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Analysis of a Pulse Restrained Accelerometer 

Abstract 

This report is concerned with the analysis of a pendulum torqued _with 

pulses through the mechanism of a sample data contactor feedback loop. 

Such a system, called a pulse restrained accelerometer, can be used to 

provide incremental velocity information in an inertial navigation system. 

The presence of the contactor causes the pendulum to oscillate 

continuously. The particular mode of oscillation (i.e. , limit cycle 

frequency) depends on the loop parameters, initial conditions, hysteresis 

in the oontactor and forcing functions. This report presents an analytic 

procedure for determining the oscillatory modes of the accelerometer for 

zero inputs and small acceleration step inputs. 

A small amount of elastic restraint in the accelerometer, .which can 

either be caused by gravitational force acting on the pendulum as it 

deflects from the vertical position or by a physical spring effect, will 

produce a deadzone within whose bounds input acceleration cannot be 

detected. Thls' effect is also analyzed in thi.s report. 
,/ / 



CHAPTER l 

Introduction 

The restrained pendulum accelerometer illustrated in Figure 1.1 has a 

cylindrical float supported concentrically in a sealed cylindrical case with 

a high density fluid filling the gap between the case and the float. The 

density of the fluid is such that the float is supported to neutral buoyancy; 

the output axis bearings serving mainly to center the float. 

An unbalance mass is attached to the float rendering it pendulous, hence an 

acceleration applied along the input axis results in a deflection of the float 

about the output axis. Damping action is provided by the fluid. If the reference 

Q axis of the pendulum is oriented vertically, gravitational force acting upon the 

deflected pendulous mass will provide elastic restraint. 

The deflection of the float about the output axis is detected by the signal 

generator and a feedback signal is provided to the torque generator which restores 

the accelerometer to its reference position. The feedback signal is, therefore, a 

measure of the acceleration input o 

The accelerometer used in an inertial navigation system should accurately 

indicate the acceleration along its sensitive axis, of the vehicle in which it is 

. -s 
mounted, over a measurement range of about 10 g's to 10 g's. The acceleration 

should also be in a form which can be readily integrated with respect to time to 

give vehicle velocity o 
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The feedback signal can either be in a digital form or in an analo_g form. 

The digital method has three distinct advantages o 

l. It is desirable to measure the feedback signal to an accuracy of 

better than one part in 100,000. This exceeds the capability 

with which most analog quantities can be readily measured. Since 

time can be measured more accurately than most analog quantities, 

the digital method consists of discrete time measurements and counting. 

The accelerometer which has a feedback signal consisting of positive 

and negative pulses of constant magnitude and of discrete duration is 

called a pulse restrained accelerometer and the analysis of such a 

system is the subject of this reporto An open-loop analog-to-digital 

conversion of the analog feedback signal would not improve the 

accuracy because the conversion still requires the measurement of 

an analog quantity other than time. 

2. Since the : pulses would be of constant amplitude in the digital method, 

there would be no need for a linear torque generator and power amplifier; 

instead, only a constant current supply would be required. The measure

ment of the feedback torque would be easily achieved over the desired 

ranqe with such an accelerometer since it would not exhibit the nonlinear 

characteristics typical of electromagnetic devices. 
' 

3. The amplitude of pulses, M, is proportional to a constant amount of 

input acceleration. Since the pulse duration, T, is also a constant; 

then each pulse is proportional to an increment of velocity ,AV, where 
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.t.V=MT. The process of integrating acceleration now consists of merely 

counting the pulses which represent the incremental velocity o Generally, 

the integration in the analog system is accomplished with a motor-tach

ometer combination. The accuracy of this method is limited by the 

tachometer null characteristics and the linearity of the motor, tachometer, 

and drive amplifier. 

One other possible advantage of the pulse restrained pendulum is 

that the limit cycle oscillation can provide the "dithering" required to 

overcome any static friction which may be present in the system. On 

the other hand', a disadvantage of the digital system is that the presence 
I 

.., of an elastic restraint torque may prevent the pendulum from attaining the 

angle required in order to produce a sensible output in response to an 

acceleration input. Fortunately, this dead.zone can be reduced to a 

negligible value by increasing the sampling frequency. 

The pulse restrained accelerometer with its nonlinear feedback control 

system is potentially more accurate and less complex than the accelerometer 

which incorporates a linear feedback .control system. In order to realize 

the maximum capabilities of such a system this report develops, through 

the ~pplication of various nonlinear techniques, procedures for predicting 

the dynamic behavior of a pulse restrained accelerometer system. The 

main purpose of this report is to (l) present a method for determining the 

oscillatory modes ( 1. e., limit cycles) which exist during zero and small 
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input conditions a nd (2) dete rmi ne the deadzone resulting from the 

presence of elastic restraint in the system. 

The following chapter contains a description of a pulse restrained 

accelerometer and a development of the basic equations of the 

system. 

In Chapter III, the sample data contactor feedback control system 

of the pul s e restrained accelerometer is analyzed by the phase plane 

method, the describing function method and a piecewise linear 

analysis method for zero input acceleration. 

In Chapter IV, the response of the system to step inputs· is 

discussed. The performance of the system is predicted by a 

heuristic extension of the analysis in Chapter III since no rigorous 

technique exists for the transi e nt analysis of a sample data 

contactor feedback control system. The results of the analysis are 

supplemented by an analog computer simulation and some laboratory 

tests with an experimental accelerometer. 

Based upon the analysis, design criteria for the synthesis of 

a pulse restrained accelerometer are presented in Chapter V. 

The final chapter presents the conclusions of the inv~stigation 

and recommendations for further study. 



() 

0 

-5-

CHAPTER II 

System Descript ion and Equations 

2. l Description of Accelerometer System 

The complete pulse restrained accelerometer system is shown in Figure 2. l. 

Under the influence of an input acceleration, a, the pendulum rotates from its 

reference position. The output of the signal generator indicates the angle of the 

pendulum, e. When the pendulum angle exceeds a threshold angle, ~ e, the 

polarity switch changes to the opposite state. At the next sampling instant, the 

state of the torque switch changes and gates the constant current source in the 

opposite direction through the torque generator. The sense of the torque generator 

output is such that it tends to drive the pendulum back to its reference position. 

In addition to gating the sense of the constant current source to the torque 

generutor, the torque switch als·o gates the clock pulses to the up- and-down 

counter. The contents of the up-and-down counter are periodically transferred 

to an accumulator and the counter is reset to zero. The up-and-down counter 

essentially acts as a filter which removes the limit cycle oscillation from the 

velocity information. 

Since the feedback torque does not have a zero state (i.e., its only 

output is:_ M), the steady state condition of the accelerometer loop is a 

continuous self-sustained oscillation of some definite amplitude and frequency. 

The presence of sampling and hysteresis in the loop tends to increase the 

amplitude of the "hunting •r or limit cycling. Typical waveforms generated in 

the system during the limit cycling are also shown in Figure 2 .1. 

When the pendulum experiences an acceleration input, the time required 

for the pendulum to swing on one side of its reference position is longer than 
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the time required to swing on the other side. Therefore, the number of sampling 

pulses existing during one half of a torque cycle exceeds those existing during 
J 

the other half cycle. The difference between the number of samppng pulses in 

the two half cycles is proportiona l to the change in the vehicle velocity. 
' 

A simplified block diagram of the accelerometer system is shown in 

Figure 2. 2. The polarity switch of Figure 2 .1 is represented by the contactor 

which has an input-output characteristic that includes hysteresis. This 

hysteresis results from the fact that some finite deflection of the pendulum is 

required to trigger the polarity switch. Generally the sensitivity of the signal 

generator is not increased beyond the point where the polarity switch is 

triggered by noise. The sampler represents the positive and negative pulse 

gates. The torque switch provides the feedback gain while also acting as a 

zero order hol d following the sampler. 

The fact that the pendulum is not a t its reference position at the end of 

the torque cycle constitutes an instantaneous velocity error. The velocity 

. error is bounded by the "self-correcting" action of the feedback loop so that 

this portion of the velocity information is not lost but rather it just temporarily_ 

stored in the pendulum position. 

