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Houston, Texas 77058
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Mr. Steve Green ';:_:‘3 %“
LEM Dynamics Section
Plant 25 s B
Grumman Aircraft Corp. ’ ]
Bethpage, Maryland

Dear Steve,

This document was written in answer to NAA and Link's comments on
the first decument which I presented to you some months zgo. The
information presented in this second document is directly applicable to
the LEM, AMS, and IMCC integrated mode of operation as far as math model
compatibility is concerned.

This document is presented for information only. MSC will have =z
"stripped-down" version of the JPL Ephemeris tape by July 31. If
questions arise concerning any areas covered therein, please feel free to
contact me at your convenience.

A Sincerely,
-’Et%{”;”;”i) Sam H, Nassiff ﬁﬁ/
- G-REET e
PPIISS b

i~
p’



L ————

N,

APPENDIX A | Z .
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' Massachusetts Institute of Technology . ™ ",
Instrumentation Laboratory ,—,.) X

“

Cambridge, . Mz. Bsachusetts y e o 8N o _:,?
+»,9pace Quidance Analysis Memo #57:. ! " - iiell i fdet B i
" ih TO: . SGA Distribution ol et e
' - FROM:, : Larry D. Brock ] = E e Ve " ey

'DATE: °  September 16, 1963
. SUBJECT: Coordin_ate System Used in the Moon Position Subroutine

", at the nearest beginning of a Besselian year. For example, the coordinate’ i
' ‘'system used for a mission that bbgins in the interval from July 1, 1963

.. v

The coordinate system that is used in the moon position subrout@ne
is defined by the mean equator and the mecan orbit of the earth (the ecliptic)

through June 30, 1964 would use the mean equator and equinox at the be-

. ginning of the Besselian year 1964 (denoted by 1964. 0) which occures January

1.314. The x axis is defined alc:.g the ascending node of the ecliptic on the

-equator (the equinox), the z axis is defined along the mean pole, and the y

. axis is defined so as to complete a right randed set.

' as of a certain date because the true equator and ecliptic are m constant

‘of the mean pole around the pole of the ec.iptic with a period of about .26, 000 .-

. years.

pp 28, i b |.l 3 o A VB bfet g Y ey
p s ' L) g . i R g . . ae
s 5 . (T

The coordinate system is defined by the mean equator ana ecliptic

motion, . ‘The motion of the equator is caused prlmarxl.y by the, gravitational

, attraction of the sun and moon of the earth's equatorial buldge and is divided

-into two components One component, ca'led luni-solar precessmn defines

the position of the mean pole and consists of a smooth long perxod rotation

The other component, called nutation, describes the true pole relative
to the mean pcic and consists of many oscdlatory terms with periods rangmg ¥,
from 19 years to a few days. . The primary term 1sw\irregu1ar circular mo-
tion of the true pole about the mean pole with a period of about 19 years and

- an amplitude of about 9", WNutation is described by two quantities; nutation in -

longitude (Ay) and nutation in obliquity (Ae). These quantities are shown in

. Fig. 1 and are defined by a series similar to the Brown series for the positidhf

IljF‘xplanatory Supplement to the Astronomiczal Ephemeris and American SAES

Ephemeris and Nautical Almanac, Her- ‘Majesty's Stationery Oifice, 196 P
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of the moon. The Nautical Almanac Office uses all terms of 0, 0002 or greater./
These series are given on pages 44 and 45 of the Explanatory Supplement to the’
Ephemeris. There are 69 terms for Ay and 40 terms for AY

The motion of the ecliptic is called planetary precession and_is caused .~
by the gravitational force of the planets on the earth as a whole. It consists
primarily of a slow rotation 7 (0. 47" per year) of the ecliptic about a diameter
that is also slowly rotatmg (Tr). This precession is shown in Fig. 2. -

1

Mean Equinox RIS

The Motion of the Ecliptic
Figure 2 |



The precessior;‘ of the ecliptic is combined with the precessional
component of the motion of the equator to form the total precession
which defines the mean equator and ccliptic. : A vector in rectangular
coordinates referred to the equinox of cne epoch (1950. 0 + T,) can be

U S

transformed to-the rectangular coordiniites of the vector referred to
another epoch (1950. 0 + 'To + T) by the equation '

where

.

1l h [ i - . -
X X . ¥, o z, X, |
vl o=.lX V4 AP Y E . AR
y y Y 0 : ‘
_zu (% Y, zz_ L:«.:O_1

3

"

X_ = 1-( 00029696 + .00000026 T4) T2 -. 00000013 T

¥, = =X =-(.02234941+,00001355 Ty) T -. 00000676 T2
+.00000221 T3

" Z, = =X, = -(.00971690 +.00000414 T) T + . 00000207 T

+. 00000096 T°
Y= 1- (00024975 + 00000030 To) T - . 00000015 T°

Z
+ Y

1 - (00004721 - . 000000(fT) 7@ .

