and band-pass f i l t e r . - The signal-to-noise r a t i o  

out of the  i d e a l  band-pass f i l t e r  Bo cycles wide, fo r  the  jth sub-

c a r r i e r  s igna l  may now be determined. 

&om equation D.l.l (12), page D-4, t he  output s igna l  for the  j t h  
subcar r ie r  i s  

i f j  

The output s igna l  power i s  then 

h r r  K 

i # j  
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From equation D. 1.3 (2) ,  page D-6, the output noise power i s  

2-- 1 

N = ( 3 )  

The output signal-to-noise r a t i o  i s  then 

The quant i ty  i n  brackets  i s  seen t o  be the t o t a l  input signal-to-noise 
r a t i o  computed i n  a physical  bandwidth B

0' 
Then 

BO
i # j  

A s  i n  appendix A, equation (6)  holds, whether or not t he  subcar r ie rs  a re ,  
themselves, angle modulated. 

D. 1 .4 .2  Baseband modulation and low-pass f i l t e r . - Proceeding as 
i n  the previous sect ion,  the  peak squared output s igna l  i s  taken fYom 
equation D . 1 . 2  ( 3 ) ,  page D-5, as 
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Again, from equation D. 1.3 ( 2 ) ,  page D-6, t he  output noise power i s  

2 
KI
-2


No - 2 I % /  2Bo 

The peak squared s igna l  to mean-squared noise r a t i o  i s  then 

2 
= sin (*'p) (4) 

NO 

The bracketed quant i ty  i s  seen t o  be the  t o t a l  input signal-to-noise 
r a t i o  computed i n  a physical bandwidth Bo. Then 

0 

If there  e x i s t s  a f ac to r  
Kp 

r e l a t i n g  the peak t o  rms signal  voltage 

such t h a t  

S 
o r . m . s  

= K  
p 

s 
o peak 

(6) 

then the  r a t i o  of mean squared s igna l  So to mean squared noise No 
may be wr i t ten  
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D.2 Prelimited Product Demodulators 


Results similar to those in the preceding section are obtained for 
a product demodulator preceded by a hard band-pass limiter. The con
figuration is shown in figure D.2-I. This is the detector of sec
tion �3.4.2, page B-7, followed by an ideal output filter 

Figure D.2-1.- Demodulator configuration 


The ideal output filter has the same characteristics as in D . 1 ,  
page D-1. 

The input signal and noise are taken in the usual form as 


s.(t) = A cos [wct + cps(t)11 

where the signal and noise characteristics are the same as in D.l, 
page D-1. 

For a high input signal-to-noise ratio into the limiter of, say, 
10 db, the multiplier signal may be taken from equation B . 4 . 2  (7), 
page B-9, as approximately 

For high input signal-to-noise ratios, equation (3) gives output 

signal-to-noise ratios identical to those for no prelimiting. However, 

for decreasing input signal-to-noise ratios, limiter effects become 

pronounced. 


Lacking a useful rigorous treatment, the following rough approx

imation will be made, which highly simplifies the analysis. The 
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mult ip l ie r  output m ( t )  will be approximated f o r  a l l  input signal-to
noise r a t i o s  by 

where 

a
S 

= l i m i t e r  s igna l  suppression fac-;;or. 

Martin 's  ( r e f .  7) approximation f o r  aS w i l l  be used. 

where 

= l i m i t e r  input signal-to-noise r a t i o  i n  the  l i m i t e r  band
width BL. 

It remains t o  determine the  nature of a
n' 

This may be determined 

by noting t h a t  the  l i m i t e r  is  a constant power output device. That is, 
regardless o f  the l i m i t e r  output signal-to-noise r a t i o ,  the  t o t a l  output 
s igna l  plus  noise power i s  constant. This means t h a t  regardless  of  the 
l i m i t  output spec t r a l  composition, the t o t a l  power across  the  spectrum 
i s  constant. Next, it i s  noted t h a t  a product detector  i s  simply a 
spec t r a l  t r ans l a to r .  It does not change t h e  nature of the l i m i t e r  out
put spectrum, but merely t r a n s l a t e s  it i n  f'requency. Therefore, the 
t o t a l  power out of the mul t ip l ie r  i s  constant. This constancy of m u l t i 
p l i e r  output power Fm w i l l  be used to solve f o r  a

n' 
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Using equation ( 8 ) ,  it i s  seen t h a t  t he  signal-to-noise r a t i o  at 
the  mul t ip l i e r  output i s  given as  

2 [#]  (9) 
N j  BL 

It i s  apparent t h a t  t h e  rough approximation of equations (4) and 
(8) has given a pess imis t ic  r e s u l t  for output signal-to-noise r a t i o  
which i s  analogous t o  Davenport's ( r e f .  4) l i m i t e r  r e s u l t  at low input 
signal-to-noise r a t i o s .  

Equation (4)  i s  rewr i t ten  as  

The s igna l  component and noise spec t r a l  densi ty  a r e  given separately 
a s  

It should be emphasized t h a t  the  mater ia l  presented above i n  sec
t i o n  D.2 i s  the  result of physical  reasoning and approximation and i s  
not mathematically rigorous. This mater ia l  should be applied with 
care. 
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APPENDIX E 


DEMODULATION WITH MODULATION TRACKCNG LOOPS 

Figure E-1 shows t h e  configuration of a modulation t racking  phase-
locked loop used to de tec t  frequency modulatim. 

OUtPUtI d e a l  l(t) 
* f i l t e r  

vd(t) 
e f i l t e r  00 -band-pass . Loop 

n i ( t )  - limiter BO no(%)-

vco -

The input  s igna l  i s  taken i n  usual form as 

si( t)  = A cos pet + q s ( t g  

where 

c p s ( t )  = "equivalent" phase modulation of  the s igna l  

The input noise i s  taken as 

n i ( t )  = x ( t )  cos wCt - y ( t )  s i n  (uCt ( 2 )  

The l i m i t e r  output s igna l  i s  taken f'rom e q u a t i m  B.3 (4), page B-6, as 

with c p i ( t )  i d e n t i c a l  t o  $(t) of t h e  referenced equation. For suf

f i c i e n t l y  high l i m i t e r  signal-to-noise r a t io ,  V i ( t )  may be separated 
i n t o  s igna l  phase mcdulation, c p s ( t ) ,  and noise phase modulation, (ppp( t ) .  
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Since a modulation t racking  loop i s  usefu l  only when operating r e l a t i v e l y  
l i nea r ly ,  the a s smpt ions  a r e  made t h a t  the s teady-s ta te  modulation 
t racking e r r o r  i s  l e s s  than, say, 30" and t h a t  t he  s e t  of l i n e a r  t rans
f e r  functions derived i n  appendix C adequately descr ibe loop operation. 

The t r a n s f e r  funct ion of i n t e r e s t  is t h a t  r e l a t i n g  the  VCO dr iving 
s igna l  v d ( t )  t o  input s igna l  vi(t) .  I n  transform notation, f im 

equation c.2.1 ( 9 ) ,  page C-7, 

(4) 


where 

Hi(")  = transform of the  input  signal "equivalent" phase modulation 

For s igna ls  which a r e  frequency modulated, the  transform r e l a t i o n  be
tween VCO dr iving s igna l  and input  frequency modulation i s  given a s  

vD( K K  s - z  

= ' [g2 f s ( K  - p) - Kz1 
where 

sai(s) = t h e  i n t e g r a l  of the "equivalent" phase modulation or 
frequency modulation 

The asymptotic Bode p lo t  of the  s teady-state  t r a n s f e r  function derived 
f'rm equation (3) w a s  given i n  f igure  C.2.1-1, page C-8, and i s  repro
duced here a s  f igure  E-2. 

db 

Figure E-2.- Asymptotic Bode p l o t  
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The f igure shows t h a t  the  steady-state t r ans fe r  function i s  asymp
t o t i c a l l y  f l a t  fo r  frequency modulation frm zero f'requency out to t h e  
region of w = 1.1, t he  loop f i l t e r  zero frequency. For analy t ic  sim
p l i c i t y ,  it may be assumed t h a t  most of t he  s igna l  modulation energy 
w i l l  be of frequency less than 1.1. This assumption i s  not s t r i c t l y  
necessary, since equal izat ion i n  the  output f i l t e r  may be employed i f  
the  modulation frequencies do extend beyond 121. For modulation sa t 
i s fy ing  t h i s  frequency r e s t r i c t i o n ,  the VCO dr iv ing  s igna l  i s  given as 

For the  assumption of r e l a t i v e l y  high input signal-to-noise r a t i o  i n t o  
the limiter and l i n e a r  loop operation, the  VCO dr iving s igna l  i s  sep
arable  i n t o  individual  s igna l  and noise components. Then 

The demodulator may be t r ea t ed  f o r  s igna l  and f o r  noise,  separately.  

E.l 	Detection of Sinusoidal Subcarriers 
and Arbi t ra ry  Baseband Modulation 

This sect ion treats the  demodulation of a c a r r i e r  frequency modu
l a t ed  by a cmposi te  function consis t ing of a summation of K sinu
so ida l  subcar r ie rs  plus  some a r b i t r a r y  baseband function. Figure E-1 
appl ie  s. 

The input  s igna l  i s  taken as 

1s . ( t )  = A cos bet + V s ( t y  

where 

cp , ( t )  = c a r r i e r  phase modulation due t o  s igna l  alone 

The function describing the  instantaneous c a r r i e r  f'requency deviat ion i s  
defined as 
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where 

fb( t )  = a r b i t r a r y  baseband function and 

AW.
1 

= peak radian frequency deviat ion of t he  
subcar r ie r  

The s igna l  port ion of the  VCO dr iving function 

K 
-t- C AW, cos Fit + 

i=1 

c a r r i e r  by the it h  

i s  given by 

7 
( 3 )  

The output s igna l  f r o m  the  output f i l t e r  (band-pass) fo r  the  jth sub-
c a r r i e r  i s  given as 

Equation (4)  holds whether or not t h e  subcar r ie rs  themselves are angle 
modulated. 

The peak output s igna l  frm the  output f i l t e r  (low-pass) for base
band modulation i s  given as 

where 

hbpeak = peak radian frequency devia t ion  due to the  baseband 
modulation 

E .2  Noise Charac te r i s t ics  

Observation of figure C.2.1-1, page C-8, shows t h a t  t he  modulation 
t racking loop has no f i n i t e  output noise bandwidth f o r  f la t  input phase 
noise. Output filters of t he  law-pass o r  band-pass type are used t o  
r e s t r i c t  t he  output noise. The f i l ters  are assumed to have i d e a l  proper
t i e s ,  t h a t  is, square frequency cut-off cha rac t e r i s t i c s  and f la t  t rans
mission cha rac t e r i s t i c s  i n  the  pass-band. 