2. 2 Pend ulum Transfer Function 

The acceleration sensing instrument can be considered as consisting of 

the simple pendulum showri in Figure 2. 3. The moment of inertia I is the 

polar mement of inertia of the float and pendulous mass about the output axis 

which is directed into the plane of the paper. The damping coefficient C is 

afforded by the fluid separating the case and the float. The elastic restraint 
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K may exist in the system (1) due to the presence of a spring with a spring 

I • 

const.:int K or (2) if the instrument is oriented such that the gravitati ona l 

accelerat ion a cts upon the pendulous mass P of the deflected pendulum to 

produce the restraining torque Pg sinG . The feedback torque during a torque 

ha lf cycle is constant and in a direction such that it tends to drive the 

pendulum towa rd its reference position (i.e.,0 .;=°O). Therefore, the 

pendulum dynamics during a torque half cycle can be described by a linear 

differe ntial equation . 

Applying the rotational form of Newton's second law to the pendulum 

in Figure 2. 3, the rate of change of the angular momentum is equal to the 

summation of torques about the pivot 0. 

le = I: tor<tues 2 .1 

• I 

= - Ce - Ke - P~s,ne + Pa cos e :t M z.z 
When the accelerometer is operating in a closed loop fashion, the 

pendulum remains in the vicinity of its reference position and small an;1le 

approximations can be made (i.e., sin O.:8, cose--=1 
I 

) • Letting K + Pg =K, 

the total elastic restraint, equation 2. 2 can be written as follows during 

the interval where 0 is positive: 

;; + C 8, -+ ~ I'\ _ Pa 
c, I 1~- I 

M 
I 2 .3 

Considering the feedback torque M as being of constant magnitude and 

sign, the Laplace transfon;n of equation 2. 3 from the t-domain into the 

s-doma in is: 

(s2.➔ ts+· ~) e(S) = ~ Q(~) - si · +Go+~ + ~)eo 2.4 

The left member of equation 2. 4 can be factored and the equation can 
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be written in terms of the t ime constunts 'T,, and?zas follows: 

_.E9_w_ M + e·. (s+ 1 )6 
C'i 1'iK - s(Y,+1:'2.)C O "T" ~ o 

e<s)-= (s-+ t.)(s + tz) 
2L 2L 

where ""t', = 
C 7-a = 

C. 

[ 4KIT I 

1 ~ [1- 4~l J½ 
In most cuses, we find 

1- 1- C' ~ 

I 

4KI << l [ 4KI]z 2Kl . 1- c;l. z 1 - + c2. I 
.. C2 ••, e•• 

and the time constants can be approximated as 

C --r, -= K (integrator time constant) 

I '"rz~c (pendulum time constant) 

2. 3 Period ic ity of Limit Cycle 

2.5 

Since the torque switch output cannot be zero, the pendulum output cannot 

remain at zero at all times. Therefore, the response of the system to zero 

accelerution inputs is such that the average value of both, the pendulum and the 

torque switch, is zero. 

From the standpoint of symmetry, the torque switch output must be a square 

wave and the pendulum output must be the response of the pendulum to this square 

wave. Since the torque switch can change state only when a clock pulse is gated 

to Hs input, the square wave output of the torque switch is constrained to have 

a period which i s an integer multiple of the sampling period, 2T (T is the time 

interval between sampling pulses); 

The self-sustaining oscillation of the pendulum in the closed loop is known 

as a limit cycle. The torque feedback s igna l, however, has a period which 

consists of n positive pulses followe d by n negative pulses. The cyclic 

characteristic of the loop operation will be referred to in this report as being an 

n:n mode. The term 8n,rnwill signify the pe ndulum angle at the mth sampling 

instant of a torque half cycle which has a duration of n pulses . 
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2. 4 Normalization of Loop Pa'rameters 
I 

It is convenient in the derivation of general equations which describe the 

dynamic behavior of the pendulum to normalize time with respect to the sampling 

interval, T. Using T as the basis time unit, the following dimensionless quan

tities are defined. 

t 
tn= ,=-

1 --r~ 
¥ = T 
1 'T, 

~=-=r 

(dimensionless time) 

(dimensionless pendulum time constant) 

(dimensionless integrator time constant) 

(dimensionless t ime derivative of e) 
(dimensionless s e cond time derivation of 0 ) 
dimensionles s value of maximum rate of change of e ) 
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CHAPTER III 

Prediction of the Oscilla tory Mode s w ith Zero Input 

3 .1 Di s cussion of Non-linear System Be ha vior 

The res ponse of a linear system can be determined by obta ining the 

inverse Laplace transform. Afte r the tra :.s ient response due to the initial 

conditions and forcing functions has deca yed exponentially to a negligible 

. value, there exi s ts the stea :-iy state response which is independent of initial 

conditior.:5 . A non-linea r sys tem with a s a turating element (i.e. , a contactor) 

l* 
can be considered as having a variable ga i n . The loop "gain" approaches 

infinity for small amplitude oscillations and becomes low for large amplitude 

oscillations. Depending on the order of the system, sma ll oscillations(high 

gain) could b e unstable and would grow larger while large oscillations (low 

gain) could be stable and would grow smaller. In between these extremes 

0 there would be an amplitude of oscillation just small enough to give the value 

of gain required to keep the system on the verge of instability. The system 

will eventually settle down into this so-called limit cycle, independent of 

the initial conditions • 

Sample data contactor feedback control systems can exhibit the property 

of having more than one limit cycle. As a result, when an input is applied, the 

system steady-state response can ·be different; depending on the initial conditions. 

3. 2 Methods of Analysis-Review of Lite-rature 

The first approach to ,determining the dynamic behavior of contactor servos 

was the use of the classical differentia l equation by Hazen. 2 La place transform 

3 theory was applied by Kahn to develop a semigraphical method of solution for 

Q * Superscripts refer to the bibliography at the end of the report. , 
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_ de t ermini ng the transient behavior, rda tive stability, and oscillatory condition 

of the non-linear contactor servo. Berge n4 add s to the use of the Z-transform to 

this type of piecewise linearization to a ccount for the presence of a sampler in 

5 
the loop. A similar approach is the me thod proposed by Torng and Meserve using 

difference equations. 

. 6 7 
Weiss and McColl applied the phase plane method employed by 

Minorsky8 and by Andronow and Chaikin 
9 

in other problems concerning nonlinear 

s ystems. In more recent years, the combination of sample data and contactors 

• 
in a nonlinear s ystem have been analyze d by Kalman 10 and by Mullin and Jury 11 

with the use of the phase plane. 

The de s cribing function technique dev':!loped by Kochenburger 12 has 
~ ' 

13 14 15 
bee n employe d by Chow , Chao , and Gelb to present a graphical repre-

sentation of the contactor servo. 

All three general analytic methods: piecewise linearization, phase plane 

analysis and describing function analys i s will be used to investigate the behavior 

of the s ampl e data contactor feedback control s ystem. Although each method has 

its limitations, some insight is contributed by each to a better understanding of 

the nonl inear system. In this report, the various portions of the system analysis 

w ill be performed in each case, by the most suitable method available. 

The bibliography at the end of t hi s report should provide sufficient informa

tion to indicate the major work done i n t hi s field of sample data contactor servo 

analysis. 

3. 3 De scribing Function Method 

The first method of analysis to be used in this report is the describing 
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r\ fu-nction t echnique because of its simplicity . The various modes of oscillation 
'-,I 

0 

c. 

which can possibly exist are readily determined by this method . 

3. 3 .1. De scribing Function of Contactor with Hysteresis 

The contactor will invariably have some hysteresis associated with it 

beca us e the gain of the amplifier which drives the polarity switch in Figure 2, l 

is normally never increased beyond the point where the polarity switch is triggered 

by the noise present in the signal generator output. 

The describing function for the nonlinear element shown in Figure 3. 1 

is: 
a., 

where the gain of the contactor is the ratio of the fundamental com ponent of the 

4 
square wave output, n , to the amplitude of the sinusoidal input, IGI. The 

phase s hift contributed by the hysteresis i s - s in"°
1 

1
~ • 

The basic assumption of the describing function method, that only the 

fundamental of the output need be considered , is a valid one for two reasons: 

(1) the frequency spectrum of a square wave consists of progressively sma ller 

ampl itudes for increasing order of the harmonic frequency components and (2) 

the pendul um acts as a low pass filter to the square wave so that the signal fed 

back to the input of the nonlinear element is essentially sinusoidal. 