- (. 00010858 + . 00000003 TO)_TZ.

"

N
n

z

where 'I‘0 and T are in tropical centurie:.
Some of the advantages of using « coordinate system referred to
the mean equinox at the nearest beginnir g of the year are the following:

1. The precession of the earth can usually be
neglected in computing the earth oblatenessl
acceleration. Since the reference equinox
is always within six inonths of the mean
equinox of date, the mmaximum error in the

| pole due to precessicn is about 10".

2 Inid pp. 34 . , -

A«.-4 I':
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STANDARD ASTRODYNAMIC CONSTANTS
AND CONVERSION FAZTORS
FOR PROJECT APO.LLO
January 8, 1964
Bellcomm, Inc. % : J. 0, Cappellafi, Jr.

Washington, D. C. Trajectory Department
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STANDARD ASTRODYNAMIC CONSTANTS AND
CONVERSION FACTORS FOR PROJECT APOLLO

s

The attached Appendices list the current standard astro-
dynamic constants for Project Apol..o along with a set of conver-
sion factors in a form suitable for* quick access. All values
glven are identical with those which will appear in the second
1ssue of the OMSF Program Directive entitled "Natural Environment
and Physical Standards for Project Apollo."

The present document 1is irtended to serve two primary
purposes: (18 to make the standard astrodynamic constants readily
available to the user in a non-classified document, and (2) to
reflect several minor modifications of the constants contained in
the original OMSF document, i.e., the value of G has been slightly
modified for the sake of internal conslstency; the rotational rate
and mean equatorial radius of the MNoon have been added; and a set
of conversion factors has been furrished.
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STANDARD ASTRODYNAMIC CONSTANT:3 FOR PROJECT APOLLO
{

1l Ceneral Constants

- 141 Velocity of light in a vacuum
¢ = 299792.5 km/sec

1.2 Universal gravitational constant#

G = 6,671 X 21.0-8 cm gm-l sec™2
1.3 Astronomical unit
a.u. = 1.49599000 X 10%km

1.4 Ephemeris Time - Universal Time reduction
The relationship between Epremeris Time (ET)
and Universal Time (UT) 4is given in the
American Ephemeris and Nautical Almanac.

l 2 - Earth Constants

2,1 Equatorial Earth radius (grsvitational)
Re = 6378.165 km

2.2 Flattening
f = 1/298.30

2.3 Acceleration of gravity at equator ‘
g, = 9.78030 m/sec’

2.4 Rotational rate of the Earth

u 360
Ve 8" .04.09892 + C.00.b64 7T

deg/sec

where T 1s the number of Julian centuries from

1500 January 0.5 U.T. (Juliai Date = 241 5020.0)

#This slightly hodified velue ol G, adopted for internal
consistency, will appear in the secoid issue of the OMSF docuw
ment "Natural Environmeént and Physicil Standards for Project
Apollo. - y

:1 2. -;
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2.5 Gravitational potential.gunction
u P -
V(r,s) = = [1 + 2 (*9) (1 - 3 8in°s)

> 3 'r
. B 3
+ 2 (FS) (3 - 5 sin%¢) sin ¢
R \4
+ %; (;E) (3 - 30 sin + 35 sina¢)]
where J = 1.62345 X 1073

H=«5,75 X 10'6

D= 7.875 x 107°

.r = magnitude of geocantric radius vector

¢ = geocentric latituie

2,6 Gravitational parameter
Mg = GM_ = 3.986032 X 105 km3/sec?
2.7 Mass of the Earth -
M, = 5.975 x 10°"kg

3 Lunar Constants

3.1 - Mean lunar radius
R = 1738.09 km

3.2 Rotational rate of the Moon

& & 360 ge
m 2360591.585 + 0.0L0T sec

where T is the number of Julian centuries from 1900

January 0.5 U.T. (Julian Date = 241 5020.0)

r

—~



3.3

3.4

3.5

3.6

3.7

Principal axes , e : ‘
a = 1738.57 knm
b =71738.21 knm
| ¢ = 1737.49 knm

where a 1s directed toward :he mean center of the lunar

disk, ¢ 1s coincldent with the Moon's rotational axis

and b 1is perpendicular to i &and c.