For the  a s smpt ion  t h a t  t h e  modulation frequencies are less than 
12 1, then the  output noise s p e c t r m  i s  parabolic,  or proportional t o  

2 
w as shown by f igure  C.2.1-1, page C-8. Therefore, the bandwidths Bo 
of the  output f i l t e rs  are not t he  equivalent noise bandwidths a t  the  
output. These w i l l  now be computed. 
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The noise  spectrum a t  t h e  loop f i l t e r  output i s  taken as 

where 

CP ( j w )  = f la t  input  phase noise spectrum.
cp 

Equation E.2 (1) follows from equation E ( 6 ) ,  page E-3. 

E . 2 . 1  Low-pass Output F i l t e r  
The low-pass output f i l t e r  i s  taken t o  have an amplitude transmis

s ion coe f f i c i en t  of un i ty  and physical  bandwidth B cps which 
corresponds t o  rad ian  bandwidth 0 

The equivalent  noise bandwidth Be i s  defined as t h a t  bandwidth having 
a transmission constant of un i ty  which passes the  same noise power from 
f l a t  input spec t r a l  dens i ty  iP ( j w )  as i s  a c t u a l l y  present i n  the out

cp
uut. Equating noise powers, we have 

where 

e = 2nBe 

then 

[jAw ( jw) 'd(  j w )0 

'="'e = 
.J - j a w  

0 

Awe = (n'U0) 
3 

( 3 )  

(4) 


( 5 )  
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The output noise  power is  seen t o  be 

E . 2 . 2  Band-pass Output F i l t e r  
The band-pass f i l t e r  i s  taken t o  have an amplitude transmission 

coef f ic ien t  of un i ty  and physical  one-sided bandwidth of B cps which 
0 

i s  symmetric t o  a frequency of f cps.m 


I n  radian nota t ion ,  

Aw0 = 2fiBO 

w = 2nfm m 

Equating noise powers give 
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Where 

aW = equivalent noise bandwidth a t  the  outpute 

2 
( j u , )  d(jw) = j a w e  

-2 I 
j ( w m - 9 )  

ALIIe = nu, ( 5 )  

The output noise power due t o  a two-sided equivalent phase noise input  
spec t r a l  dens i ty  ip 

Cp
( j w )  i s  given as 

or 
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It i s  seen t h a t  from equation ( 5 )  an approximation may be made. 

2 2
Be = (2n) fm Bo ; fm2 >> -1 B 2 

12 0 

This approximation i s  accurate t o  within about 5 percent f o r  Aw 
0 

approaching 3 om. This approximation i s  e s s e n t i a l l y  the  same as as

suming f la t  noise with s p e c t r a l  dens i ty  

P ( j w )  = w 2 @ v ( j w )  
n m 

0 

across t h e  bandwidth Bo when Bo i s  much less than the  center f r e 

quency 'm . Approximately 

o r  

2 
No 2 ($) lPvl 2(2fl)*BOfm2 

E. 3 Output Signal-to-noise Rat ios  

The r e s u l t s  of t h e  p r i o r  sec t ions  a re  now used t o  obtain output 
signal-to-noise r a t i o s  f o r  two cases: a r b i t r a r y  baseband modulation 
with a low-pass f i l t e r ,  and an ind iv idua l  subca r r i e r  with a band-pass 
f i l t e r .  

E . 3 . 1  Subcarrier and Band-pass F i l t e r  
We may now determine t h e  signal-to-noise r a t i o  out of t he  assumed 

square band-pass f i l t e r  of bandwidth Bo f o r  t h e  jth subcar r ie r ,  

where t h e  input s igna l  i s  assumed t o  be frequency modulated by the  sum 
of K subcar r ie rs  p lus  a r b i t r a r y  baseband modulation. The input 
noise i s  white, band-limited, and Gaussian. 
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From equation E.l (4), page E-&, the  output s igna l  for the  j 
t h  

subcarr ier  i s  

The output signal power i s  then 

From equation E. 2.2 ( g ) ,  page E-7, the  output noise 

-No - - I@v12(2~)2kj2+ q B o  

where 

f .  	= center  frequency of the band-pass f i l t e r  
J 

The output signal-to-noise r a t i o  i s  then 

AW 2 
LA 

SA = .  Kv2 _ 2  
r 

where 

power i s  

(4) 




The second bracketed quant i ty  i n  equation ( 5 )  i s  seen t o  be the  input 
signal-to-noise r a t i o  computed i n  a physical  bandwidth Bo. Then 

SA =1. 
2

NO 


where 
t h

Af2 = peak cyc l i c  eequency deviat ion of the  c a r r i e r  by the  j 
J subc a r ri er 

Approximately 

SA &  
2

NO 

f o r  

E. 3 .2  Baseband Modulation and Low-pass F i l t e r  
Proceeding as  i n  E.3 .1 ,  t h e  peak output s igna l  from equation E . l  

( 5 1 ,  page E-4, i s  

1
S 
ob peak = 7@'%peak (1) 

The peak-squared s igna l  i s  

From equation E . 2 . 1  (9),page E-6, the  output noise power i s  
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The r a t i o  of peak-squared s igna l  t o  mean-squared noise i s  then 

where 

Llfb = peak cyc l ic  f'requency deviat ion of the  c a r r i e r  by the  
peak baseband modulation. 

The second bracketed quant i ty  i s  seen t o  be the input signal-to-noise 
r a t i o  computed i n  a physical bandwidth B Then 

0' 

If a spec i f ica t ion  f ac to r  K 
P 

ex i s t s , r e l a t ing  the  peak t o  rms value 

of the baseband modulation, such t h a t  

fb 
r.m. s. = K f i  Peak (7)P 

then the mean-squared output signal-to-noise r a t i o  may be formed as 

- =  3KP2 [mpeak l2[dB0Bo 


NO 
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APPENDIX F 

SPECIALIZED DETECTORS 

F . l  Range Clock Receiver and Code Correlator  

Re ce i v e r  

Figure F.l-1.- Range clock rece iver  

The above f igure shows the block diagram of t h e  c i r c u i t r y  which 
recovers the  received range clock s igna l  and generates t he  range code 
correlat ion s ignal .  The physical operation of t h i s  c i r c u i t r y  has been 
t r ea t ed  i n  volume I of t h i s  se r ies .  

S i ( t )  + n i ( t )  = t he  I F  input s igna l  plus  noise 

cr (t1 = rece iver  code having only values of fl 

s,(t) = product of c r (t)and the  I F  reference s igna l  

6 (t)+ n m ( t )  = s igna l  plus  noise out of the  mul t ip l i e rm 
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= corre la tor  dr iving s igna l  

Sk(t = cor re l a to r  output s ignal  

= clock loop dr iving s igna l  

The operation of t h i s  device w i l l  be t r ea t ed  for an input  signal, phase 
modulated by a transmitted ranging code C , ( t ) ,  p lus  K subcarriers.  

The input noise i s  assumed Gaussian, flat, and band-limited to Bi cps. 

F.l.l Signal Treatment 

where s .  (t) has t h e  same propert ies  t r ea t ed  i n  appendix A. 2. 
1 

s r ( t )  = -c r ( t )  s i n  (2) 

(4) 


It i s  a s smed  t h a t  t h e  mul t ip l ie r  produces only the difference f'requency 
term. 

then 

Asm(t)= 5 c r ( t )  s i n  ( 5 )  

Eguatri.on ( 5 )  may be ex-panded a s  i n  sect ion D.l.l. 

F-2 




1-


K co 

* cos n i p i t  + 

O3 
i=1 nl= nk= OD 

(6) 


The first term i n  equation (6) i s  t h e  desired term. The second term i s  
the interference.  Equation (6) holds whether or not the  subcarr iers  
themselves are angle modulated. For the  d i g i t a l  log ic  employed by t h i s  
system the  product of  the  two analog code wavefoms c r ( t )  and c t ( t )  

corresponds t o  the  Boolean modulo two addition, o r  "exclusive or",* 
of the two codes C and Ct . The rece iver  code output i s  programabler 
i n  seven steps.  A t  each step, t he  cor re la t ion  between the  two codes 
changes. This i s  shown i n  t ab le  I. It can be s h m ,  e i t h e r  algebra
i c a l l y  or with a t r u t h  tab le ,  that the  "exclusive or" of the  two codes 
i n  program state P7 i s  iden t i ca l ly  clock, C1.  This means t h a t  

( t ) c t ( t )  = c l ( t )  (7)
r7 

where 

c l ( t )  = square wave of u n i t  amplitude, having the  clock fre
quency wcl 

* 
For a de ta i led  physical explanation of the  ranging equipment, 

see volume I of t h i s  series. 
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Transmitter code cT = CI @ X(abvbcvac) 
B i t  

Program Receiver Component I n i t i a l  Final length 
s t a t e  code acquired correlat ion correlat ion 

P1 
0 I c1 

P2 , 

P3 
-
X a  I X 
-P4 I Xa I 

I a 

p5 RI ! b 
-P6 xc C 

-
p7 X(abvbcvac) check a, 

cmponent length,x

11 


a 31 

b 63 

C 127 

, 0 50% 0 

25% 341 

50% 75% 341 

50% 75% 693 

j 50% 75% 1 397 

b, c 75% 



I n  terms of Fourier s e r i e s ,  

c ( t ) c t ( t )  =: C $F - cos ( p n j  s i n  pw
c l

t 
r7 p= l  

where 

TTw = 
c l  R 

R = clock b i t  period ( 9 )  

Then t h e  co r re l a t ion  dr iv ing  s igna l  f o r  s t a t e  P7 i s  

where it has been assumed t h a t  t h e  band-pass f i l t e r  having bandwidth B 
passes only t h e  fundamental s inusoida l  component of t h e  clock square 
wave. 

F.1.2 Noise Treatment 
The input noise i s  taken i n  t h e  usua l  form as 

having an input noise s p e c t r a l  dens i ty  Hni(w), band-limited t o  Bi. 

The noise term from the  m u l t i p l i e r  i s  

2 r(t)y ( t )  ( 3 )nm(t)5-1 c 

We are now i n t e r e s t e d  i n  obtaining "(w), t h e  s p e c t r a l  dens i ty  of the  

noise term out of t h e  mul t ip l i e r .  We make t h e  assumption t h a t  c r ( t )  

and y ( t )  may be represented as sample functions of independent r a n d m  

processes and that 
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where 
Bi A AWi 

; I w [  < 23-r -=- 22 ( 5 )  

= 0 ; a l l  other  w 

Frm Titsworth and Welch ( re f .  10) we approximate the spec t r a l  
densi ty  of c r ( t )  i n  i t s  program s t a t e s  g r e a t e r  than P2, as t h a t  of a 

Markov sequence. 