The quasi-linearization by means of the describing function a llows the 

frequency response of the accelerometer system shown in Figure 2. 2 to be 

approximated by: 

0(ju.i) = 
a(Jw) 

G<j.o>G-..e_ 
1.., G-cjw)Cro 

where G-0 : describing function 

Gtjw):: frequency sensitive portion of system 

3.2 
' 
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The sys tem will be critically stabl e in a particular"~"' mode when the 

denominator is zero or i.e., when 

_ _L:: G(ju;) 
Go 

3 .3 

When equation 3. 3 is satisfied, the sys t e m will have a sustained oscillation of 

the amplitude and frequency which satisfy the equation. The intersections of 

- ~ and G d'-")On a log magnitude-angle d iagram would indicate the o s cillatory 
[) 

modes which are possible in the system. G (;w) would include the pendulum 

and the effective phase shift of the sampler while, according to equation 3. 1, 

1 n I GI / o • , Ae 
- - :: --/ If.( ·· S in j"Qj 

GI> 4 
3.4 

A plot of log ISi versus phase-shift as a fu nction of frequency would be 

v~ry us e ful, pa rticulurl y if the variation of the pendulum parameters or the 

effect of compensa tion were to be investiga ted. However, if the linear portion 

of the loop is a ssumed to remain fixe d , a simpler plot of phase shift vs. log 

frequency can be used to d e termine the moding chara cteristics. 

3. 3. 2. Effect ive Phase Shift of Sampler 

An effective phase shift can be ascribed to the sampler when the a cceler-

ometer loop, s how n in Figure 2 .1, is operating in a particular n: n mode of 

o s cillat ion. The sampler represents the gates which exist between the polarity 

switch and the torque switch. The outputs of the two switches are square waves 

having the same period . 

There can be a delay' between the ·time the polarity switch changes its 

state and the time when the next clock pulse is gated to the torque switch to 

change its state. This time delay between the outputs of the two switches would 

be zero if the clock pulse was gnted to the torque switch immediately after the 
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I""'-, polarity switch changed state. If the pol a rity switch changed state im~ediately 

afte r a clock pulse, there would be a time del ay equul to one sample interval, T, 

before the torque switch changed state. Thus, the length of the time delay is 

between O and T seconds. 

0 

In the d escribing function analysis to follow, the feedback torque being applied 

to the pe ndulum will be considered as consisting of only the fundamental component 

of the square wave. In this regard, a time delay of T seconds between the two 

:~w. tch outputs during an n:n mode of oscillation can be considered as a phase shift 

TT of n d e grees between the fundamental components of the outputs. 

3. 3. 3. Phas e Angle vs, Log Frequency Curve 

The expression for the response of the linear portion of the system to a 

sinusoid according to Figure 2. 2, is: 
..!1 

K 

(j~1'c-+ l)Ow"t'z. + 1) 
Therefore, the phase shift due to the pendulum is: 

¢ -1 t _, 
rENDUi..UM ::: -tan wT, - cu, w Lz. 3.5 

The possible effective phase shift of the sampler was shown in section 3. 3. 2 

to be: 

The 

• 0 ~ ¢SAMPLER. ~ ~ 

phase angle of-i,according to section 3. 3. 1 . , is 
D 

¢ 1 
_ ,; - , AG 

- _ - 180 - Sit\ °"jQi 
G0 M 

K where lel:: 
. [1 ·+- w

2 ""t/· Ji [1 + u?·'t'/]f 

3.f> 

3.7 

The experimental accelerometer used in the laboratory tests supporting this 

analysis has the following parameters: 
- C '"t1 - K,. 12. 5 se.\: 

T % 3 .. 3 z = c :: .4 " IO ~( · c 

~:: ~ where K = PC3+1<' 3.'I 

M =- 5 P13 
tl6 = system variable 
T::: system variable 
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The phase angles given by equations 3. 5, 3. 6, and 3. 7 a re shown in Figure 

3. 2 for the parameters in equations 3. 9 and various values of Ll e . Since the clock 

pul s e ra te is 10 4 pps, T = 10- 4 sec. Although the pendulum phase shift curve is 

continuous over the entire frequency spectrum, the presence of the s a mpler con

strains the modes of oscillution to be n: n modes where h is an integer. Since the 

· period of an n:nmode is 2nT s econds, the frequency of an n:n mode is: 

3 . 10 

The possible effe ctive phase shift which can be contributed by the sampler 

can ra nge from 0 to-f radians. The maximum value is shown in Figure 3 .2. The 

actual amount of phase shift can be determined from the intersection of ¢~ (j;;.,) 

and ¢_1-. 
Cro 

For the case where A6 = 1 second of arc, the 9: 9 and 10: 10 modes of 

os c illat ion are both possible. The initial conditions and the interval between the 

time the loop was closed and the pme that the first clock pulse appeared deter

mined which of the two possible modes would be attained in the s~eady-state 

condition. The da ta obtained ·from the l aboratory experiments and th~ anal og 

computer simulation agreed very well with this graphical prediction of the possible 

modes. 

Figure 3. 3 shows the phase angle curves which exist when the clock pulse 

rate is 2 x 10 3 pps. The change from 10 4 pps to 2 x 10 3 pps clock rate results 

in changes of the effective ;phase shi ft of the s ampler and the possible limit cycle 

frequencies. The 2: 2 and 3: 3 modes a re possible when the hysteresis is ~ 1 

second of arc. 

The oscillatory modes which are capable of being sustained by the acceler

ometer loop have been determined by (1) assuming the existance of a particular 

oscillatory mode at the output, (2) following the signal around the· loop, account-
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ing for all poss ible p}~ase shift, and (3) ob serving w hether enough phase shift is 

provided for the particular h·nmode to b e sustained . The effect of a mplitude change 

as the signal is followed around the loop is not considered since the sampler out

put is a funct ion of only the polarity of the pendulum output. In this r egard, the 

4:4 mode i s shown to be impos3.ible in Figure 3 . 3 because insufficient phc1 se 

shift is provided . In this particular ca s e , the 1: 1 mode is impossible, not beca use 

1 
of too much phase shift but rather be c il use the- G-i:,curve never reaches the 1: 1 

frequency indicating that the amplitude of the 1: 1 mode is less than 1 second of arc. 

3. 3. 4. Effect of Sampling Rate on Moding 

The highest possible mode of oscillation in the system without any contactor 

hysteresi s occurs when the pendulum phase shift and the maximum effective phase 

shift of the sampler equal - 7T radians, according to Figure 3 . 3. 

Thus 1 t ··I -,- t -I TI an --w'-1 + a.n -u:t2 - ri = -TT 

Normalizing w""t,and '-"';a, equation 3 .11 can be written as: 

Since the summation of angl es in the right member of equation 3. 12 equals 

the summation of angles in the l~ft member, the tangents of the two members are 

also equal. t (t _, -n t -t -n) t (l'f 0 ,...? t TT o.n ari - -+- on - = cu, .:- - lov ~ - an -f3~1"1 ~n •· . r, 

Using the trignometric identity . 
ian(X'+Y) =tan.._-+ tonY 

1 - tonx tan Y 

equation 3 . 13 can be written as follows: 
TT TI' 

~+ 'ih"' 
1 -

Regrouping yields 

=- to.n .:!!_ 
l"I 

a-2- ¥rr (I.., #3) 1i 
2 

n(3 ton¾ - h 2 /3 = O 

3.11 

3.12. 

3 .1"3 

3.14 
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Solving for~ in equation 3.14, 

't = -rr(t+ f3) [1 -(1 + 4 ,B to.1-12 ¾ _\i ] 3 .15 
-zn (3 to.I'\* l1 .. ~y ; 

Equation 3.15 is the expression for the largest value of¥ which will allow 

a purticular n: n mode to b e self sustaining in a loop without hysteresis. Since 

¥:. ~
2 

, it follows that a decrease in the sampling frequency (i.e. , an increase 

in T) or a shorte r pendulum time constant would cuuse this n: n mode to be in-

capabl e of being sustained. Only lower values of n would then be possible. 

On the basis of equation 3 .15, th e possibl e modes are plotted as a 

function of ~ in Figure 3 .4 • For n=l, tan~ =0 and the denominator of the 

right member oi equation 3. 15 must equa l ze ro. Therefore, the largest value of 

} for n = 1 is oo, which means that the 1: 1 mode is possible at all sampling 

frequencies . For n = 2, tan*= oo and the middle term of the left member of 

equation 3 .14 must equal zero and 

For n ~ 3 , the quantity under the radical sign in equation 3 .15 can be 

approximated by the first two terms of the series expansion: 

? = l + :, ; :•; ;5- + •.•... 

Substitution of the above equation into 3 .15 gives for /3 << 1 

or 

lf 
n to."" 

" 
(ro.- -n ~ 3 ond fl<< 1) 
( to-r 'r\ > 21) o.nd {3<< ~ 

Equations 3. 15 or 3 .'17 and Figure 3. 4 indicate the modes of oscillation 

which are possible in the loop with no :::ontactor hysteresis. The effect of the 

hysteresis is best determined graphically because it is amplitude dependent. 