Principal moments of inertiu
A= 8,8782 X 1034kg neters®
B = 8{8§06‘X ;Osnkg meter52

C = 88,8837 X lOBukg meters2

- ol -

Earth=-Moon mass ratic
IVIe/iVI‘_n = 81,3015
Gravitational paramneter

up = GM_ = 4.902778 X 103 ku3/sec?

m

Gravitational potential function
2
M ] '
V(r,¢,0) = ;E [1 + % (;ﬁ) (1-3 sin2¢)‘
R_\2 '2 gk
+ L(;E) (cos®¢ cos2e)]
where: J = 3109 X 10~/
L = 608 X 1077
r = magnitude of selenocentric radius vector
¢ = selenocentric latitude

¢ = selenocentric longitude

R = ;738.39 km = mean equatorial radius of the Moon



-

O

Q

4 Solar and Planetary Constants ‘ -~

Planet .Masa Ratio .~ @Gravitational
T . Constant
‘ M /M . km3/sec2
{7 anee
Sun 1 1.32715445 x 1013
" Venus . 408645 ; 3.247695 X 105
Earth 332951, 3 . - 3.986032 X 107
Mars , 3,088,000 " 4,297780 X 10"
Jupiter _ %947.39 1.267106 X 108
Ephemerides

- The ephemerides of celestial bodies {Sun, Moon and planets)

to be used shall be the comprenensive set being prepared
by the Jet Propulsion Laboratory (to be made available in
late 1963). The JPL materizl consists of three magnetic
tapes covering .the years 1950 - 2000, an engineering docu-

ment describing the data and tape fornat, plots of residuals,

and symbolic and binary decks of user subroutines, suitable

for use on the IBM 7094, Data not provided within this source

shall be taken from the Americgr Ephelieris and Nautical Almanac,-

Atmospheric Models

The atmospheric models to be used in /pollo reference
trajectory calculations are as follows:
&. Tor launch phase calculatioﬁs, the Patrick
Reference Atmosphere is to be used up to 35 knm,
. and the U. S, Standard Abmo&phere, 1962, is to

be used above 35. knm.
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N §

b. For reentry calculations; the U, S. Standard._

Atmosphere, 1962, 1s to bg used.

October 25, 1963



CONVERSION FAC'ORS
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In the following table of conversion factors all

lengths are given in International. units, e.g., Internationall '

feet, nautical miles, statute miles, etc. Those conversion

factors denoted by an asterisk are to be considered as exact.

In order to conver:

From
feet
meters
8q. feet

8q. meters

nautical miles

statute miles

nautical miles:

pounds
kilograms

pounds

slugs

kilograms

»

slugs

o
meters

feet

kilometers
kilometers

feet

kilograms

— " pounds

'slugs
pounds
slugs

kilograns

Multioly By

0.3048
3.2808
0.0929
10.7639

1.8520
11,6093
6076.1154

0.4535
2,2046
0.0310
32,1740
0.0685
14.5939

0o0oo#

3990
0304#

1042

0oo0%®
4400%
8556

9237%
2262
80950
5856
21766
0294



€ *

B-7

! From ' To , Multiply By v

pounds/sq. foot kilograns/sq. meter 4,8824 2764

<:> | kilograms/sq. meter pounds/sq. foot 0.2048 1614y

_ . |
degrees, . . radians 0.01745 32925
radians degrees o 57.29577 95131

C:) - T = 3.14159 26536
go(meters/sec/sec) = . 9.8066 5000%
g,(feet/sec/sec) = 32.1740 4856

.~ For reference purposes only, the relationship between the
o Us 84 Survey Foot and the meter is included:

feet (U, s, Survey) meters ‘ 0.3048 0061
(:> | meters feet (U. S. Survey) 3.2808 3333
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- Memorandum

OFTIONAL FORM NO. %
010-104

UNITED STATES GOVERNMENT

RECD ¢

.‘L '

SRR T

i
l

“HUN 30 1908

aMT’

DATA MGUT

TO $ CF/Flight Crew Support Division - L
' Attention: Mr. S. H. Nassiff -~ °

FROM : OM/Chief, Mission Planning and ' OM (HDB:svm)
~ Analysis Division ‘
i e
SUBJECT: IMCC and AMS Mathematical Model; Comments and -
-Recammendations .

o~
—~

References: (a) "IMCC and AMS Mathematical Model Compatibility
g ‘ Requirements" NASA Manned fipacecraft Center,
; OMA (HDB:svm), November 8, 1963 )

- (b) Memorandum from North American, "Preliminary
Corments on Reference (a)"

(¢) Document by the Office of Nanned Space Flight,
© M-D E 8020.0084, "Natural Eaviromment and Physical
Standards for Project Apollo" |

(d) Dociment by Goddard Space Flight Center, dated
May 1, 1963, "Interplenetary Trajectory Encke
Method (ITEM) Program Manual"

(e) ARL Technical Report 60-281, dated August 1960

1. Introduction |

a. At the request of the Flight Simulation Branch of the Flight
Crew Support Division, the following has been prepared in an effort
to better define compatibility requirements between the AMS and IMCC
mathematical models, and to reply to the commemts| by North Amerdcan
and Link Division of General Precision (reference\s'v(b)).

b. The paragraphs in this memorandum are generally in the order
of comments as they appear in reference (v).