Then 

@ (w)c r  

where 

R = bit r a t e  of c,(t) 

" 9  

L 

Since 

- y)  = 2 

= o  

then 

m ( w  - y )  = 2 
Y 

= o  

1sin2  (g)  
= -R 

J 

nw, 
2 < w - y < 2  

AWi 
; ( w - Y J ' 2  

Aw

i 

2 2 

; a l l  other  y (9) 
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It follows that 

AW,

Iw + -

2 sin2(k) 
aW;


1
w -  2 

Let 


2R = x ; y = 2Rx ; dy = 2Rdx 

then 


w - 
2 

2R 

Qm ( w )  = 121J nw2 
s in2  x dx2R 

X2 
w - -

Q 

2R 



r 1 

-
X
2 


sin 2x 
ax
+ 2 \ x  x 

X1


X
1 


2 sin2 x ax = L {$ -1+ 
cos 2x2 cos 2x1
IXx2 2 1

X 
2 

X2 
X1 


X1 


where 

s i n  x 

Si(4 = ("x 


J 

0 

F-8 




and 

2.R 2R 

2.w -  2 

2R 


+ - 	1 R 

Equation (21) i s  the  general  expression f o r  the noise spec t r a l  densi ty  
a t  the  output of the  mul t ip l ie r .  W e  are in te res ted  i n  evaluating t h i s  
spec t r a l  densi ty  a t  the  center  frequency of the  narrow band-pass f i l t e r .  
W e  w i l l  then assume "(w) to be f la t  across  t h i s  narruw bandwidth. 

The frequency of i n t e r e s t  i s  



The assumption i s  a l s o  made t h a t  t h e  input  bandwidth may be l imi ted  t o  

Awi = l O c R  (231 

U s i n g  t h e  assumptions s t a t e d  above, t h e  noise  s p e c t r a l  dens i ty  a t  the  
output of t he  band-pass f i l t e r  B may be writ ten as 

( 2 5 )  

@c(") 
) $ n i l  (-10 + -1 + -1 + si(18. 85) + Si(12.6.rr 4.rr 

Now, the  noise power a t  the  output of  the  band-pass f i l t e r  i n  the  
bandwidth B i s  

(29) 

F . l . 3  Signal-to-noise Ratios 
From equations F . l . l  ( 10 )  and F.1.2 ( 2 7 )  w e  may obtain t h e  s ignal

to-noise r a t i o  a t  t h e  output of t h e  band-pass f i l t e r  of bandwidth B 
for program s t a t e  P7 as 
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r 


K 


("'p.> i=1 ~ o ~ ( * ~ i )  

Equation (2) relates t o  the  input  signal-to-noise r a t i o  computed i n  a 
bandwidth B as 

For program state P7' t h e  product c r ( t )  c t ( t )  i s  a square wave 

clock s igna l  100 percent of t he  t i m e .  For other  program states 
c,(t)  c t ( t )  i s  a square wave which reverses  phase some percent of t he  

time, on the  average, depending on the  percent co r re l a t ion  of C r 
with Ct. This behavior, coupled with the  f i l t e r i n g  ac t ion  of t he  band-

pass f i l t e r ,  i s  in te rpre ted  as causing the amplitude of s ,( t)  t o  be 

proport ional  to the  average amount of t i m e  c r ( t )  c t ( t )  i s  constant 

phase clock, or proport ional  t o  the  cor re la t ion  of 

propor t iona l i ty  f a c t o r  FK,normalized t o  the  P7 
of s c ( t ) ,  i s  employed t o  account f o r  the  var ia t ion .  

value of 1 .0  i n  state P and minimum value of 0.25
7 


defined as a co r re l a t ion  loss .  

Equation (3) may be generaliz,ed as 

C with Ct. A r 
value of amplitude 

$4( has maximum 

i n  state P3. $ i s  
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From equation A.3 ( 6 ) ,  page A-8, it may be determined that the receiver 
input signal-to-noise ratio for the range code component only,p2] is related to the input signal-to-noise ratio for the total 
Nir B 
carrier by 

It is seen that there has been an effective signal loss due to the 

effects of the receiver code on the input noise, given by the factor 


2*62 or 0.835. 
Tr 

Equation ( 4 )  may be generalized as 

B 


where 


LD = .835 is defined as detection loss. 

F.1.4 Receiver Threshold 
The threshold of the range clock receiver is the threshold of the 

clock loop in the receiver. The threshold treatment of the clock loop 
is that for a modulation restrictive loop as given in section C . 4 .  The 
signal-to-noise ratio used for threshold computations is that given by 
equation F.1.3 ( 6 )  above, except that it is computed in the clock loop 
noise bandwidth. Thus, 

YBNN 

where [dBis the total carrier-to-noise ratio at the input to the 


N 
range clock receiver, computed in the bandwidth BN. The value of LD 
is 0.835. A worst case value of LK is -12decibels. 
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F.1.5 Range Code Acquisit ion Time 
It i s  des i rab le  t o  r e l a t e  t h e  time f o r  acquiring t h e  ranging code . to  

the  s igna l  and noise parameters a t  t he  input t o  t h e  range clock rece iver ,  
shown i n  f igu re  F.1-1, page F-1. Acquisition time i s  defined as being 
the t o t a l  time t o  obtain ind ica t ions  of cor re la t ion  between t h e  l o c a l l y  
generated code components and t h e  received code f o r  a given probabi l i ty  
or e r r o r ,  given p r i o r  acquis i t ion  of t h e  range clock s igna l .  Rapid clock 
acquis i t ion  i s  assured f o r  t h e  clock loop signal-to-noise r a t i o  s u f f i c i e n t l y  
high. 

The code acqu i s i t i on  process has been physical ly  described elsewhere 
(ref. Zl).. The process is  knuwn as "maxi" l ikel ihood acquis i t ion,"  
and has been t r e a t e d  by Eas te r l ing  (ref. 12). With a s l i g h t  modification 
Eas t e r l i ng ' s  treatment may be appl ied d i r e c t l y  to the  range clock re
ceiver  and code cor re la tor .  The modification i s  t h a t  here the  energy 
per b i t  i s  given by t h e  d i f fe rence  i n  cor re la t ion  l eve l s  a t  the  output 
of the  co r re l a to r  and not by the  l e v e l s  themselves. 

From equations F.l.l (lo), page F-5, and F.1.3 (6), page F-12, it 
i s  seen t h a t  the  s igna l  i n t o  the  co r re l a to r  i s  

K 


The reference s igna l  from the  clock loop VCO has s ine phase. The s ig
n i f i can t  co r re l a to r  output term, the difference term, i s  then taken as 

K 


The desired output s igna l  S (t) i s  the  change of s,(t) when a 
0 

code component i s  acquired. The change i s  always posi t ive ( r e f .  ll), 
therefore ,  S (t) i s  always posi t ive.  6 has only values 0.25,

0 

0.50, 0.75, or 1.00 ( r e f .  11). Acquisit ion of  a component i s  signaled 
by J4( increasing from i t s  i n i t i a l  value, say 0.50, to the  next 
higher value, say 0.75. Therefore, the  e f f ec t ive  output s igna l  may be 
wr i t t en  as 

A 
s (t) = 

0 Tr 
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where 

p2= corre la t ion  value after acquis i t ion  of a component 

=plvalue before acquis i t ion  of a component 

Theref ore, K 

The s ignal  power a t  the  output of the  co r re l a to r  i s  then 

The magnitude of the  assumed f l a t  noise spec t r a l  densi ty  a t  the  
output of the co r re l a to r  i s  

and i s  r e l a t e d  t o  the spec t r a l  densi ty  a t  the rece iver  input through 
equation F.1.2 (27),page F-10, as 

The r a t i o  of output s igna l  power t o  noise spec t r a l  densi ty  i s  next 
obtained as 

n K 

K 1 




- -  

- 

K 
' 0  s i n2 ~'p, J:(A~~)- 'i 

l @ o l  - 6.12 s ( ) i=l I'ni I 
The t o t a l  code acquis i t ion  time for t h i s  system, assuming p r i o r  

clock acquis i t ioqmay be broken i n t o  two parts:  t he  in tegra t ion  time 
required t o  make a decis ion w i t h h  the  assigned e r r o r  probabi l i ty  on a 
maximum l ikel ihood basis ,  and t h e  bu i l t - i n  machine delay time. The 
following de f in i t i ons  are made: 

Ta = t o t a l  code acquis i t ion  tb-3 

T =machine delay time between t r i a l  cor re la t ions  m 


T. = i n t eg ra t ion  time per  t r i a l  cor re la t ion  
1 

Wi = t h e  ithcode component 

p. 	=,period,  i n  elements of the  it h  component Wi 
1 

- log2 Pi = number of information b i t s  i n  W 
Ni i 

1 = subscr ipt  designating longest component w1 

T1 = in tegra t ion  time per information b i t  i n  w1 

Tm' t he  machine delay time, i s  a b u i l t - i n  fixed parameter o f  the 

ranging d i g i t a l  c i r cu i t ry .  T j  i s  an impl ic i t  function of the r a t i o  of 
corre la t ion  s igna l  power t o  noise spec t r a l  density,  p robabi l l ty  o f  
e r ror ,  and information content Ni of the code component W . .  The 

1 
d i g i t a l  ranging system i s  implemented such t h a t  Ti i s  fixed during 

any s ingle  range code acquis i t ion.  Therefore, Ti must be f ixed t o  

a c e m o d a t e  the  code component W1 of g rea t e s t  length, which has the 

highest  information content N1. 

then 

T.  = N T  
1 1 1  
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The in t eg ra t ion  i s  performed sequent ia l ly  on each element of a code 
component, and sequent ia l ly  on the components themselves. Therefore, 
t he  t o t a l  acquis i t ion  time may be wr i t ten  as 

T = T IC Pi - 11 + TINIC Pi a m 

Since i n  usable cases the  sum of the  component periods i s  much grea te r  
than unity, the  approximation holds that 

The in tegra t ion  time per  information b i t  may be solved for, as 

Eas t e r l ing ’ s  ( r e f .  12)  f igure i s  reproduced here as f igure F.1.5-1 
with the  abscissa  units relabeled t o  conform t o  t h i s  notation. For a 
given e r r o r  probabi l i ty  and information content of the  longest code 

S 
0 

component, a value of T - may be read d i r e c t l y  f r o m  the  curve. 
I @ o I
I , 

Given a requirement for TI, stemming from a requirement for Ta, the re -
SA 

quired output value may be inferred.I@,I 
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Figure F.1.5-1.- Error probabi l i ty  versus signal-to-no-;e densi -y' r a t i o  
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F.2 PCM Telemetry Subcarr ier  Demodulator 

This sec t ion  w i l l  develop an approximate ana lys i s  fo r  t he  demodu
l a t o r  shown i n  f i g u r e  F.2-1. 