3.1G 

3.17 

In general, by considering Figure 3. 2 it can be said that the hysteresis can result 
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in higher n:n modes becoming possible; however, it can a lso cause the lower n:n 

modes to become impossible. 

Before attempting to extract more information about the behavior of the loop 

by meuns of the describing function analysis, an "exact" piecewise linear 

analysis will be made. 

·3. 4 Piecewise Linea r Analysis 

Having det ermined the possible modes of oscillation by the describing 

function t e chnique, the exact oscillatory behavior of the pendulum is obtained in 

this sectior, by a piecewise linear method in order to (1) provide an analytic 

method for predicting the limit cycles and (2) provide further insight into the 

information which can be derived from the describing function. 

The pendulum behaves in a linear manner with the exception of the dis-

continuities which occur whenever the feedback torque reverses direction . An 

am1lytic expression for the linear portion of the limit cycle can be obtained if 

the proper boundary conditions at the discontinuities are met in order for the 

oscillation to be sustained. This piecewise linear analysis gives an solution 

which is exact. 

3. 4. 1. Pendulum Dynamics During Limit Cycle 

With no input acceleration being applied to the pendulum, the oscillatory 

motion during the interval when8 is pos itive can be described by equation 2. 3 
I u e .. e 

with a = 0. Normalizing th~ time derivatives (i.e., g == T , e· = r7 ) , 

equation 2. 3 can be written as follows: 

a"+ If...e _.. T2.K e: -MT2. 
I I 1 3.18 

Transforming equation 3 .18 from the m-domain (dimensionless time domain) 
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into the S-domain , where S = sT, yields the following expression where M is a 

cons tant : 

The left member of equation 2. 4 c an be factored and the equation can be 

written in t erms of the dime nsionless quantities defined in section 2. 4. 

e _ -/ff + e:.,o ... [s ~a (ti+D]en,o 
(s)- (s+~X5'•'6t3) 

3 2..C 

where O -: .!.. 
'ti 

~ ~ J"a. 
~ = '?; T ~ (1 -+ (3) 

Tra nsforming equation 3. 20 from t he S-domain back into the m-domain 

9n,n,' 
1
_\, [*(t • /l-ef'~tn-t /l;~"')- ~rnh,o(e('<m_ e-¥?-e;,o(iSe(lfo,_ e''Y] 

Diffe rentia t ing equation 3. 21 with respect to m yields: 

e / . ~ _!_.[-,}' 1e-fl'6m_ e -'6m\_ t3¥e.,,o ( e~'"'- i ·a-rn)- e~ o(f3e~ [a'lfm_ e-l1")] 
n,m 1 _ (3 \ ( J , 3.22 

In order for an n: n mode of oscillat ion (i.e . , n posit ive pulses followed 

by n negative pulses) to be self-sustaining , the following conditions must exist 

at the m = nth sampling instant: 

3.23 

Substituting equations 3. 23 into 3. 21 and 3. 22 and solving simultaneously 

I 

for tl,,
10 

and 9,,
10 

yields : 

[ 

1 -· (3d'n Q 1 - etn ] e., o= /-' - e t"' 
' (3 6 (1 - (3) 1 .. e -~lf" 1 • e- 4·n 

-/J)fh -Jr, 
. 2. e -e e n,o:: -(..,..1-- -{3-)'"'(-1 "-... -~---rt>---:),--,,-1-➔-e--· · "="t3 ...,.., ,,--:-) 

Substituting equations' 3.24 and 3.25 into equation 3.21 

3.24 

3.25 

gives the followi ng 

relationshi p for eti,mwhere O ~ tn ~ h : l 
2' r e- (Un f3e- ~" 0 : _µ ---- - ----- - ~ 3.2., 

h,m tH (1 ·· (3) I 1 • e- f34n 1-+- e-d"r, . f>~ 
l J 

Equation 3. 26 gives the pendulum position at the mth sampling instant after 
J 
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the torquing signal changes s ign in an n:n mode of l imit cycle oscilla t ion . At 

the particular sampling instant (m = .Q) tha t the feedba ck torque changes d irection, 

the values ofG ande;,r>are given by equations 3. 24 and 3.25. 
ry, . 

The exponential expressions found in equations 3. 24 and 3. 25 and 3. 26 can 

be defined in terms of hyperbolic funct io s as follow s: 
X A A 

1 2.eI 2 ez e"i" h x 
---· :-=T = x = - sec. -1 ... e-x ze .. :z(el +e·· ~) 2 2 

Using these relationships, equations 3. 24 ,·· 3. 25 and 3. 26 can be written 

fn the foll owing manner: 

I 

e ,,,,_. It f3tfn at h on\ ".c= (H(t -f3 ) , ,anh :r-,., Oh T ) 

I ,;'-' ( . (, ~ n t i• (\ ) 
Sn,o= (l - (3) .fonh -z - c1nh-z-

- ~ [ -{3~(m- ft) , f!l!2_ -ir(tn- ~) ¥n] µ 
en,m-(H'(l -~) e Set.n 2. - (3 e s~chT - (36 

3. 4.2 Pendulum Dynamics During Limi t Cycle, Ne glecting Elastic Re straint 

• 

3.27 

3 .2.8 

It is generally found that the effect of the elastic restraint on the pendulum 

dynamic s during the limit cycle can be negl ected because of the relative magnitude 
I 

of the integrutor time constant witl"l respect to the limit cycle half period · At the 

limit cycle .frequency, the pendulum behaves ns if '"t"1 -= 00 (i.e. , f3-: o ) . 
Letting ~ = 0 in equntion 3. 20: 

-e.J- ~ e~.o '-+- ( s + ~) en,c 
0(s)= S(S -+~) 3.30 

Transforming equa tion 3. 30 from the S-domain back into the m-domain: 

e, (. -hn) ,,u ( - <fm) S -e .. ~1-e - ~ .,. 1-+e n,m - r\O t! T 1 1 
-

3'.31 
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Differe ntiating equation 3. 31 w ith re spect to m: 

At the m=nth sampling instant the following conditions are required in 

or ·er for the n:n mode to be self-sustaining: 

3.33 

Substituting equations 3. 33 into 3. 31 and 3. 32 and solving simultnneously 

for €ln O a no e:, c yiel -ls : 
I , [ •• ~n ] 

0n,o ~ ~ i; :_ ~: =-6h 

I i- e •· 5'i, 
e,..._o= ""'----1-+- e- '5'n 

Sub s tituting equations 3 . 34 and 3. 35 into 3. 31 gives the following ex-
~ 

3. 3➔ 

3.35 

press ion for e,,,m v,:er[e~:'!:m~n. 
2 

e-a~ ] 
3

. 

3

'-

6,..,rr--= T T-~m- 1 + e- .f n .;, t. 

Equations 3. 34, 3 . 35 and 3. 36 can be writte n in terms of hyperbolic functions 

·as follows: µ ( !·,, h On) 
en,c"' T "T - tan z 
G~,c = /' tat'lh ~; 

en,m • f [ l - ~(m- ~) - e- b(rn- ~)sech ~] 

3. 4. 3. Re lat inq ''Exact" An.:ilvs is anr· D,~::; cribing Function Analysis 

Since the integrator time constant of the experimental accelerometer 

is 12: 5 second s and the duration of a half-cycle for a 3: 3 mode is 3T=0 .0015 

·:-._: -~econds at ·2x10 3pps cloc~ rate, the pendulum can be considered as having 

3 .37 

3 .38 

a perfect int egrator as far as mode prediction is concerned. Thus, the simple 

equations of section 3.4.2 are used rather than those derived in section 3.4.1. 

The steac:y-state pendulum outputs during the 2: 2 and 3: 3 modes of 
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o s c i llat ion a r13 show n i n Figure 3. 5 . The t e rmi nol ogy Gn m re fer s to the , 

pend ul um a ngl e at the mth pul se aft e r t orque reve rs a l dur ing .:i n :1:n mode . 