2. Standardization fi !

a. To effect compatibility between the AM3I and IMCC, standardie
zation of the mathematical models is -required with respect to physical
constants, coordinate gystems, and ephemeris duta. '

b. Standardization 1:i symbology end units of measurement is
required at least for output quantities. _, 5

' In reply refer to:

(agidun ¢ o>
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3. Basic Coordinate System

&. Eilther of two basic geocentric coordinate systems are being
considered for the lunar trajectory programs in the IMCC. Eoth systems
are essentially the usual geocentric equatorial inertial coordinate
systems; 1in one system the basic reference is mean of date, and in the
second system the reference is of a particulsr €poch such as the nearest
beginning of the Besselian year. |

——

b. Appendix A defines some of the advantages of using a coordinate
system referenced to a particular epoch. This appendix is included for
information only, and it may not be concluded that a fixed reference

-freme will necessarily be used in the IMCC.

¢. Though the preparation of the special ephemeris tapes will be
dictated by the choice of reference systems, -he formulation of the
trajectory programs may well be independent o7 the choice. This will be

discussed further in the Ephemeris section of this memorandum (paragraph 7) ..

d. On the basis of the information availuble at this time, it 1s
recommended that the coordinate system for the AMS be referenced to the
mean earth equatorial plane and the mean equliiox of the nearest beginning
of the Besselian year. If in the future it isn decided that the coordinate.
system of & fixed epoch will not be used in the INMCC earth-moon model,
the only modification necessary to effect compatibility between the AMS
and the IMCC will be in the ephemeris tape rowtine for the AMS.

L. Method of Trajectory Computation

a. There should be no requirement for the mathematical models in
the AMS and IMCC to employ the same methods of trajectory computation
or methods of integration. The only requirement should be on the
accuracy of the computations within the AMS. When operating with the
IMCC, the AMS should be capable of computing the trajectory paremeters
accurately within certain limits. When these accuracy limits are
exceeded, AMS trajectory updating should be required. These limits
are discussed in the section on AMS trajectory accuracy (paragraph 11).

b. For information, the advantages and disadvantages of special
trajectory computation techniques as well as bases for camparison are
considered in detail in reference (e).

5. Earth-Moon Plane Coordinate System

The moon's orbital plane is the fundamental plane of the rotating
geocentric earth-moon plane coordinate system as described in reference (a).
The XMP axis is directed outward from the geocenter along the earth-moon
line, the YMP axis lies in the earth-moon plan:, and the ZVMP axis completes
the right-handed orthogonal coordinate system. '
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6. Unit of Time _ ' |

a. Reference (a) implied a requirement for time output to be in days,
hours, .minutes and seconds, exclusively. Thie is incorrect; though the mission
will (probably) be referenced to GMT, thrust phases would also probably be
referenced to elapsed time from phase initiatjon:- in seconds.

: b. The unit of time measurement in the ccmputation of the trajectory is
immaterial; only the AMS and IMCC output units mu§t be compatible.

c. In the ephemeris, luner positions and velo¢ities are referred to the
geocentric equatorial rectangular reference frame of the mean equator and
equinox of 1950.0 = JD 243 382.423. 1In the IMCC, the epoch for which date
~ will be required will be in Universal Time. Eecause the ephimeris data is in
Ephemeris Time, the Universal Time epoch must be converted to Ephemeris Time
prior to entering the interpolation routine. ‘

T. Standard Ephemeris

a. The JPL ephemeris package should be ready for distribution in the
immediate future. It is understood that the package shall consist of at leest
the following: '

(1) Three magnetic tepes containing ephemerides of the sun, moon,
and planets for the years 1950 through 2000.

(2) Two documents, which in part describe in detail the data, tape
format, and certain subroutines. .

(3) sSymbolic and binary decks of user subroutines suitable for the
IBM TO9k.

b. The details of the JPL ephemeris will influence the choice of the
basic reference system for the IMCC lunar programs. If the data on the ephemeris
tapes 1is referenced to a fixed epoch, it will :erhaps be more convenient
computationally to reference the basic frame to the nearest beginning of the
Bessellan year than continuously rotate to obtuin a coordineste system referenced
to the mean of date. Appendix A contains exce:pts from an MIT memorandum in
which the advantages of referencing to e particular epoch are discus%ed.