Band- l ( t )  Square q ( t )  Band- c ( t )  Looppass * l imi te r  D l a w  > pass f i l t e r -
device f i l t e r  

iJL’ BL 

Freq. 
mult . 

Figure F.2-1.- PCM telemetry subcar r ie r  demodulator 

The input s igna l  i s  taken as purely phase modulated, of t h e  form 

1s . ( t )  = A cos kCt+ p s ( t 3  

where t h e  modulation function i s  biphase 

where 

ct ( t )= square waveform having only t h e  values +1 

The input noise  i s  taken as a sample funct ion of a narrow-band Gaussian 
process,  band-limited t o  t h e  l i m i t e r  bandwidth, as 

n . ( t )  = x ( t )  cos w e t  - y ( t )  s i n  w ct ( 3 )1 
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From equation B . 3  (4) ,  page B-6, the  limiter output l(t) i s  taken 
as 

l(t) = 4 -
JI 

cos Iw e t  + $(t)1 (4)vL 

This treatment w i l l  be limited t o  relatively high signal-to-noise 
r a t i o s  (SNR) i n  t h e  l imi t e r .  For high l i m i t e r  SNR, 

l(t)2 4 -fl cos rw e t  + c p s ( t )  + ddj ( 5 )A 
VL 
 c 


from equation B.2  (lo), page B-4. 

F. 2 . 1  Output Data Treatment 
The l i m i t e r  s i gna l  i s  demodulated phase coherently by t h e  product 

de tec tor  having gain constant K'p. It i s  assumed t h a t  t h e  reference s igna l  

s r ( t )  from t h e  VCO i s  e s s e n t i a l l y  noise less  when t h e  output data i s  

usable.  This implies t h a t  whenever t h e  output da ta  i s  usable ,  t h e  sub-
c a r r i e r  t racking loop i s  wel l  above threshold.  The reference s igna l  i s  
taken as 

sr ( t)  = - sin wct (1) 

The output s igna l  and noise  s p e c t r a l  dens i ty  may be taken d i r e c t l y  
frm equations B . 4 . 2  (8) and (lo), page B-9, as 

Using the  i d e n t i t y  of equation A.3 (3) ,  page A-7, equation F.3 ( 2 )  
may be subs t i tu ted  i n  ( 2 )  t o  give 

s (t)=; 2 V K'c 
0 L c p t  

( t) ( 4 )  
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- -  

A quant i ty  which i s  useru l  for predic t ing  da ta  q u a l i t y  i s- the  
-r a t i o  of output data  b i t  energy-to-noise s p e c t r a l  dens i ty  r;I @noI 

This i s  given as t h e  b i t  rate R times t h e  r a t i o  of output power t o  
noise spec t r a l  density.  

4 2 12 R - V  K 
E = R  71

2 L r p  

I 'no1 

where 

n
bi - r a t i o  of input subcarr ier  power to input noise spec t r a lI@nil dens i ty  

Equation (7) holds for reasonably high l i m i t e r  SNR. 

F.2.2 Reference Loop Treatment 
The square law device squares t h e  l i m i t e r  s igna l  l ( t )  and passes

a l l  zonal energy near t h e  second harmonic of t h e  subcarr ier  frequency 
through t h e  band-pass f i l t e r  t o  t h e  phase-locked loop. The output of t he  
squaring device i s  

q ( t )  = 12( t )  = 8k]'{I + cos E w c t  + 2$(t]} 

F-20 




The 'driving s igna l  f o r  the loop i s  taken as the  double frequency term, 

c ( t )  = 8 PI2cos [.met + 2$(tJ1 

For reasonably high limiter SNR, equation (2)  i s  w e l l  approximated by 

c ( t )  = 8 B2cos [2wct + 2qs(t )  + 2 .i"i ( 3 )A 

Due t o  the  assumed square te lemetry waveform, the s igna l  term of equa
t i o n  ( 3 )  i s  i d e n t i c a l l y  

2cp ( t )  = 51 c t ( t )  = f 51 (4)  

then 

2 

c ( t )  = -8 7f COS [2m Ct + 2 91 ( 5 )  

Comparison of equation ( 5 )  with equations B.2 (10)  and 
B.2 (ll), both on page B-4, shows t h a t  t h e  phase noise spec t r a l  
density f o r  t h e  PCM telemetry reference loop i s  given by 

Since c ( t )  contains no s igna l  modulation, the  loop w i l l  not have mod
ula t ion  t racking er ror ,  except possibly for Doppler e f f ec t s .  Neglect
ing Doppler, t he  loop phase j i t t e r  i s  obtained from equation (6) and 
equation C.2.3 (l), page C-14, as 

CT(P = 4 kIBN 
The loop may be t r ea t ed  f o r  threshold as i n  sect ion C.2.4, employ

ing equation (7) above. Equation (7) i s  va l id  f o r  reasonably high
limiter SNR. 
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F.3 The Residual Car r ie r  Tracking Receiver (Ground) 

The ground c a r r i e r  t racking receiver ,  shown below i n  figure F.3-1, 
i s  a closed loop, phase tracking, double-superheterodyne receiver.  This 
sect ion w i l l  determine the  equivalence between the  rece iver  and a simple 
phase-locked loop as t r ea t ed  i n  appendix C. 

Freq. 
m u l t .  4 b 

x3 -

I- s in  

phase 

I 

s i n  wlotI 

Figure F. 3-1. - Carr ier  t racking rece iver  

I n  the f igure,  the  various K ' s  are amplitude transmission constants.  
The numbered subscr ipts  r e f e r  t o  the nominal center  frequencies of the 
various signals.  T h a t  is ,  slO(t) represents  a s igna l  whose nominal 

center frequency i s  10 megacycles. The frequency mul t ip l ica t ion  f ac to r  
of the network between the VCO and the  f i rs t  mixer i s  m. The input 
s igna l  i s  taken as i n  appendix C. 

r 1 
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The VCO output voltage i s  taken as i n  appendix C, as 

where i s  not equal t o  w
C 
. The f irst  mixer i n j ec t ion  s igna l  i s  a 

frequency mult ipl ied version of t he  VCO s ignal .  

so(t)  = - A ~s i n  ( 3 )  

The f irst  intermediate frequency s igna l  i s  one term of the  product 

I n  par t icu lar ,  

(5) 
The second intermediate frequency s igna l  i s  one term of  the  product, 

K10K50AAosin 
- K l o ~ 5 0 ( t )  s i n  wGOt  = 2 + V i ( t )  - mcpTJ(t)1 s i n  u)

6o 
t 

I n - p a r t i c u l a r ,  

slO(t) i s  the  l i m i t e r  input s ignal .  The l i m i t e r  output s ignal  l(t) 

has an amplitude constant dependent only on l imi t ing  l e v e l  
vL' 



The mul t ip l i e r  s igna l  m ( t )  i s  taken as the  low-frequency term, as i n  
appendix C. 

or 

Equation (10) i s  iden t i ca l  i n  form t o  equation C.l (51, page C-2. There
fore,  the  VCO output phase function C p v ( t )  may be wr i t t en  d i r e c t l y  as 

where 

h(7)  = impulse response function of the  loop f i l t e r  

% = VCO constant 

Multiplying both s ides  of  equation (11)by m, w e  obtain 

mqv(t) = 2K h(7)  s i n  q i ( t  - 7) - mqv(t - T] d7dtr 
0 0 

Equation (12) i s  i d e n t i c a l  i n  form t o  equation C.l ( 9 ) ,  page C-3. 
Therefore, by analogy, equation (12) describes a simple phase-locked 
loop with input Thase function of ( P i ( t ) ,  output phase function of 
mqv(t), and open loop gain (neglecting loop f i l t e r  constant)  of 

It i s  seen from equation (13) t h a t  the frequency mul t ip l ica t ion  constant 
m has been incorporated i n t o  the  loop gain. The presence of the  limiter 
i n  the loop may be expected t o  produce l i m i t e r  e f f ec t s ,  t r ea t ed  i n  
sect ion C.3.1, under conditions of low l i m i t e r  SUR. 
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The conclusion t o  be drawn from the above i s  t h a t  t he  ground res id
ual c a r r i e r  t racking rece iver  may be t r ea t ed  f o r  threshold as a normal 
phase-locked loop by the methods of sec t ion  C.4 .  

F.4 The Residual Car r ie r  Tracking Receiver (Spacecraft)  

The spacecraf t  c a r r i e r  t racking receiver ,  shown below i n  f igure  F.4-1, 
i s  a closed-loop, phase-tracking, double-superheterodyne receiver.  This 
sect ion w i l l  determine the equivalence between the receiver  and a simple 
phase-locked loop as t r ea t ed  i n  appendix C. 

mul;.qF'/i
xm 

i+ - .__ _ _  

xal 

Figure F. 4-1. - Carr ie r  t racking rece iver  

I n  the f igure,  the  various K's a r e  amplitude transmission constants.  
The numbered subscr ip ts  r e f e r  t o  the nominal center  frequencies of the 
various s ignals .  That is, s47 ( t)  represents  a s igna l  whose nominal 

center  frequency i s  47 megacycles. m1 and m2 a r e  frequency mul t ip l i 

ca t ion  f a c t o r s  for  the networks between the  VCO and the  mixers. 

The input  s igna l  i s  taken as i n  appendix C. 
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The VCO output s igna l  i s  taken as 

(2) 

The VCO s igna l  i s  frequency mult ipl ied by a f a c t o r  m2 to obtain 

the second mixer i n j ec t ion  s igna l  sm (t). 
2 

s (t)= cos t2%t+ m 2 v v ( t )1m2 

The second in j ec t ion  s igna l  i s  frequency mult ipl ied by a f ac to r  "1 to 
obtain the  first m i x e r  i n j ec t ion  s igna l  s

"I
(t). 

s (t) = A~ cos + m1 2 v  ] (4)m 'p (t) 
ml 

The f i r s t  intermediate frequency s igna l  47(t) i s  one term of  t he  
product 

( 5 )  
I n  pa r t i cu la r  

The second intermedia-te frequency sigr.al 69(t) 
i s  one term of t he

product 

L -1 
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I n  pa r t i cu la r ,  

s9(t) i s  the  l i m i t e r  input s ignal .  The limiter output s igna l  l(t) has 

an amplitude constant dependent only on l imi t ing  level vL 

l(t) = -
fl 

cos w t + V i ( t )  (9)4vL r9 
The other  input t o  the  phase de tec tor  i s  S o ( t )  which i s  the  VCO 

s ignal ,  frequency divided by 2, and phase sh i f t ed  by 90". 

so ( t )  = -A 0 s i n  

A s  i n  appendix C, the  mul t ip l i e r  s igna l  m ( t )  i s  taken as the low-
frequency term of the  product of l ( t)and so ( t ) .  

m ( t )  =; 2 K'V A +>)C P L O  s i n  {c p i ( t )  - p1 + jqt$ (11) 

Equation (11)i s  i d e n t i c a l  i n  form t o  equation C . l  (51, page C-2.  There
fore,  the  VCO output phase function Cpv(t) may be wr i t t en  d i r e c t l y  as 

h(7) = impulse response function of the loop f i l t e r  

% = VCO constant. 
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W e  next obtain 

L 2 

h(7)  s i n  q i ( t  - T) \ J 

Equation (13) i s  i d e n t i c a l  i n  form to equation C . l  ( 9 ) ,  page C-3. 
Therefore, by analogy, equation (13) descr ibes  a simple phase-lock.ed 
loop with input  phase funct ion of q t ) ,  output phase function of 

yV( t ) ,  and open loop ga in  (neglect ing loop f i l t e r[w]
constant)  of 

K = - 	
2 K'V A % 
71 ??Lo 

It 5-s seen from equation (14)  t h a t  the frequency m u l t i p l i c a t i m  
constants "1 and m2 have been incorporated i n  the  loop gain. Al so?  

the presence of the  l i m i t e r  i n  the loop may be expected t o  produce 
l i m i t e r  e f f e c t s ,  t r e a t e d  i n  sect ion C. 3.1, under conditions of low 
l i m i t e r  SNR. 