The torque rev e rses at ±_Gn, 
0

. If the hy s t e resis w ere increas.e d to ±_l. 5 s e cond s 

of arc, the 2:2 mo:.-le w oul :1 no longe r be s e lf-susta ining be cause fl
2 0 

w ould 
I 

occur w ithi r t l J Ly ., t 8res. s band . At that time , t he hys t ere sis band encom-

. pas :;cs 94 , 3 making the 4:4 mode pos s ib l e . If the hyst eresi s were reduced 

I 

t o zero; t r: 2: 2 .:i nd 3: 3 mode s woul d s t i ll be pos s ible , in a dd ition to the 1:1, 

Thi .; is s ub s tant iat ed by the de s cribi :1g fu nction curve of Figure 3 .3 ·. The locus 

-1 ¢ o f ,..,- for ze ro hysteresis lies along t he -1 80 l ine. The G . for all three 
\..;I D (JIN) 

. 0 
of t he s e mo j e s inters ect -180 . 

Having the "exact" pendulum re sponse in Figure 3. 5, some a dditiona l 

modi ng in for mat ion can be obtained from the describing function in Figure 3 . 3 

Q . by re la ting the two curves. The a mplitude of an n:n mode of oscillation c a n 

li 
be obta ined by evaluating equution 3. 8 a t the fre quency of the n: n mode, W = ;:;-;:- • 

101 ~ [ 
I+ ("iiTn-t]i [1 • (:J y 

Wit hout a sampler in the loop, t he system , according to Figure 3. 3 

w ould Lmit cycle at the frequency where ¢ 1 intersects ¢ d 
1 

, - G pen u um 

· ·w = 3. 65 x 10
3 

radians/ s e cond . For t hi s s ituati16n , ±..flri,ow ould equal ±..Ae 

(i. e .,±.. l s e cond of arc .) The inclusion of a s am pl er w ith a clock rate of 

2 x 10 3 pps causes the syste m to limit cycl e s at 3.1 4 x 10 3 rac ./sec. 

(2: 2 mode) ~r 2.1 x 10- 3 rad ./s ec. (3:3 mode). The sampler contributes a 

phase s hift of o<z: i a nd o< 3:1 for tr.e 2: 2 and 3: 3 modes, res.pectively. 

The cros s ing of the zero refere nce axi s in Figure 3. 5 by the pendulum 

cannot be detected until the pendulum leaves the hysteresis band. The 

3.40 
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effective phase shift is defined by the describing .function as sin - l ~~ 

_; - Accordin g to Figure 3. 3, 

( - ,- - Slti-
1 ~ 

dh:h "'i'i :h -
I eln:n 

3:H 

Since the torque feedback signal is not switched until Gn,o, it i s evident 

from equation 3. 41, Figure 3 . 3 and Figure 3 ,5 that a similar expwss ion in-

vol ving Gh 
O 

can now b e written. 
' r _, 8n,o 

Similarly, 

oh:n = Sin -
1 10 h : h 

o,· en,a = I e ln:n Sin ~ -h : " 3.42. 

3.43 

Thus, the pendulum angle at the two criticul sampling instants can be 

determined s e mi-graphically. This does not exhause the information obtainable 

(°"· from the des cribing function analysis. References to Figure 3. 3 will be made 
-.I 

in other sections of this report, The accuracy of the describ ing function de-

pends on the purticular system parameters and opernting conditions. In the 

case under i nvestigation, the higher harmonics contribute very little phase 

s hift a nd distortion to the fundamental sinusoid. The describing function 

analysis and the piecewise linearization analysis ugree very well. 

3. S Analytic Mode Prediction 

A convenient semigraphical method of predicting the oscillatory mo_des 

is afforded by the describing function. An "exact" unalytic expression for 

the possible n: n modes can be obtained from the equations used in the piece-

wise linear analysis. 

Without a sampler in the loop, gn 
O 

= At1 since the torque feedback , 

reverses polarity at the instant the pendulum leaves the hysteresis band. 
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Le tt ing eh,O = AO in e quati on 3. 3 7 yie lds 

,,(,I( th · ~n\ .c:.e - T T - taflh 2) 

or 

For s mall values of 'ot.e , the t a nh can be expressed as the first two 
..A 

ter ms o f its s e ries expa nsion. 

tan h Ul :: Oh _ .1..(.h)3 
_._ 

2 Z. 3 2 1 ..,.. .... ~ -

Subs tituting e quation 3. 45 into 3. 44, 

¥08 _ _ 1 (l!!.)3 
-- 3 2 ,,I.) ' 

or h= ... 3~ V;;F 

3.44 

3.45 

3.46 

The n evaluated i n equation 3. 46 will most l ikely be a non-integer number. 

The possibl e n: n modes, with a sampl e r i n the loop, w ill t h en be such that the 

values of n are the next two higher integers above the value of n given by 

equation 3 . 46 . 

For large values of ~e I t a nh 0; == 1 a nd equation 3. 44 can be written 

as 1A8 :: °¥t'\ - l 
p ;z. 

or h ,: ; (1 + ~
8

) · fer ~ 8 > 1 347 

If • 0 l < ~;o < 1, the curve in · F.igu~e 3. 6 i s used ~o determine n. Knowing 

o~O I de termine i; from the curve an~ solve for n. In general, depe nding 

on the ma gnitude of ~t..G , r:i is determine d with use of equations 3. 46, equation ,,u . 

· 3, 4 7 or Figure 3 . 6. This value of n w oul :i correspond to the limit cycle freq-, 

u e ncy, w ~ ::.r I which would exist in the loop which has no sampler, The 

presence of the sampl e r makes seve ra l n :n modes possible. These n:n modes 

' . 

woul d be such that values of n are the next two higher integers above the non-
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0. integer v lue of n det <:?rmined for the non- sampled case. 

0 

0 

There is a pos ~ ibility that three , rather than two , n: n modes are 

pos sible . For exampl e , it is evident from Figure 3 .2 that a small increase 

in+ A 9 fr om its value of+ l second of arc would cause -1 to intersect - - -c;:::-
D 

the possible effective sampler pha se sr ift of the 4: 4, 3: 3 and 2: 2 modes. 

This condition occurs if the determin C. v2lue of n for an unsampled loop 

is just slightly 1 e s s than a n integer. 
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CHAPTER IV 

Sys te m Respons e to Acce l era tion Inputs 

Gra phicul and a nulytic methods of predicting the possible oscillatory 

modes of a sample-data contactor fee db,ack control system were presented in 

Chapter III for the cas e with no input being applied . The effect of contc1 ctor 

hysteresi s was also considered. In this chapter, the response of this non

lineur system to a small input will be investigated. The principle of super

position does not, in general, apply to a nonlinear system (i.e. , the response 

of the sys tem to one input cannot be ordinarily determined from the response 

of the sys tem to some other input.) This is the reason why it is usually 

difficult to obtain a general solution of the dynamic response of a nonlinear 

s ystem. However, for small inputs, the analysis of this chapter provides a 

s imple, but accurate , description of the dynamic behavior of the system. This 

technique involves the superposition of the linear open- loop response of 

the pend ulum upon the steady-state oscillation of the closed-loop nonlinear 

system. The results-of the analog computer s imulation substantiate the 

validity of using such a technique. 

4 .1 Mode Switching Angle 

The behavior or the pendulum for the 2: 2 and 3: 3 modes are shown in 

Figure 3. S. The existence of these two modes was determined by obtaining 

I 

the initial conditions at the beginning of each torque half cycle required to 

ma ke the limit cycle period equal to 2nT. In a ddition, it was required that 

et'\,o he. larger than+AG and that the pendulum angle be more positive than 

-AS at all the sampling instants between e and e 
1 

, inclusively. 
n,o n,n-

In order for the limit cycle to continue indefinitely, eh n must equal 
I 
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-G For the moding to continue only from one torqu e cycl e to another, 9n,n 
np . 

need not nec e s s arily e qua l -9h O • All that is requi red i s that no change in the 
' 

pola rit y of th e pendulum a ngl e be dete cted at any s ampl ing instant until the 

nth sa mpl i ng i nstant. For a small arrpl itude, slowly varying accelera tion 

input, the wave shapes in Figure 3. 5 can· be considered as moving slowly up 

and down . Th e 2: 2 wave C<.in move upward u ntil -G 2 enters the hysteresis ,o 

ba nd a nd the torque does not revers e unt il the a rrival of the next pulse as the 

s yste m enter s the 3: 3 mode . Likewise, the 2: 2 wave could move d ownward 

until 9 2 0 enters the hysteresis band. The mode switching angle for the 2: 2 
I 

mode i s t here fore ±.G 2 ,O. 