¢. The recommended data interpolation rouiiine suitable for use %n the IBM

7094, 1is included in the JPL ephemeris package. Though it would not|be necessary:

that any routine used be checked with the JPL 1outine as a standard.”
!

Through Mission Planning and Analysis Division, a specializea routine
is available which affords certain advantages in terms of computer storage
requirements and computational speed. The routine is programmed in Fortran IV
and is suitable for use on the IBM T09k.

d. The standard-ephemeris packege will be made available to North American
and Link at the earliest possible time. .2

LIRS |
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8. Necessary Complexity of the Mathematical Model for the AMS

a. The required frequency of AMS trajectory update, of course,
depends upon the AMS trajectory accuracy requirements as stated in 23
paragraph 11. If this frequency of required update is to be at all
minimized, it is recommended that the AMS mathematical model include
at least an oblate earth, a triaxial moon, and the sun. :

b. Solar pressure and the planetary perbufbations are not signifi-
cant; and on the basis of the best known value for the earth equatorial
ellipticity term, the ellipticity may be ignored without serious
consequence. :

¢. For computational efficiency, it is felt that for orbit
computation in the immediate vicinity of the oblate earth, lunar
triaxiality and the sun perturbation may be :lgnored; when in the
immediate vicinity of the triaxial moon, earth oblateness terms may
be ignored. :

9. Basic Features of the IMCC Trajectory Programs

&. Because it was felt that many of the features of the ITEM
Program would be of interest and of some value in the formulation of the
AMS trajectory model, the mathematical appencices fram the ITEM Program
~ Manual were included in reference (a).

b. Though many of the basic features of the ITEM Program and the
IMCC trajectory program will be very similar, it must be emphasized
that in general, the IMCC program will bear little resemblance to the
ITEM Program; certainly, the two programs muct not be considered

synonymous .
10. Thrusting Logic

Except for the earth launch and the translunar injection phases, MIT
guidance will be primarily employed during each of the thrust phases of
the Apollo mission. In the IMCC, during thrusting, a Cowell technique
will be used for integrating the equations of motion.

L}
1l. Recommended AMS Trajectory Computation Accuracy and Update Requirement

&. The complexity of the AMS mathematical model and the necessary
frequency of AMS trajectory update depend primarily upon the allowable
tolerances placed upon position and velocity :cmputation within the AMS.

It is impossible to state either position or-relocity tolerances which
would be applicable during the duration of en Apollo mission. Accuracy
tolerances which would be meaningful during piarticular phases of a mission
would be unreasonable during other phases. However, at least the following
recamendations are feasible. ‘ '

| L2 L, : Voot !
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(1) During the translunar coest phace, it is recommended that the
vectorial difference between the predicted AMS and IMCC pericynthion vectors
be less than five nautical miles.

During the transearth coast phase, 1t is recommended. that the
vectorial difference between the predicted AMS and IMCC return perigee vectors
be less than ten nautical miles.

When these vectorial differences are exceeded, 1t 1s recommended
that updating be required. _

12. In reference (b) it was proposed'that certain computations be deleted
from the AMS program.

While 1t is advantageous to eliminate as many computations as possible,
it 1s necessary to incorporate a certain degree of versatility in order that
the AMS program may satisfy future display requlrements. The ecliptic
coordinates, for instance, may be quite useful [n shadow simulation; and the
osculating elements computation may oe necessary for the guidance implementation.
The other proposed deletions seem in order.

13. Appendix B is & copy of "Standard Astrodynimic Constants and Conversion
Factors for Project Apollo" dated January 8, 196k. The unclassified memorandum
was distributed by Bellcomm and is compatible with the information in reference
(¢) which is confidential. The unclassified document contains convenient
conversion factors which are not included in re:erence (e)s In particular,
the nautical miles-to-feet conversion is of interest.

- ' | / ) /
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Harold D. Beck
Head,~Lun§r Sraaectory Section
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INTRODUCTION

The report R-341 entitled A Statistical Optimizing Navigation Procedure For
Space Flight, revised edition, May 1962, by Richard H. Battin of the MIT Instru-

mentation Laboratory, Ref. 1, is written in an unusually concentrated fashion.
For this reason, simply to read the report with some sort of understanding is a
prodigious task. Indeed the writers of this present memorandum have found that
their colleagues who have .attempted to do fhis found the task too formidable and
consequently they just did not read the report.

In this present memorandum, the writers have selected Chapter 3, R-341,

Fundamental Navigation Matrices for clarification. They have supplied the steps

which are missing in the original exposition, together with detailed explanations.
of the mathematics and the terminology. Although this paper is complete within
itself, it is suggested that it be read in conjunction with R-341. Then the
reader can decide how well the writers have succeeded in their purpose.