It i s  i n t e r e s t i n g  t o  note a di f fe rence  between the  ground c a r r i e r  
t racking receiver ,  t r e a t e d  i n  sect ion F. 3 ,  and the spacecraf t  receiver .  
I n  the ground receiver ,  the input and output phase functions of t h e  
equivalent loop were the s igna l  input phase funct ion c p . ( t )  and the

1 


first mixer i n j ec t ion  signal phase function m c p , ( t ) .  For conditions of 

lock, the  first mixer i n j ec t ion  s igna l  t racked the  input s igna l  phase 
exactly,  assuming no s t a t i c  phase e r r o r  i n  the  equivalent loop. For 
the spacecraf t  receiver ,  the input and output phase functions of the 
equivalent loop a r e  the  s igna l  input  phase T i ( t ) ,  and the f h c t i o n  

cpv(t). This equivalent output phase funct ion does not 

a c t u a l l y  exist anywhere i n  t h e  spacecraf t  receiver ,  as may be seen by 
examination of equations (17, ( 3 ) ,  (4)  and (10). However, for the  case 
where t h e  equivalent loop i s  locked w i t h  no loop e r r o r ,  t h a t  i s ,  where 
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it may be e a s i l y  seen by subs t i t u t ion  of equation (15) i n t o  equations 
(31, (4), (61, (91, and (lo), t h a t  t he  i n t e r n a l  phase-locked loop i n  
the spacecraft  rece iver  t r acks  exactly, as does the  second mixer injec
t i o n  signal. The first m i x e r  i n j ec t ion  s igna l  t racks  the  input s igna l  
phase somewhat i n  e r ror .  

The conclusion t o  be drawn from the  above i s  t h a t  t h e  spacecraf t  
res idua l  c a r r i e r  t racking rece iver  may be t r ea t ed  f o r  threshold as a 
normal phase-locked loop by t h e  methods of sec t ion  C.4 .  

F. 5 The Spacecraft Turnaround Ranging Channel 

The physical descr ip t ion  and operation of the spacecraf t  channel 
which i s  used f o r  "turnaround ranging" has been t r ea t ed  previously 
( r e f .  13). This sec t ion  w i l l  develop an approximate treatment for the  

A rigorous treatment would be s o  complex as t o  be prac t ica l lychannel. 
unusable. 

The turnaround ranging channel, shown i n  f igure F.3-1, comprises 
an i d e a l  ba.ndpass l imi t e r ,  a coherent product detector ,  and a phase 
modulator. The up-link range code i s  demodulated, along with any sub-
c a r r i e r s  and noise i n  the bandpass of the  l imi te r ,  and i s  remodulated 
along with subcar r ie rs  and noise onto the  down-link. 

'i 
(t)  I I d e a l  1 I+\ 

Reference 
s igna l  subc a r r i e r s  

Figure F. 5-1. - Spacecraft turnaround channel 

The output s igna l  of t h i s  channel, s (t),d i f f e r s  from t h a t  
0 
S 

assumed i n  the  treatment of detect ion , in  appendices D and F due to 
several  e f f e c t s  of t he  channel. The theory of appendices D and F must 
be s l i g h t l y  modified t o  account f o r  these e f f ec t s .  The e f f e c t s  a r e  an 
additj-onal noise spectrum on the  down-link due t o  t in"-around noise, 
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a suppression of t he  desired dawn-link s igna l  due t o  remodulated noise,  
a suppression of t h e  desired s igna l  due to t he  spacecraf i  limiter, and 
a suppression of t he  desired dawn-link channels due to turned-around 
subcarriers.  

"he input  signal to t he  l imi te r ,  si (t), i s  taken i n  normal form 
S 

as a sinusoid, phase modulated by the  sum of range code plus  an arb i 
t r a r y  number, L, of subcarr iers .  

si (t) =As COS I.Ct + q S [ t j  
S 

where 

The subscr ipt  j denotes up-link subcar r ie rs  e x p l i c i t l y .  

The input  noise i s  assumed t o  be a sample function of a Gaussian 
noise process, white, and band-limited t o  BL , the  physical bandwidth 
of the  l imi t e r .  S 

i (t) = x s ( t )  cos wC t - y,( t )  s i n  wC t 
S 

The subscr ipt  s denotes a spacecraf t  quantity.  

From equation D. 2 (lo), page D-11 ,  the  mul t ip l i e r  s igna l  dr iving 
the phase modulator i s  approximated as 

where 

aL = l i m i t e r  signal suppression constant 
S 
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from equation D.2 ( 5 ) ,  -page D-10, % i s  approximated as 
S 

2 - 1 ( 5 )-
"L 

S 

S 


where 

= spacecraf t  l imiter  input  noise- to-s ignal  r a t i o  

S 


The phase modulator sums the ranging channel ( s igna l )  with the  
normal dawn-link subcar r ie rs .  A modulation gain Gr i s  appl ied t.o 

the  ranging channel. The normal subcar r ie rs  have phase deviat ions &pi. 
Then the  output s igna l  s

0
S 
(t) i s  given as 

For s impl i f ica t ion ,  we may define a phase index 
ATm for the  turnaround 

channel as 

2K'V 
4 'P LsG r 

A'Pm - 7( (7) 

then the  phase modulator output i s  
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The input  s i g n a l  received a t  t h e  ground i s  taken as 

f 

J 

where A d i f f e r s  from A according t o  t h e  s igna l  gains and attenua
g 0 

S 

t i o n s  between spacecraf t  and ground. 

F .5 . l  Equivalent Noise 
Observation of equation ( 9 )  shows t h a t  t h e  s igna l  received a t  t he  

ground contains phase noise  of t h e  form 

The e f f e c t s  of t h i s  noise a r e  two-fold. F i r s t ,  t h e  noise  appears a t  
t h e  ground as noise  and lowers t h e  e f f e c t i v e  ground input signal-to
noise  r a t i o .  Secondly, t h e  phase noise removes power from t h e  c a r r i e r  
and e f f ec t ive ly  suppresses t h e  remaining modulation. 'The suppression 
e f f e c t  has been t r e a t e d  by Middleton ( r e f .  1 4 ) .  

The assumption i s  made t h a t  t h e  r.m.s. phase deviat ion of t h e  
s igna l  due t o  t h e  phase noise  i s  s m a l l  enough so t h a t  t h e  r e su l t i ng  
phase noise  spectrum i s  not spread o r  broadened beyond t h a t  of t h e  
o r i g i n a l  spacecraf t  noise.  Then an equivalent ex terna l  "incremental" 
noise  funct ion NA ( t )  may be postulated,  which, when summed w i t h  an 

assumed "noiseless" received s igna l ,  gives t h e  same phase noise  as t h a t  
of t h e  ac tua l  received s igna l .  That i s ,  an equal i ty  i s  defined as 
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where 

and 
2 2 


02 = 4-
A(p, a 

LS Ys
2
( t )  

(4) 
P I T  2 

S 
AS 

2 

-avs 

e i s  t h e  power suppression f ac to r  of Middleton ( r e f .  14) due t o  
phase modulation by Gaussian noise  having an r . m . s .  value of a . 

pS 


Assuming t h a t  t h e  modulation bandwidth encompasses a l l  t h e  noise  
passed through t h e  spacecraf t  l i m i t e r ,  equation ( 4 )  may be rewr i t ten  as 

TS 


The incremen"a1 noise function may be r e l a t e d  t o  the  phase noise 
funct ion as 

From equation (6) the  noise  s p e c t r a l  dens i ty  of the  incremental noise 
funct ion may be in fe r r ed  as 
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Dividing equation (7) by the value of the a c t u a l  ground system noise 
spec t r a l  dens i ty  gives 

then rS, 
Imn,/ 4 2 2 BL

S
Ipnigj = x *'m "LS 
( 9 )  


S 

-

and 

of  the signal-to-noise r a t i o  due t o  the  a c t u a l  ground system noise 
spec t r a l  density,  taken i n  a bandwidth equal t o  the spacecraft  l imi te r .  
I f  the normal thermal input noises t o  the  spacecraf t  l i m i t e r  and ground 
receiver  a re  assumed t o  be uncorrelated, a t o t a l  equivalent noise spec
t r a l  densi ty  i n  the  ground receiver  may be postulated as 
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*L 
1 + AT, 2 

- si 
fl S
l + x  	-

NiS 

-

BL

S 


Equation (12) i s  a n  approximation usable wi th in  a bandwidth narrower 
than the  spacecraf t  l i m i t e r  bandwidth and centered on the  ground received 
c a r r i e r  eequency. 

F.5.2 Equivalent Signal  
From equation F.5.1 (2), page F-32, t h e  s igna l  phase funct ion of t h e  

turned-around channel as received a t  t h e  ground i s  given as 

Employing t h e  i d e n t i t i e s  of  appendix A, t h i s  s i g n a l  i s  seen to be 
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The turned-around signal w i l l  be approximated by only the  primary code 
term and the  first order subcar r ie r  terms. Then 

f L 

L 7 


The equivalent no ise less  s igna l  received on the  ground i s  expressed 
f i n a l l y  as 

2 
-0. . 