The 3: 3 wave can move upwa rd until -G 3 2 pa sses ihrough the hysteresis 
I 

band and the torque reverses on the second s a mpling pulse of the torque half 

cycl e rather tha n the third pulse as the system enters the 2: 2 mode. Similarly, 

the 3: 3 wave can move downward until 9 3 2 pa sses through the hysteresis band . 
' 

Thus ±.9 3 2 i s the mode switching angle for the 3: 3 mode. 
' 

The mode switching angle depends on the wave shape of the particular n: n 

mode and the size of the hysteresis angl e . For a rapidly changing acceleration 

input, the torque reversal could come a t any sampling instant. However, with 

a small amplitude, slowly varying input, the mode switching angle will be 

t 0n,o if I 8n,o -(+Ae)I < 1(-~e)- 611,"-1' 
4.1 

±en,h-1 if ,l6n,o-(-+A9) l '> l(-6.e) - en,n-11 

According to the describing funct ion in Figure 3. 3, the mode switching 

angl e i s 
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4. 2 Open Loop Response of Pendulum to Step Input 

For small inputs , the nonlinea r system can be considered as operating in 

a limit cycle with the input simply a ffecti ng the average value of the oscillating 

pendulum. The approach which will be used in obtaining the response of the sys-

tern to an a pplied acceleration w ill cons ist of determining when the average value 

. of the limit cycl e reacts to the step input such tha t it causes a change from one 

of the possible modes to the other. The average value of the limit cycle moves 

away from its reference position when an acceleration is applied until the mode 

switching angle reaches the hysteresis band and the mode changes. 

The reaction of the average value of the pendulum limit cycle to the 

acceleration input can be obtained from the open loop response of the pendulum 

to a step input . 2. 4 is The ;:s)~~o;:e •[:J:~d~~ : - f{u]ation 

"-t K t - ~ 
T, 

4.2 

After the transient portion has deca yed exponentially to a negligible value, 

the pendulum approaches the steady-sta te value, 

Bs ::: Po. 
s K . 4.'3 

With no elastic restraint, K: in the pendulum; the response according to 

equation 2. 4 is 

4.4 

The steady-state response to the step input is therefore a ramp when K = O. 

4. 3 System Response to a Step Input 

I 

Assume no elastic restraint for the present, the average value of the i 

pendulum in the 2: 2 mode moves upward in Figure 3. 5 due to a small step input 

of acceleration. Eventually, during one of the positive half cycles, -G 2 will ,o 

occur within the hysteresis band and the 2: 2 mode will switch to a 3: 3 mode. 
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Si nc e the mode switch occurred at the beginn i ng of t he torque cycle, the up

and- down counter will produce no net cha nge . With the step input still applied 

to the pe ndulum, the average value of pendulum limit cycle, now in the 3: 3 mode, 

will cont i nue to move upward. 

Eventua lly, d uring a ne gative J-,; l i cycle of the pendulum, the 3: 3 wave in 

Figure 3. 5 wi il have moved upward such t ha t -9 3 2 occurs outside the hysteresis 
I 

band and the torque reverses immediately a s the system goes back into the 2: 2 -

mode. During this particular torque cycle, the counter will have counted up 3, 

counted down 2 and therefore gives a net output of one =~V pulse. If the step 

input persists, the system will continue to change between the 2: 2 and 3: 3 modes, 

giving a net output every time the mode switches from a 3: 3 to a 2: 2 mode. 

The application of a acceleration step input of the opposite polarity will 

Q c a use the waveforms in Figure 3. S to move downward. The modes change again 

at the mode switching angles described in section 4 .1. The only difference with 

the negative step input, is that counter produces a net output as the mode switches 

from a 2: 2 to a 3: 3 mode. 

The beha vior of the system in response to an acceleration step input can 

be cons idered i n the following manner. Since there are generally only two modes 

possible , the system can only switch between the two modes . If the system 

is in a 2: 2 mode and a positive acceleration is applied, eventually a-.A V pulse 

w ill b e re quire d. The occurrence of a 2: 3 cycle after a number of 2: 2 cycles with 

a . positive acceleration being applied w o uld b e an impossibility since this would 

result in a net -.AV pulse. What actually happens i f that system "slips" into the 

3: 3 moding by producing a 3: 3 cycle a fter u number of 2: 2 cycles. No net output 

o f the counter is prod uced dur i ng thi s c hange of modes because the change 
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occurred at the end of a negative half cycle of the pend ulum oscillation which is 

0 · 
- the t ime when the contents of the counter are examined . The system continues in 

the 3: 3 mode under the influence of the step input. Eventually, a 3: 2 cycle 

occurs which is detected by the up-and-down counter as a net +t:,.V pulse. With 

the step input remaining applied to the pendulum, the system will continue to 

change repeated between the two mod e s with the incremental velocity information 

becoming available at a rate this quantized data best indicates the time integral 

of acceleration . The response of the s imulated c1ccelerometer to acceleration 

step inputs of various amplitudes are shown in the Appendix. 

This heuristic development of a description of the system response to a 

step input may a lso be presented with the use of the phase-plane. The phase 

plane trajectories for the 2: 2 and 3: 3 modes are shown in Figure 4. 1. The 

Q hystere sis band and the sampling instants are a lso shown on the plot. A plot 

of the 4:4 and 1:1 tra jectories would show that these modes are impossible be

cause of the relative location of ±9 4 3 ±9 1 0 and the hysteresis band. 
• I I 

With no elastic restraint in the pendulum, the trajectories move to the 

right or left under the influence of an acceleration step input. This lateral 

motion of the trajectory continues until 9 enters the hysteresis band or n,o 

e ls e 9 1 passes through the hystere sis band and the mode switches. This 
n,n-

mode switching continues as the incremental v e locity information is generated. 

The horizontal bars through sampling points indicate the possible lateral dis

pl a cements of these sampling points that can exist . The discussion of the 

system behavior in this section can be followed in con junction with the 

Q trajectories of Figure 4 .1. Atypical trajectory of the simulated accelerometer 

is shown in Figure A. 2 of the Appendix. 
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Thi d e scription of the system response to a small step input of ucceler

a tion was substantia ted by the ana l og computer simulation. The sys\em response 

to l a rge a mplitud e , rapidly-varying inputs i s much more difficult to ascertain 

be caus e the grea ter number of possible modes a nd mode switching angles makes 

a ge ne ra l theory of mode response impossible. However, an extensive computer 

simulation can provide some general information on responses to large inputs. 

This would b e the suggested method of investigating large inputs. 

4. 4 Acce le rome te r Dead zone Due to Elastic Res traint 

The stea dy ~tate response of the average value of the pendulum angle to 

an acce le ration step· input is given by equation 4. 3 and repeated below where 

I 
K = Pg+ K • 

Pa 
K 

Po.. = 

It was shown in section 4 .1 that mode switching occurs whenever the 

average value of the limit cycle exceeds ±I On,c-(+Ae)I or ± 1(-Ae)- e ..... n-d, 
w hichever is smaller. Therefore, if the average value of the limit cycle re-

quired for mode switching is not exceeded a s the pendulum angle approaches 

9 a s e nsible output of the accelerometer will not be produced. (See Figures 
s s, 

A.lSb and A.16 in the Appendix). · setting the smaller of±._k -(+.19)/or 
rn,o 

±._ 1(-.69)-en, n-l I equal to 9ss gives the bounds of the dead zone for that 

particula r n: n mode. 

D~ADZONE,, ,7,* l oh,o - (-+Ae)l(1 • ~')~'s j( le ... ,o-~Ae)I< j(-/.)o)-en,~-d 

if I 6 n,o - (~Ae)I >1(-~e)- Gn,n -1\ 

Re peated switching be tween the tw o pos s ibl e modes is required in order 

to obtain the proper output due to a step input. Furthermore, the dead zones 

for t he two modes are generally not the same such that an acceleration 'input 

may be outside the ·dead zone for one of the modes, but within the dead zone 
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for the other. Thus, the actual accelerometer dead zone is the larger of the 

two deadzones for the possible n:n modes . 

The dead zones for. the possibl e modes, given by equations 4. 6, were 

pl otted versus the hysteresis angle in Figure 4. 2. The actual acce l erometer 

deadzone at any value of hysteresis is the l ar<]er of the two mode dead zones. 

Note t hat there are value s of hysteres is which will allow three different modes 

to be possible . It is apparent from Figure 4. 2 that the minimum accelerometer 

dead zones occur when the dead zones for the two possible modes are equal. 