The nomenclature and symbols conform to those used by Battin. Definitions
are provided for the sumbols as they are introduced. When there is no ambiguity,
arguments of functions are deleted for convenience; that is R is used instead
of R (t), x instead of x (t).

No attempt has been made to pass judgement on the value of Battin's
proposed navigation and guidance system. This would be presumptuous until all
of R-341 is presented in such a manner that it can be better understood. Although
Battin's N & G scheme is applied for translunar midcourse navigation and orbital
navigation phases it is essentially the same for LEM rendezvous mission, as
stated in the LEM N & G systems meeting No. 6, held at Houston on October 3, 1963.
The mathematical procedures which are used in the R-341 report also constitute the
fundamental building blocks for other navigation and guidance procedures, as

well as their error analyses.

PROPRIETARY
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FUNDAMENTAL NAVIGATION MATRICES

Basic to the solution of the navigation problem is a certain collection
of matrices, which will be introduced here. The role which these matrices play
in the navigation theory is indicated, and it is shown how they may be obtained

as solutions of differential equations.

1. General Solution of the Linearized Trajectory Equations

Consider a vehicle which is launched into orbit at time tL and travels under
the influence of a gravity field to reach a target point at time tA. The
navigation procedure is based on the assumption that a standard reference trajectory
has been precalculated. ILet T (t) and v (t) be the position and velocity vectors
at time t for a vehicle travelling on the reference path. Since there are
initial errors which are due to the inability to put the vehicle into the exact
reference orbit at injection or launch, the true position and velocity vectors
Es(t) and Xs(t) will not correspond with the associated reference values. The
assumption is that these deviations from the reference trajectory are small

’-\ throughout the complete path so that linearized equations can be considered valid.

To find the basic equations of motion, first let r_ (t) and Yo (t) denote
the position and velocity at time t of the vehicle in an inertial coordinate
system. ILower case letters with an underlying bar are used to represent column

vectors. That is:

D
-~
(N
~

(%)
jg(f) and LG

Y,

N
]
"
N
!
N
=
.

\

#.(¢)

-5

AN
R
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When the vehicle is in free fall, that is no propulsion is applied, the

equations of motion for unit mass are:

Y (% 7
mﬁ) ,5/l‘/; L / s// j/:,’f) (1.2)

<

In the abov%/L,equals G (ml + mg), in the cgs system, for a two body problém.
This can be replaced by Gm, where m is the mass of the more ponderous body.
For a space ship in orbit around the Earth, m would be the mass of the Earth.
G is the universal gravitational constant, Ref. 2, p. 16, and is not to be
confused with the matrix G (g, , t), Eq. (1.9).
Let the vectors r (t) and v, (t) denote the position and velocity at time
t, which the vehicle would have if it adhered exactly to the reference trajectory.

The corresponding differential equations for the vehicle reference trajectory are:

Le_z1t) , Logn,z) . .3

The deviations CQZ and cﬁyr at time t which represent the differences
between the actual and the reference positions and velocities respectively are

defined by:

wft)=20)-2,0 , V) =%/Z)-%7).
Now

dz‘/”oz) dz‘/ / dz‘//zd = ¥%-4 =dv, (1.5)

and

o L) = Z0)-Fw) = 3%,7) 34,7) . co

PROPRIETARY
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The X » y , and z components of g( t,) and g(r t) are respectively
~ o
Its,7) :ﬁzf %%:%:8) Gy 15:%58) - Tg [ Fss4s,%,2) /
and

7%, T /\7% a).%Ja)"’“/ f_{//%,j@,%,f) /ZW%’) ”Z)_/

Since it has been assumed that the deviation of the actual trajectory from the
nominal is small, a Taylor's series representation in:which the higher order

terms are discarded of 5(55 t) about r. (t) is valid. The Taylor's series is:
b |

9 ( %27 2 G; (7,8 2%.2) * é@ (%s=%) *
JKZ)"//S -%) * ‘M?}" o -2 (1.8)

‘s o

~ In Eq. (1.8) i=XS: Ys; By components, and all derivatives are evaluated

at X, yo, Zo . This equation can be rewritten as:

1069 9% () # () o %)z
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- - = - - e e S S e S e e e e e e e e e - - - -

gt Jle?)* (@ﬂ ] (asgs ) <_a§;;_) lYede| o

| , 39 2
) (F2) (32‘:)3 “ j

The matrix above cons1st1ng of first order partial derivatives is denoted by

G (zo, t). In what follows, upper case or capital letters will be used for
matrix notation. From Egs. (1.5) and (1.6), the equations of motion can be

written as:

f‘g(&@)'—'é\l[ ) ﬁ(ff) = G({-Z’O)t) (5)3! . (1.10)