T S  L 
s (t) = A e  2 cos t + Acpreff c t ( t )  + C Acp.eff s i n  w . t  + cp.(t) 
g g j =1 J iJ 5 

K 

+ 	 c AT, s i n  pit + (4 )
i=1 -

where ... 

and 

L 


h = j  

As i n  sect ion A.3, t he  r e s idua l  c a r r i e r  term may be wr i t t en  as 
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APPENDIX G 

PHASE M O D U L A W  SIGNAL DESIGN 

This sec t ion  t r e a t s  the  design and optimization of narrow deviat ion 
phase modulated s inusoida l  ca r r i e r s .  The modulation funct ions a re  taken 
t o  be baseband functions and/or subcarr iers .  Only the  determination of 
t he  various modulation ind ices  i s  t rea ted ,  s ince se l ec t ion  of subcar r ie r  
frequencies i s  a separable problem and i s  a funct ion of the  spec t r a l  ex
t e n t  of t he  modulated subcar r ie rs  themselves. 

The s igna l  t o  be t r e a t e d  i s  taken from equation A . 3  (l), page A-6. 

K 
+s ( t )  = A  cos t + ~ v ~ c , ( t )  	c nrpi s i n  kit + 

i=1 

where 

A = c a r r i e r  amplitude 

w = c a r r i e r  radian frequency
C 

c t ( t )  = ranging code, having only values fl 

ATr = peak phase deviat ion of c a r r i e r  by ranging code 

ATi = peak phase deviat ion of c a r r i e r  by the it h  subcar r ie r  

u)
i = radian frequency of the  ithsubcar r ie r  

q i ( t )  = e f f e c t i v e  phase modulation on the ith subcar r ie r  

It i s  assumed t h a t  t he  r e s t r i c t i o n  t o  s m a l l  phase deviat ions in
sures  t h a t  most of the s igna l  power w i l l  be concentrated i n  the  zero 
and f i rs t  order s igna l  products. 

It i s  assumed t h a t  s igna l  de tec t ion  i s  performed using phase 
coherent product de tec tors ,  t r e a t e d  i n  appendix D, or a special ized 
ranging receiver ,  t r ea t ed  i n .  sect ion F. 1. 

There are two bas i c  s igna l  design c r i t e r i a ,  subject  t o  ce r t a in  . 

boundary conditions on the r e s idua l  c a r r i e r  and the  amount of allowable 
i n temodulat ion. 
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The f irst  c r i t e r i o n  i s  a s e t  of minimum design goals  for t he  infor 
mation channels. These design goals a r e  genera l ly  spec i f ied  by a minimum 
channel signal-to-noise r a t i o  and the  bandwidth i n  which it i s  taken. 
The s igna l  m u s t  be designed so  t h a t  as c a r r i e r  power i s  decreased i n  
the  presence of addi t ive  white Gaussian channel noise, t he  m i n i ”  de
s ign  goals are m e t  simultaneously. 

The second c r i t e r i o n  is t h a t  when the  channel des ign  goals are 
simultaneously achieved, the  channel signal-to-noise r a t i o s  must be max
imized within the  c a p a b i l i t i e s  of avai lab le  c a r r i e r  power. 

A boundary condition i s  that s a t i s f a c t i o n  of t he  basic design c r i 
ter ia  should not reduce the signal-to-noise r a t i o  i n  the  r e s idua l  car
r ier  channel below i t s  minimum design goal. 

A second boundary condition i s  t h a t  t he  amount of unusable power 
or intermodulation products r e su l t i ng  f r o m  t h e  s a t i s f a c t i o n  of t he  two 
design c r i t e r i a  should not be overly large.  

G. 1 Solution for Modulation Indices  

For a coherent product detector ,  the  output signal-to-noise r a t i o  

for t he  jth modulated subcarr ier ,  taken i n  a bandwidth Bo , i s  obtained 
3 

*an equation D. 1 .4 .1  (6), page D-7, as 

where 

= r a t i o  of t o t a l  s igna l  power t o  input  noise power i n  a 
bandwidth Bo 

0J j 

For e i t h e r  a coherent product de tec tor  or for t he  range clock re
ceiver  of sec t ion  F.1, the output signal-to-noise r a t i o  f o r  the  range 
code, taken i n  a bandwidth Bo , i s  taken from equation F. l .3  (6), 

m 
page F-12, i n  the form 
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For a product de tec tor  

$ = % = 1  


I n  terms of the  nota t ion  used i n  sec t ion  F.1.3, 

r 
-- - - .sC 1 

Y Bo = B-&jN 
0 r NC 1 r 

Equations (1)and (2) may be rearranged as 

V 


Equations ( 5 )  and (6) may be combined as 

( 3 )  

(4) 
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Equation (7)  may be s implif ied t o  

I n  general, for range code p lus  K subcarr iers ,  there  a r e  K equations 
of the form of equation (8). These may be wr i t t en  i n  s m e d  form as 

0i 
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.The bandwidths are t r ea t ed  as system constants,  and the signal-to-noise 
r a t i o s  as independent var iables .  ATi and Acpr a re  dependent var iables .  

When the  bandwidths and signal-to-noise r a t i o s  are assigned as m i n i "  
design goals, repeated simultaneous solut ion of the  K s e t s  of equations 
y ie lds  s e t s  of solut ions (ATr, Acpi) s a t i s fy ing  the  f irst  design c r i t e r ion .  

The solut ions a r e  not unique as there  a re  an i n f i n i t e  number of  solutions.  

For a s igna l  having K subcarr iers  only, with range code deleted,  
the equations analagous t o  equations (9) are 

K-1 
c 

i=1 

(10) 


For the  spec ia l  case of a subcarr ier  which i s  phase-shift  keyed
&go0, it i s  e a s i l y  seen t h a t  

BO i  No = Rm[: E 

- BO i 

where 

R = keying b i t  r a t e  

E = energy per  b i t  

!@I=value of channel noise spec t r a l  densi ty  
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For the  spec ia l  case of a quadraphase subcar r ie r  which i s  phase-
s h i f t  keyed by two telemetry channels, it may be determined t h a t  

where 

R and R
Y 

= telemetry b i t  rates 
X 

E and E = telemetry energies per b i t  
X Y 

IQI = value of channel noise spec t r a l  dens i ty  

For t he  spec ia l  case of the turnaround ranging channel, a r e l a t ion  be
tween the  e f f ec t ive  turned-around phase indices  of the  range code and 
up subcarr iers  on the dawn c a r r i e r  may be obtained by dividing equa
t i o n s  ~ . 5 . 2(6) by ~ . 5 . 2( 5 ) ,  page F-36. Then 

L 


where 

ATj = deviat ion of t he  jth subcarr ier  on the  up c a r r i e r  

Acpr = deviat ion of t he  range code on the  up c a r r i e r  

G-6 



Substitu t  i on  of equation (14) i n  equation (8) g ives  

J 

where, f o r  t he  turnaround channel, co r re l a t ion  l o s s  4( and de tec t ion  

loss % are taken as i d e n t i c a l l y  unity. 

G . 2  Maximization of Subcarrier Channel Signal-to-noise Ratios 

Inspection of equation G.l (l), page G-2, shows t h a t  the  signal

to-noise r a t i o  i n  t h e  jth subcar r ie r  channel i s  proportional t o  a fulic
t i o n  of modulation ind ices  given by 

For a s igna l  composed of K subcar r ie rs  and ranging code, maximization 
of a l l  the subca r r i e r  channel signal-to-noise r a t i o s  i s  obtained by 
maximizing equation (1)f o r  any a r b i t r a r y  j ,  using s e t s  of (LITr, 

which a r e  so lu t ions  of equation G . 1  (9), page G-4. Since simultaneous 
s a t i s f a c t i o n  of equation G . l  ( 9 )  s e t s  a l l  the  subcar r ie r  channel signal
to-noise r a t i o s  proportional t o  each other by constants, maximization 
of one subcar r ie r  channel maximizes a l l  subcar r ie r  channels. 

G.3 Boundary Condition on Residual Car r ie r  

The signal-to-noise r a t i o  f o r  t he  r e s idua l  c a r r i e r  channel i n  i t s  
bandwidth B may be determined from equation A . 3  (7),page A-8, t o  be 

C 
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Rearranging equation (1)and equating t o  equation G. 1 ( 5 ) ,  page G-3, we 
have 

K a 

NJ 

or  

X 

The boundary condition i s  obtained by s t ipu la t ing  t h a t  when t h e  s ignal

to-noise r a t i o  i n  the jth subcarr ier  cha.nne1 fa l ls  t o  i t s  design goal 
the signal-to-noise r a t i o  i n  the  res idua l  c a r r i e r  channel should be 
equal t o  or grea te r  than i t s  design goal. Then, 

-1 (4) 


2BC 
C 
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G. 4 Signal  Eff ic iency 

From equations A. 3 (6) and ( 7 ) ,  page A-8, it may be determined 
t h a t  the powers res id ing  i n  the r e s idua l  c a r r i e r  component, prime code 
component, and first order subcar r ie r  components of the modulated s igna l  
a r e  given, respect ively,  by 

P code 

; K 
P subcar r ie rs  = {2 cos2 (ATr) 

L- j=1 

The t o t a l  usable power, or e f fec t ive  power, iS given as -the sum of the 
three component powers as 

+ 2 cos 

i=1 

The percent, or decimal, e f fec t ive  power, r e f e r r ed  to the  t o t a l  c a r r i e r  
power i s  

% Peff = 

The difference between e f f ec t ive  power and t o t a l  power i s  unusable 
power composed of other  modulation products. $ Peff may be used as a 

boundary condition on channel maximization. 

G-9 




APFEXDIX H 

SuPPI;EMENTARY THlCORY 

H.l The Equivalent Noise Bandwidth of Linear Networks 

Figure H . l - 1  shows a diagram of a two-port l i n e a r  network which i s  
described by an input-output voltage t r a n s f e r  funct ion G ( s )  i n  t he  
complex var iab le  s. 

Figure H . l - 1 . - Linear network model 

The t r a n s f e r  funct ion i s  defined as 

where 

V ( s )  = u n i l a t e r a l  Laplace
0 voltage function 

V.(s) = u n i l a t e r a l  Laplace
1 voltage function 

transform of the output 
v i ( t )  

transform of the  input 
v o ( t )  

Since the network i s  Linear, the  pr inc ip le  of superposi t ion appl ies  and 
the treatment of the  network f o r  noise inputs  may be made independently 
of considerat ions about t he  presence of s ignal .  

The input  t o  the  network i s  taken as n . ( t ) ,  a sample M c t i o n  of 
1 


a Gaussian process. n . ( t )  i s  a funct ion with f i n i t e  non-zero power.
1
T h a t  i s, 

where the  bar denotes "average." It i s  assmned t h a t  t he  input  noise 
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has some noise spec t r a l  density,  an ( j W ) ,  which i s  a r e a l ,  even funct ion 
of the imaginary var iable  j w .  i 

Papoulis (ref. 15) has shown t h a t  f o r  f i n i t e  power inputs  to l i n e a r  
systems, the  output spec t r a l  densi ty  may be wr i t t en  as 

where 

The t o t a l  noise power out of the  l i n e a r  network i s  obtained by in tegra t 
ing the output spec t r a l  densi ty  with respect  to frequency. 