The acce l erometer deadzone can a l so be d e termined from the describing 

function analysis. According to section 3. 4. 3 

len,o-(-+6o)I,,. lelh:h [s1h~h:1,- sin(~n:n -o<.h:n)] 

1(-Ae)- 6n,n-d; I ej h : n [ sin( ~h' h - o<h:r1) + Sin ( ~ - £n:n)] 
4.7 

The dead zone for a particular n: n mode can be obtained with use of Figure 4. 2 

Deadzonen:n = ± leln:h. [sin &h:" - sin (£n• l"I - o<.)'Y n)](i .. ~\;J's if o<t):i"<~h:h 

~/ 48 
or i lol.,:n[s,n(£n.h_o(n:n)+sin(~ -cSn:n1\1+ ~)q's 1fo<n:h>>.n:n 

Again, the actual accelerometer dead zone is the larger of the two dead.: 

zones for the possible n: n modes. 

Consider the experimental acce l eromet er with the parameters given in 

equation 3. 9. With the hysteresis set at±. 1 second of arc, it is evident 

from Figure 3. 3 that 

Therefore, the dead zones for the two modes are 

C Deadzone 2:2: ± I e l2:2 [ s1n&2:2 - $11"1 ( d2 ·2. - o( .a-2) (1 + ~) q's 

Deadzone 3:3 == ± }01 3:_3[sin (J3~3-o<.3:~)+ sin(; - £:,.,)](1+ ~)9·s 
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Since I G l~:2. = 2. 5 seconds of arc and jol
3

:1 = 4. 7 seconds of arc accord-

K'' 
ing to Figure 3. 4, the dead zones for 7'g = 

Deadzone.z:z= ± 2. . 25J(10-
59 ·s 

Deadzone3 .. , :::: ::t 'P< ,o-59 's 

8 are 

Thus the actual accelerometer deadzone is the larger of the two deadzones; 

· S 
namely, '±9• 10 ~'s. 

Even if the step input is slightly larger than the value of the deadzone 

give n by e quations 4. 6 or 4. 8, the pendulum would tend to approach its steady 

state value exponentially rather than linearly as it would in the absence of 

elastic restraint. Although this would not result in a complete loss of inform

ation, as is the case within the dead zone, it would result in an undesirable 

partial loss of information due to a time lag in the production of a sensible accel-

.----.__ erometer out put. (See Figure A. 1 7 in the Appendix). In other words, the presence 
_,I 

C 

of elastic restraint causes the accelerometer sensitivity to be nonlinear 

immediate ly o utside the deadzone in addition to the definite nonlinearity within 

the dead zone. 

4. 5 Mode Switching Without Producing Output 

The repeated switching between the 2: 2 and 3: 3 modes is associated with 

an acceleration input, according to the discussion in the previous section. How

ever, there is a very small region of limit cycle conditions which can result in 

the system switching repeatedly between the 2: 2 and 3: 3 modes without an 

acceleration input being applied. 

Consider the situation where the system is in a 3: 3 mode and a small 

acceleration is applied so that the 3: 3 trajectory in Figure 4. 1 moves to the 

right. When -83 , 2 reaches the -.48 at point A, the system switches from the 
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The time c onstant of the torquer should be small or else it must be con

sidered during t he calculation of the pendulum dynamics. 

5. 4 Clock Fre quency 

The minimum clock frequency should be such that T is equal to, or less than, 

M the fee db ack accel eration '-r) divided by the desired increme nt of velocity, in 

. order t o obtain the specified resolution in the velocity indication. 

5.3 

The accuraty of the clock frequency must be better than the accuracy 

specification for the system and the width of the clock pulse should be ve ry narrow 

in orde r to reduce the uncertainty in the time that switching occurs. , 

5. 5 Elastic Re straint 

It is desirable that there be no elastio re s traint in the pendulum because of 

Q the deadzone and nonlinearity it produces. The dead zone effect can be seen by 

comparing Figure A. 15b and A. 16 in the Appendix. The elimination of the dead-

zone removes the uncertainty of the pendulum position in the vicinity of its 

refere nce position. The nonlinearity refers to the scale factor of the acceler

ometer be ing affected by the time delay in producing a AV output. This is due 

to the fact that the average value of the pendulum "limit cycle" moves away from 

its refere nce position in an exponential manner rather than linearly. This time 

delay increases as the input decreases; such that it approaches infinity as the 

input r educes to the deadzo,ne level. This nonlinear effect is shown in Figure 
, 

A. 17 of the Appendix. 

5. 6 Pendulum Time Constant 

In order for the accelerometer system to operate in an optimum fashion, 
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3: 3 into t he 2: 2. Assume that the ste p in put i s re moved shortly there aft er. Since . 
-9 3 , 2 is s li ghtly l e ss than the value of 92 ,O re quire d for a 2: 2 mode to be self

sustaining, the pendulum will tend to overshoot t o the le ft during the first 2: 2 

cycle . The 2: 2 mode will tend to com pl t c it s cycle to the left of point B, which 

is clearly impossible because of t he hys t c rs is band. Thus, the system will re

turn to t he 3: 3 mode. Since -9 3 , 2 for t his first cycle is slightly larger than the 

normal value of -93, 2 , the trajectory will overshoot slightly to the right during 

this initial 3: 3, so that it returns to the 2: 2 at the end of this single 3: 3 cycle. 

The possib ility of such a mode existing inde finitely was proven by 

consid ering a periodic mode consisting of ten pulses have a +3, -2, +2, -3 

seque nce . Using the piecewise linear e quations derived in section 3. 4. 2 to 

describ e the behavior of the pendulum b e tween t orque reversals, a set of 

' initial conditions were obtained so that 9 and 9 at the first and tenth sampling 

instants were equal but of opposite sign. In addition, the requirements for the 

sense of the pendulum angle at the int ermediate sampling instants were met 

making it possible for this particular mod e to be self-sustaining indefinit ely. 

Since this particular type of limit cycle appears to be relatively unstable 

in comparison with the 2: 2 and 3: 3 modes, it was difficult to have the analog 

computer simulation of this moding to persist more than about five cycles. (See 

Figure A. 18 in the Appendix). 
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CHAPTI:R V 

Accelerometer System Synthesis 

5. 1 Ge neral 

During the course of analyzing the pulse torqued accelerometer, the effects 

of the sys tern parameters upon the behavior of the nonlinear system were uncovere~. 

Knowing the performance characteristics which are desirable in the system, it is 

appropriate at the conclusion of the analysis to provide a guide which may be used 

for the selection of the system parameters in the synthesis of an accelerometer 

system. 

It is not the purpose of this chapter to become concerned with the problems 

associated with the physical realization of such a system; rather to present a 

mathematical guide to the development of an accelerometer which meet the 

specifications established by a proposed application. 

5.2 Pendulosity _ 

It is desirable to keep the pendulosity small in the pendulum since it does 

have an effect on the size and weight of the instrument. The product of the 

pendulosity and the minimum acceleration to be measured should be greater than 

the torque uncertainty in the system in order to insure proper detection of an 

input. 

Pa 1 > M 
1 m n. uncerta nty 

5.1 

5. 3 Torque Generator 

The minimum torquing level, -t_ M, must be greater than the product of the 

pendulosity and maximum acceleration to be measured in order to provide the 

specified range. 

M> Pa 
max. 5.2 
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the "limit cycle" amplitude should be kept as small as possible in order to reduce 

the instantaneous error in the velocity indication. This corresponds to having a 

"tight"loo p in a linear control system. The frequency of the "limit cycle" should 

also be· high in order that the change in velocity can be detected in the shortest 

possible time. In this regard, the pendulum time constant (-1-) should be as 
C 

small as is practical . 

Efforts should be made to keep the inertia low. Therefore, it would be 

desirable that the torque and signal generators require very little material to 

be located on the float. The damping should be high in order to reduce the angle 

through which the pendulum travels. Yet it should be low so that the average 

value of the "limit cycle" moves away fr om its reference position a t a high 

angular rate in order to detect a change in velocity in the shortest time possible. 

Q Thus, there appears to be an optimum value of damping for which the "limit cycle" 

fr e quency is maximum. This optimum value of damping will now be determined 

from the describing funct\on analysis for the system which has no sampler. 