) in which (9{? has the components xs-xo, V -y and zs-zo.
To evaluate the elements of G (zo, t), remember that g (zs t) /Ltf} /Q?
The x, y, and z components of the right side of this identity a;e
Xs :15 iﬂ;
//17 /Lb ) '/“’ /L3 , (1.11)
3
Then
9 : / 3 o
( ng) ’ ag%s,) ) ( 95 ) are
oXs /o a#s o 97:5 0
respectively:
(e % 3M 3
o /L 3 ) and B S Z ,
(45(5 5)07 7= Xsds ) s 53 s
S 5 S
)
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For this differentiation, use is made of the fact that 7
= [ Z" 12
e= %t T2 1% .
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The matrix G (zo, t) can now be written as:

[t [ ms)

S

m N/ S o R l-z.)
72365, /?:f(/b‘ %) (@‘34"0

In Ref. 1, p. 14, Battin states that the matrix G (zo , t) is symmetrical.

The development which has Jjust been presented here proves this assertion.

elements of G (Eo

trajectory and are independent of the components of 629

The

, t) are functions of the characteristics of the reference

At the bottom of p. 11, Ref. 1, Battin develops a useful fundamental set

of solutions of Egs. (1.10) in an extremely cursory manner.

Since the general

(1.12)

solution of this system of six first order differential equations can be expressed

as a superposition of six fundamental solutions, we shall digress at this point

to explain what is meant by a fundamental set of solutions of a linear homogeneous

system of ordinary differential equations.

can be written as (L H).

The term linear homogeneous system

On pps. 68-69 of Ref. 3, the definition of a fundamental matrix of solutions

will be found, the highlights of which will be presented here.

n x n matrix with elements aij

Let A(t) be an

interval (Tl Tg)' Then the linear system of differential equations

2

, te(T,T)

PROPRIETARY
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is called a linear homogeneous system of the nth order. It has been shown in
Ref. 3 that a unique solution of P (t) exists such that @ (t=Z )equals some
value g . In the following theorem, the terms field, vector space, linear
dependence, linear independence, and basis are explained in Ref. 5 pps. 1,

3, 7, and 10 respectively. The theorem is:

The set of all solutions of (LH) on (Tl, T2) form an

n-dimensional vector space over a complex field.

To show that the space is n-dimensional, a set of n linearly independent solutions
;él (t)s o & ;én (t) must be exhibited such that every other solution of (LH)

is a linear combination with complex coefficients cy of these ¢i d=i,; o © .y D
If‘gg, i=l, . . ., n, are n linear independent points in the vector X space,

the uniqueness provision, previously mentioned, shows the existence of n solu-
tions ;éi of (LH) such that Qﬁi (T)= 5 i. The method of proof of the theorem

is to assume the theorem not to be true, and then to find a contradiction.

That is the assumption is made that the ﬁi are not linearly independent, but
rather are dependent. Then there must exist n complex numbers ci, not all

M zero, such that

n
Z Q%I/‘f/:&' /56/7;2}) (1.14)
=7
This implies that
= o
A gic)=) &5 =0, (1.15)
=/ 2=/

and this latter contradicts the assumption that the ci are not linearly

independent, and proves the theorem.

The consequence of this theorem is that every solution @ (t) is a

unique linear combination of the ﬁi such that

”n
¢ =;: & 2/ ’ (1.16)
[

PROPRIETARY
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Eq. (1.16) can be carried over to Battin's report in that if the set of fundamental
~

solutions ¢i are known, a unique general solution ¢ can be obtained. If
¢l v u 43 ¢n are a set of linearly independent solutions of (L H), they are
J

said to form a basis or a fundamental set of solutions of (L H).

For the application of the above digression to the solution of Eq. (1.10),
use the initial and termminal conditions defined by the differential equations to

obtain particular solutions. Denote the time of launch by t If the launch point

1 L :
is the origin of coordinates, then the particular solution

§x=0 §ux =1
SE‘,/tL> = 83‘3'0 é\!t(fL): &U\E\T:O (217}
fe=ol §15=0

represents one fundamental solution. That is é:qq (f) 9 éig;[ﬁ:) satisfy

the differential equations

ﬁ/@/(ﬁ)):@;/ﬁ ; ﬁ/&/ﬁ/}=é@a,f/&/f/- (1.18)

o
In particular the values of J\_/_L, /Q_) ; OC_\Q; /fL) satisfy (1.18)
for t=t;. Another fundamental solution is ébé_(%) J}y— (%ﬁ} satisfying
the equations - ) =2
d o d o .
75 (6, @) =05 (2), 5 (J5 )= G20,2) S, (8), 1109
and
dx=0 3 Vx=0
) - _ JU’ =
‘Q@z/@: djg =0 9 a’\y‘Zﬁf)/ 8 (1.20)
§z=0 =0 .
o
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A third fundamental solution is ‘f—l—.’)’ (<) , 4 g i which

satisfies the equations
" d o ,
L t)=-I050,  Ffut) = 6N, we

with initial conditions

0
D)= |0 |, dg)= |
a i

These three fundamental solutions can be summarized in matrix form as R (t),
V (t) where