For the case where the input spec t r a l  dens i ty  is  constant or f la t  
with value 1 'nil 

, i n  the regions of  G ( j w )  o f  i n t e r e s t ,  the  i n t e g r a l  

may be rewr i t ten  as 

Note t h a t  the  use of t r ans fe r  functions which e x i s t  f o r  pos i t ive  
and negative frequencies implies the use o f  input spec t r a l  dens i t i e s  
which are a l s o  "two-sided." This i s  no cause for alarm and i s  merely 
a consequence of the use of Fourier transforms. The Fourier transform 
of  a real-time function i s  always two-sided. I f ,  i n  the  physical world 
where only pos i t ive  frequencies have meaning, a " rea l"  one-sided spec
t r a l  densi ty  N i s  given as 

N = K T  (7) 
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where 

K .= Boltzmann's constant 

T = temperature 

then the equivalent "two-sided" s p e c t r a l  dens i ty  i s  simply 

N K T 
/pnj 
- 2  - 2 

rt is  possible  to define an equivalent rrsquare" t r a n s f e r  funct ion 
having constant amplitude Gr, some reference amplitude of the  o r i g i n a l  

t r a n s f e r  function, and a transmission bandwidth (two-sided) of j2A%. 
This equivalent t r a n s f e r  function i s  defined such t h a t  the  power t rans
mit ted through it from a white, Gaussian input  dens i ty  i s  exac t ly  equal 
to the  power t ransmit ted through the  o r i g i n a l  t r a n s f e r  function. The 
equivalence i s  made by equating output noise powers 

then 


The treatment w i l l  now be confined to t r a n s f e r  functions which a r e  
r a t i o s  of polynominals i n  s, of the  form 

G ( s )  = 5l.3 
where the  degree of Q ( s )  i s  a t  l e a s t  one g rea t e r  than P(s) and a11 
the coe f f i c i en t s  of s a r e  r ea l .  

The 1ef-t;-hand quant i ty  of equation (10) i s  ca l l ed  the  "imaginary 
two-sided equivalent noise radian bandwidth.." The r e a l  ozle-sided 
equivalent noise bandwidth i n  cycles i s  r e l a t e d  as  
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BIT - 2Tc 

is  the  physical square bandwidth through which equal pwer w i l l  be 

transmitted as t h a t  t ransmit ted through the r e l a t ed  t r a n s f e r  funetfon. 
For t r ans fe r  functions of t he  ty-pe specif ied,  contour in tegra t ion  and 
t.he theory o f  res idues b y  be used to solve equation (10). 

Figure, H.1-2.- Gontoixr o f  in tegra t ion  

Along the  contour shown i n  the above ffgure, the  eqm1f”r;yholds. 

For la rge  I RI the t ransfer  functions t r ea t ed  are of the  order of l/s 
r-3

and the integrand G(s)G(-&) i s  of the order l/s‘-. For these t r ans fe r  
functfons and large 1 Rl  the i n t e g r a l  along path C2 approaches zero-
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then,  by the theory of res idues 

of G(s)G(-s) 

G( jw)G(- j w ) d j w  = 27cj 

i n  t h e  left-half 

and 

of G ( s ) G ( - s )  
(1-5) 

G i n  the  l e f t - h a l f  plaaer 

or 


Residues of G( s)G( -S ) 
BN =%c{i n  t h e  l e f t - h a l f  plane-

H. 2 Equivalent Noise Temperature of Linear Systems 

E.2.1 Single  Networks 
Every l i n e a r  network, ac t ive  or passive,  contr ibutes  noise t o  a 

s igna l  passing through it. For purposes of pred ic t ion ,  it i s  important 
t h a t  t h e  noise proper t ies  of t h e  networks dea l t  w i t h  be known. 

It i s  w e l l  known t h a t  a r e s i s t ance  having a physical  temperature TR 
produces a white Gaussian one-sided noise s p e c t r a l  dens i ty  (ava i lab le  
power). . 

joulesmR(f) = mR cycle per second 

where 

K = Boltzmann s constant 

It i s  poss ib le  t o  a t t r i b u t e  noise produced by a l i n e a r  network t o  an 
imaginary r e s i s t ance  a t  the  network input,  matched t o  the  input,and 'co 
consider t h e  network itself noiseless .  The temperature of 'chis imaginary 
res i s tance  which would be required to produce the network noise i f  the  
network w e r e  no ise less  i s  ca l l ed  the  network's "equivalent noise 
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temperature." Since t h e  network i s  assumed l i n e a r ,  the presence of a 
s igna l  or other  uncorrelated noise does not  inf luence the  network self-
generated noise or i t s  equivalent  noise  temperature. 

S.1 + Ni G so + No 
A A 
v v 

N 

8- (noisy) -


S.1 + Ni G so + No 

P 
Figure H. 2.1-1. - Equivalent noise temperature of  a noisy l i n e a r  network 

Figure H.2.1-1 shows the  reso lu t ion  of a l i n e a r  noisy network N 
having power gain G i n t o  a noise less  network fed by a r e s i s t o r  having 
equivalent noise temperature TN. The summing junct ions a r e  a concep

t u a l  a id ,  ind ica t ing  the summing of temperatures. They a re  not physical  
c i r c u i t  s m i n g  points.  
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I n  f igure  H.2.1-1 (a ) ,  

So = GSi i 
N = N C GN = N + GKT. (per  cycle of equivalent 
O N i N 1 noise bandwidth) I 

where 

NN = noise contributed by the  noisy networks 

I n  f igure H.2.1-1 (b) ,  

So = GSi 

No = NN + GN - GKTN + GKTii 

0 


It i s  seen t h a t  i n  terms of equivalent noise temperature and on a per  
cycle equivalent noise basis, t he  r a t i o  of input  t o  output signal-to
noise r a t i o s  (noise f igu re )  i s  given as: 

KT TNNi - i = I + - (4)
S GS; T; 

GK (TN + T 
NO 

This r a t i o  i s  a f igu re  of m e r i t ,  which, when equal t o  one, ind ica tes  a 
noise less  system. 

H .  2 . 2  Cascaded Networks 
There a re  general ly  two s i tua t ions  where it i s  des i rab le  to obtain 

an equivalent noise  temperature f o r  two or more networks i n  cascade. 
The f i r s t  case i s  f o r  two noisy networks each having power gains g rea t e r  
than uni ty .  It i s  des i rab le  t o  have an equivalent temperature referenced 
t o  the  input of t he  f i r s t  network. The Second case i s  for a noisy 
network with power gain g rea t e r  than uni ty ,  fed  by a passive network 
with power gain less  than uni ty ,  fed  by some "input" noise temperature. 
It i s  des i rab le  t o  obtain an equivalent noise  temperature referenced 
t o  the  input of t he  network w i t h  gain g rea t e r  than uni ty .  
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Consider two a r b i t r a r y  networks i n  cascade, having power gains G1 
and G 2  and equivalent noise temperatures, r e f e r r ed  to the  individual  
network inputs of T1 and T2 , respect ively.  

e e 

Figure H. 2.2-1. - Cascaded l i n e a r  noisy networks 

The avai lable  output noise power i s  

No = G KT2 2  + G2G1KT1 e e 

[2e + TI] 
No = KG2G1 G1 

Equation (2)  shows t h a t  the  equivalent noise temperature re fer red  t o  
the input of the  cascaded networks i s  

T2 
T =T1 + - e (47 

n.  
1. e G1 

Equation (3) shows t h a t  the  equivalent temperature re fer red  t o  the output 
of the cascaded networks i s  

I- 1 
T = G~ + G ~ T ~ ~ ]n
0 2e 
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It can be shown (ref. 16) t h a t  the  equivalent input noise temperature 
of a l i nea r ,  b i l a t e r a l ,  passive network, having power gain GP' whose 

physical temperature i s  T
PY 

i s  given as 

T'e = k - j T p  

Case 1: For t he  spec ia l  case of two noisy networks with power 
gains g rea t e r  than unity,equation (4) shows t h a t  t h e  equivalent noise 
input  temperature i s  

T,
L 

Tn = T1 + -e (7) 
i e G1 

For G1 s u f f i c i e n t l y  high, T1 denotes the  expression. 

Case 2: For the  spec ia l  case of a noisy hi-gain network, fed by 
a lossy passive network, fed by some input temperature Ti, f igure H.2.2-2 
appl ies  . 

Te = T2 + GLTi + - G d T pe 

If the  lossy  network i s  defined by i t s  a t tenuat ion  or l o s s  f ac to r  L 
where 

then 

TiTe = T2 +L+E - q T p  

e 
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GL GN 
ON0 

(lossy) (noise less  1 0 

Figure H. 2.2-2. - Cascaded passive and noisy networks 

H.3 The Band-pass Amplitude Limiter 

This sec t ion  s e t s  down, i n  the  notat ion used elsewhere i n  t h i s  
paper, ce r t a in  per t inent  r e s u l t s  of the c l a s s i c  ana lys i s  of Davenport 
(ref. 4 ) .  The ana lys i s  w a s  performed f o r  an i d e a l  l l s~a-pac t ion"l i m i t e r  
followed by an i d e a l  band-pass f i l t e r .  The dr iving s igna l  w a s  taken as 
a constant amplitude sinusoid embedded i n  narrow-band Gaussian noise.  
Narrow-banding of t he  input noise i s  taken t o  imply band-pass f i l t e r i n g  
a t  the input  t o  the l imi t e r .  The model i s  shown i n  f igure  H.3-1. 
The output spectrum of the l i m i t e r  i t se l f  contains spec t r a l  contr ibut ions 
centered not only a t  the  fundamental input center  frequency, but a l s o  a t  
harmonics of the input center  frequency. The ac t ion  of the output band-
pass f i l t e r  i s  t o  allow transmission of only the  energy centered on the 
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Figure H.3-1 . - Band-pass l i m i t e r  model 

fiindamental input frequency. For an output f i l t e r  su f f i c i en t ly  wide t o  
pass a l l  the zonal energy centered on the  fundamental frequency, Daven
p o r t ' s  ana lys i s  shows t h a t  t he  output s igna l  and output noise are  re 
l a t ed  t o  the  input signal-to-noise r a t i o  (SNR) by r a the r  complicated 
expressions involving the  confluent hypergeometric function ( r e f .  17). 
The important results are reproduced below. Figure H.3-2 i s  a graph of  
output noise power and output s igna l  power versus input SNR. 