According to the describing function analysis, the system "limit cycles" 

when 

or 

Rewriting equation 5 . 4 

¢pendulum= ¢ __ 1 

G-p 

1'T t -1 - I A9 - 2 + ah w 1"2. -= - n -+- s In -
1e1 

t -I lT ...._ -I A9 
o.n wT2 = - 2 ...- Sin Tei 

Taking the cosine of both sides of equation 5 . 5 

( 
-1 -y ) ( -1 AB TT) Af1 cos ta"' -w "2 = cos s,n 181 - 2 =- 161 

5 .4 

5.5 
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t 
Knowing that tan-• -u:l, is the pha se angl e of "t , the following 

'"' 1-+ _jW i 

right triangle can be constructed: 

From the right triangle it is evident that 

5.7 

Neglecting the integrator time con s tant, the amplitude of the pendulum 

limit cycle can be obtained from the fr e quency response of the pendulum to the 

fundemental component of the square wave driving it. Thus 

4 M 

leJ = n C 
5.8 

Substituting equations 5. 7 and 5. 8 into 5. 6 gives 

1 n c A e w( 1 + u/·--r/ )½ 
(1-+ w 2 t/)i = "tM 

Since T4:: t" the above equation can be written as: 

4 Mc c2. , 1, = UJ + UJ 
TI b. 8 

According to equation S. 9, the frequency of oscillation can be increased 

by incre asing M and decreasing A tl and I. However, once these three quantities 

are fixed, the value of C which maximizes w can be determined as follows: 

Take the partial derivative of w with respect to C in equation 5. 9 

4 M 2. dW ::, 2.r.Z. ~u; 
..: 2Cw + C -C -+ ~w ~c rra O o 



0 

0 

-39-

aw 
Set i)C equal to zero and solve for Wmo..: . which exists for optimum damping. 

w - 2.M 
ma. 'I( · - rr C .o. G 

Substituting e quation 5. l O into 5 . 9 and solving for optimum C y ields: 

( :· f2M1 VTTAO 
Solving for w1:'2, using equations 5 . 10 and 5.11 

or 

.S .10 

5.11 

S.12 

Whe n t he pe ndulum time con s ta nt c ontrib utes 45° of phase s h ift in accord-

0 
ance with equation 5. 12, the hys teresis describing function also contributes 45 

or i.e. , 
-, n.O a 

¢ 1 - sin - ::= 45 
-- 101 G,-b 

or 
..ae:: .101l&I 

Equation 5. 12 gives the relationship between the amplitude of the "limit 

cycle" and the torque switching angle which gives the maximum limit cycle 

frequency. A plot of w versus C would show the curve to be quite flat around the 

optimum value of C. 

.1 
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CHAPTER VI 

Conclusions and Recommendations 

This report has been concerned with the analysis of a pulse torqued accel

erometer with zero and small inputs. The describing function technique was used 

extensively to determine the behavior of the system because of its simplicity. The 

accuracy of the technique is more than sufficient for engineering purposes. 
1 
The · 

piece-wi s e linearization method was used to gain further insight into determining 

the oscillatory modes. It was not necessary to introduce the Z-transform into the 

analysis to represent the effect of the sampler. Although the phase plane method 

was not employed extensively, this method may prove to be more useful in the 

analysis of the system response to larger acceleration inputs. 

Analytic and graphical procedures for de termining the oscillatory modes of 

the accelerometer modes were presented in Chapter III. A heuristic extension of 

these procedures provided an explanation of the response of the system to small 

inputs in Chapter IV. Based upon the analysis, design criteria to be used in the 

sys thesis of a pulse restrained accelerometer are given in Chapter V. An analog 

computer simulation and laboratory experiments substantiated the analytic de

velopment. 

Having described the moding existing in this sample data contactor feed

back control system and t~e deadzone resulting from the presence of elastic res

traint, any further work should be dire cted toward determining the system res

ponse to large inputs. Inputs other t han s t e p functions should be considered and 

the effect of the amplitude and freque ncy of the acceleration input upon the 
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accuracy of the v elocity information sh uld be inve stigated. , Having available 

the analytic techniques of this report, computer simulation and laboratory exper

iments appear to be suitable means for future inve stigations. 
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A. 1 Computer Program 

-i

APPE NDIX 

Analog Computer Simulation 

The experimental accelerometer w hich was simulated on the analog computer 

. has the following parameters: 

[ - 3 T2= C: .43X 10 Sl?C, 

""la= ~ :: 1Z.5 sec. 

-±M :: 't 5 P9 
K' 
p<"1:: 8 

The scale factors which were required to reduce the basic system equations 

to computer equations are as follows: 

t 
computer 

= 
t 

a ctual 
1000 

4 5 x 10 volts = 1 radian 

Neglecting the elastic restraint which is too small to simulate on the com

puter, the following differential equation was programmed to represent the 

pendulum: 
.. . / e + 2: 33.0 = ±. s. 8 volts 

The program is shown in Figure A. 1 . The Schmitt trigger served as the 

contactor and the sample-and- hold opera t ion was performed by a flip-flop gated 

by clock pulses. 

A. 2 Discussion of Simulation Results 

A typical trajectory in the phase plane is shown in Figure A. 2. The system 

is initially in a 2: 2 mode and an accel eration step input is applied at point A 

so that the average value of the pendulum "limit cycle" moves off to the right 
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at a constant rate. At point B, the torqu e s hould reverse if the system is to 

remain in the 2: 2 mode. Since Bis with in the hysteresis band, the trajectory 

continues on to the left and thus enters a 3: 3 mode. If the step input were to 

re main applied, the system would continue to switch between the two modes. 

For very small inputs the system switches betwcn the 2: 2 and 3: 3 modes 

· at a rate proportional to the input as can be seen in Figure A. 3 and A. 4. The 

t orque feed!Jack signal e;:isting for 1 g, 3g and 4g step inputs are periodic in 

Figures A. S , A. 7 and A. 8 because the amplitude of the feedback signal is 

·sg's, an integer multiple of the input. 

This periodic behavior of the torque feed back signal would be impossible 

for smaller inputs, even though Sg's is an integer multiple of the input because 

t he shorter of the two torque half cycl e s must c onsist of three or less pulses . 

J (Since a 4: 4 mode could not be sustained with a zero input, a torque half 

cycle of four pulses can not exist in the presence of an acceleration input 

which is tending to drive the pendulum toward its reference position during the 

shorter torque half cycle.) 

:.-..,. 

For inputs, of which Sg's is not an integer multiple, the system may have 

a periodic behavior which lasts for seve ra l cycl e s as the average value of the 

"limit cycle" moves away from the refere nce position until a pulse is "gained" 

as shown in Figure A. 9. The periodic behavior may correspond to a higher 

acceleration so that a pulse is "lost" e v ery few cycles as the average value 
' . 

of the "limit cycle'' moves toward the re ference position, as in Figure A. 10. 

The effect of a change in the sampling rate is shown in Figures A. 12, 

A.13, A.14 and A. lSa. An increase in the clock rate results in a smaller 

instantaneous velocity error as the time required to detect an incremental 

change in velocity is decreased. 
j 
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If t he c ont ents of the up-and-down counter are put into the ve locity 

accumulator a t t he end of every positive t orque half cycle, a net out put of 

one /j,, V pul s e occurs at point A in Figure A. 13 as the counter is cleared for 

t he next t orque cycle. Even though there is a change in mode a t point B, 

t here i s no ne t out put since the mode change is "in phase" with the c ounter. 

The next output does not occur until point C i s re ached. 

The addition of elastic restraint ('t, == ;_ = .01655 sec.) caused the 

pendulu m res pons e to change from that of Figure A.15b to that of Figure A, 16. 

The average value of the "limit cycle " in Figure A.16 moves away from the 

refere nce posit ion to the position where the torque due to the acceleration 

input is balanced by the elastic restraint torqu e . Since this steady state 

value is less than the mode switching angle , no incrememtal change in 

ve locity is d etected. 

In addition to preventing the d e t ection of acceleration within the dead

zone, e lastic restraint affects the linearity of the system outside the dead

zone. When the integrator time constant ( ~ ) was increased to • 0233 

seconds in Figure A. 17, the mode changed and there fore resulted in an 

indication of AV. However, the ave ra ge value of the "limit cycle" approached 

the mode switching angle exponentially d ue t o the integrator time constant . 

This caused the mode switching to occur at po int B rather than at point A. 

' 
This time lag causes an unrecoverable· ve locity error of ( 18 - t,411 ) times 

the acce leration input. 

The situation where the mode c hanges without producing an output was 

sub stantiated in the computer simLLI;ation . With a very small input being 



-iv-

applied to the pendulum in Figure A.18, t he system went through a -2, +3, 

-3, + 2 sequence in going from the 3: 3 to the 2: 2 modes. Later a+ 3, -2, 

+ 2, -3 sequence occurs as the system changes from the 2: 2 to the 3: 3 

mode . The presence of the very small g input prevented the sequence from 

occurring more than once each time the mode changed. Not only is this 

type of "limit cycle" unstable, the range of initial conditions for its 

existance is very small. 
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