Observation of  f igure H. 3-2 shows t h a t  the  t o t a l  output power of 
the band-pass f i l t e r  i s  constant and i s  given by 

2 

Po = s
0 

+ No = 8k] 

where 

VL = voltage l imi t ing  l e v e l  

A t  low input SNR it i s  evident from f igure  H.3-2  t h a t  the output 
s ignal  power i s  suppressed from the value a t  high input SNR. T h i s  sup
pression may be expressed through use of a s igna l  voltage suppression 
f ac to r  aL such t h a t  

= a 2 p 

so L 0 


Martin ( r e f .  7) has approximated "L by 
1 


L 

Niwhere - i s  the  input noise-to-signal r a t io .  The ac tua l  and approxs: 
imate %* a re  p lo t ted  i n  f igure  H.3-3. 
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Figwe ~.3-2.-L i m i t e r s i g n a l  and noise suppression versus input sm 
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Figure H.3-3. - Exact and approximate s igna l  suppression 

Davenport 's ana lys i s  w a s  f o r  t h e  case of  an m o d u l a t e d  s inusoida l  
s ignal .  For the  purpose of s i m p l i o i n g  the  ana lys i s  i n  t h i s  paper, the  
assumption w i l l  be made tha t  the  results c i t ed  above apply equal ly  to 
angle modulated s inusoida l  s ignals .  

H.4 The Range Equation 

This sec t ion  w i l l  der ive the  signal-to-noise r a t i o ,  computed i n  an 
a r b i t r a r y  bandwidth B a t  some reference point  of a r ad io  receiver ,  due 
to transmission of r ad io  energy f r o m  a t r ansmi t t e r  which i s  physical ly  
separated from t he  rece iver  by a dis tance R. 

Figure H . 4 - 1  shows t h e  model of t he  comunicat ions l i n k  to be used 
i n  t h e  der ivat ion.  A t r ansmi t t e r  with output power PT feeds an an

tenna with power gain GT through a lo s sy  network having power gain 

GLT. GLT i s  a number less then unity. The energy from the  t ransmctt ing 

antenna propagates across  the dis tance R to the  rece iv ing  antenna 
which has a power gain GR. Only a por t ion  of the t ransmit ted energy 
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I 
Figure H. 4-1. - Communication l i n k  model 

i s  intercepted by the  receiving antenna. This l o s s  of power i s  a t t r i b 
uted t o  a propagation power gain G

LP 
less than unity. The power 

intercepted by the  antenna i s  passed through a lossy  network, having 
power gain G” t o  the  reference point of the  receiver .  Noise i n  the  

l i n k  i s  a t t r i b u t e d  t o  an ex te rna l  system noise temperature TS summed 

with the s igna l  a t  the reference point.  

The reference point  f o r  determining the  signal-to-noise r a t i o  i s  
general ly  the input  of a s tage which has s u f f i c i e n t  power gain so  t h a t  
addi t ion of noise by subsequent s tages  i s  negl igible .  

Figure H. 4-2. - Antenna geometry 

Figure H.4-2 d e t a i l s  the geometry of the antenna system. The t rans
mit t ing antenna ga in  i s  due t o  a bunching of the  t ransmit ted energy i n t o  
a beam. This beam e f f e c t  then r a i s e s  the area power dens i ty  of the  re
ceiving antenna. The e f f e c t  i s  the same as i f  a higher e f f ec t ive  povnr 

’e f f  
had been radiated by the  t ransmi t te r .  
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The receiving antenna has an e f f ec t ive  r ad io  frequency area Aeff 
which i s  the a rea  of the  passing rad io  wave from which the  antenna, ex
t r a c t s  a l l  energy. 

The a rea  power dens i ty  a t  the  receiving antenna is  given by simple 
geometry as 

where 

G
LP 

= e f f e c t  of propagation loss 

The amount of power ex t rac ted  by the  receiving antenna i s  

~- G ~ G ~ AeffG ~ P ~ 
'R - 47rR2 

The e f f ec t ive  area of an antenna f o r  receiving has  been r e l a t ed  t o  
the power gain fo r  t ransmit t ing by Friis (ref. 18) and others as 

where 

A = wave length of the  r ad io  energy 

then 


P R = GLpGLTG GT R ["I2PT 

The power reaching the  rece iver  reference point  i s  

r.1 2  
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The loss of power due t o  geometry may be a t t r i b u t e d  to a "space 
loss"  having power gain GLs' 

2 2 

GLs =b]=[&I 
where 

C = ve loc i ty  of l i g h t  

f = rad io  energy f'requency 

then 

'i = G ~ p G ~ s G ~ ~ G ~ G ~ G ~ P ~  (9) 

The e f f ec t  of K d i f f e r e n t  power gains may be expressed compactly as 

K 


'i = PT Gi 
i=1 

The power gains l e s s  than uni ty  may be expressed as 

then equation (10) may be wr i t ten  

K 


Gi 
- i=1 

'i - 'T L 

The noise behavior of the rece iver  may be a t t r i b u t e d  to an input twc
sided noise spec t r a l  densi ty  m n  ( f )  where 

i 
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over some frequency range of i n t e r e s t  where K i s  Boltzman's constant 
and Ts i s  the  equivalent system noise temperature. The noise i n  an 

a r b i t r a r y  bandwidth B i s  given as 

o r  

N J B  = KTsB 

The signal-to-noise r a t i o  a t  the  reference poin t  i s  now wr i t t en  

2 

fiL; TB [A] 

H . 5  Antenna Polar iza t ion  Loss 

The polar iza t ion  of  a rad io  wave i s  def i red  according t o  the  space 
or ien ta t ion  of i t s  e l e c t r i c  vector.  For an Earth bound receiving sta
t ion ,  a r ad io  wave whose e l e c t r i c  vector  i s  perpendicular t o  the Ea r th ' s  
surface i s  sa id  to be v e r t i c a l l y  polarized; a wave whose e l e c t r i c  vec tor  
i s  p a r a l l e l  t o  the  E a r t h ' s  surface i s  hor izonta l ly  polarized. Both a r e  
spec ia l  cases of l i n e a r  po lar iza t ion ,  wherein the  e l e c t r i c  vector always 
l i e s  i n  one unique plane which i s  perpendjcular to the  plane of the  wave. 
A more general  type of polaYization i s  e l l i p t i c  po lar iza t ion  where the  
e l e c t r i c  vector  r o t a t e s  i n  the  plane of the wave and va r i e s  i n  amplitude 
as a function of  ro t a t ion  angle. Figure H . 5 - 1  appl ies .  

Figure H . 5 - l  shows a plane wave propagating out of the  page, whose 
plane l i e s  i n  the page. The sense of ro t a t ion  of the e l e c t r i c  vector  
with respect  t o  the d i r ec t ion  of propagation i s  clockwise. This i s  de
f ined as "right-hand" polar izat ion.  The locus of e l e c t r i c  vector  
amplitude i s  an e l l i p s e ,  hence the name e l l i p t i c  polar izat ion.  The 
r a t i o  of minor a x i s  length t o  major a x i s  length f o r  the e l l i p s e  i s  
ca l led  the "ax ia l  r a t i o "  or " e l l i p t i c i t y  r a t io" .  It i s  seen t h a t  l i n 
e a r  po lar iza t ion  i s  a spec ia l  case of e l l i p t i c a l  po lar iza t ion  where the  
a x i a l  r a t i o  i s  zero. The spec ia l  case f o r  axia.1 r a t i o  of one i s  ca l led  
c i r c u l a r  polar izat ion.  
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Figure H. 5-1. - E l l i p t i c  po lar iza t ion  

It can be shown ( r e f s .  19 and 20) t h a t  an  antenna which t ransmits  
e l l i p t i c a l l y  polarized waves can be used t o  receive energy from an i n c i 
dent e l l i p t i c a l l y  polarized wave. If the antenna polar iza t ion  exac t ly  
matches the wave polar iza t ion ,  maximum energy i s  ex t rac ted  from the  
passing wave. If not, there  i s  an e f f ec t ive  power loss or re f lec t ion .  
The polar iza t ion  power loss fac tor ,  which i s  e s s e n t i a l l y  an e f f ic iency  
fac tor ,  i s  given as 

+4 %+ (1 - d(1- %’) cos 2a 
P 2 + (1+ 4T2)(1+ %2) (1) 

where 

= a x i a l  r a t i o  of the incident  wave 

% = a x i a l  r a t i o  of the receiving antenna 

a, = angle between major axes of the  polar iza t ion  e l l i p s e s  

3- = used for same sense ro ta t ion  

- = used f o r  opposite sense ro t a t ion  

KP = 1 indica tes  maximum power extracted from the  wave. KP = 0 indi

ca tes  no power extracted from the wave. It can be e a s i l y  shown t h a t  

K = 1 for circul-ar po lar iza t ion  with the  same sense 
P or l i n e a r  po lar iza t ion  with p a r a l l e l  axes. (2)  
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K f o r  c i r c u l a r  to l i n e a r  polar izat ion.
P - 2  ( 3  I 

K
P 

= 0 	 f o r  c i r c u l a r  po lar iza t ion  with opposite sense (4 )  
o r  l i n e a r  po lar iza t ion  with perpendicular axes. 

H.6 I n t e l l i g i b i l i t y  of Clipped Voice 

Studies  of the  i n t e l l i g i b i l i t y  of peak clipped voice waveforms as 
a function of c l ipping depth have been performed by severa l  authors and 
agencies. The r e s u l t s  of inves t iga t ions  by Shyne ( r e f .  21) and Lickl ider  
(ref. 22) have been summarized and manipulated by Kadar of Grumman A i r 
c r a f t  and Engineering Corporation ( r e f .  23) .  It i s  not intended to re-
summarize here the  r e s u l t s  of t h e  references.  Rather, the  appl icable  
r e s u l t s  from the  references w i l l  be s ta ted.  

P l o t s  of empir ical ly  derived data  r e l a t i n g  percent i n t e l l i g i b i l i t y  
f o r  s ing le  words and percent word a r t i c u l a t i o n  t o  post detect ion peak 
speech t o  root-mean-squared noise, with peak cl ipping depth as a param
e t e r ,  have been p lo t ted  i n  the references.  The ordinates  of the p l o t s  
a r e  l i n e a r  i n  percent i n t e l l i g i b i l i t y .  The absc issas  are l i n e a r  i n  
decibels,  peak speech t o  r . m . s .  noise. Since the dec ibe l  value of a 
peak t o  r . m . s .  r a t i o  i s  t h e  same as t h a t  of a peak-squared t o  mean-
squared r a t i o ,  and since the  r a t i o  of peak-squared s igna l  t o  mean-
squared noise has been derived f o r  several  de tec tors  i n  appendices D 
and E, the i n t e l l i g i b i l i t y  p l o t s  a r e  d i r e c t l y  useable i n  pred ic t ing  
the  performance of  voice channels. 

mnned Spacecraft Center 
National Aeronautics and Space Administration 

Houston, Texas, December 30, 1965 
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