& ’
o [jd,;/t) /f): dV ) G/ /'?(u,), (1.23)
- S & o "/ o0 0]
— = f @ / @ = (1.24)
pto)-lo 0 0|20, VG)7|
o 0 OJ )

In (l.2h) a row or column represents a fundamental solution, each of which is

the deviation in position and velocity at launch from a predetermined reference
trajectory. The symbols O and I denote the null matrix and identity matrix

respectively.

PROPRIETARY
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A second group of three fundamental solutions can be found by considering
f—\ the terminal conditions at arrival time, t=tA. Companion equations to (1.23)
and (1.24) are

Lor N
j‘é]e’*/zj::l/*/zj ’ fél//&) _5‘/%:5{7/??‘“)) (1.25)
and
0 0 0] (1 o0 0]
" -— -
X’ré):a g 4120, V z;)= o | 9|=71, (126
o 0 /
_0 0 UJ | i

For the physical meaning of R¥ and V¥, it is convenient to consider the roles
of launch and arrival points as reversed. In the literature, Eq. (1.25) is

ﬂ called the adjoint equation of (1.23).

In a manner similar to the development of the matrix G (g'_o, t), the

elements of the matrices R and V will now be found. From Eg. (1.10)
ff_’?ﬁ):_@;/ﬁ‘@a#) ’ (1.27)

where

M=o (G () 6.5

20 0y ) 4y (s ) A sty o)

(1.28)

PROPRIETARY
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Then
A
w) o Sk 3/% /2 _ M, \
(6] 2ol 2 ) o 522) (674 ) (5 ) (e

K

QU’X)(SX ax) T

In matrix form this is

(’5@2) (’9%) i@c) -
C?pgx 0 :?ZZ£;' 0 é;éﬁf g
2el?) Hp2)= | _
& HE Plv) (st ()| G
dTsx Jo UJ/# 0 92@2/0 2

3%—2) ( 9%1:) ( sz sz 0
’

Wy lo \ Fsylp \ Oafo
Tn the above the matrix of partial derivatives is denoted by R(t). The
derivatives are evaluated at Xo, yo’ Zo'

Although the matrix for V (t) can be found from the second of Eq. (1.10),
on p. 15 of Ref. 1, Battin states that the elements of the R and V matrices
represent deviations in position and velocity from the corresponding quantities

on the reference trajectory as the result of certain deviations in the launch

velocity from its reference value. In order to follow the work of Ref. 1,

PROPRIETARY
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O — - ——— - - e e - = - - o o o

where

(1.31)

YY) [’ZJ’/ i B 5z’t)" U;/Z&,Z@J‘Us},ﬂg (@J@ﬂ'{z’ﬁ]

and
U69=) %, (4,05%.2) Vg Bl lerd % (0 By %) ]
- | (1.32)

Then since the corresponding values on the actual and the reference trajectories
are close enough to assume linearity, a Taylor's series expansion with higher

order terms neglected furnishes a valid approximation. That is

| WO @)/ G )%
(25 i)+
975'2 BT P .
e
This is rewritten as .
/3265/ (azfs}c% 2@’) Vo U
l V)ri C;EE a 5924;? 0
%lt)H) = | [, ) 9@/\ / ) %y | e
o 9@‘ ( /_?Eé,) Y s
91@/( dng 7%z Jo
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The matrix above of partial derivatives evaluated at the launch point is denoted
& by V (t). The R and V matrices are not independent. On p. 13, Ref. 1, it is
shown that

Wf) = E/f) ((f) / (1.35)

The validity of this matrix equation follows from Egs. (1.30), (1.34) and

(55 ) (SE) (el

Z}QSZ
((t) = (97514 /aﬁsy ) (_3}5? —) (1.36)
%, Jo 0%y )° a/zsj 7

(e /a@,)o /,%,v;f_..,>

ﬂ e =
Mgz /o B/L_ﬁ- 0%z ol
The elements of matrices R¥ (t), V* (t), and C*¥ (t) can be found by
analogy. The differentation takes place at the arrival time t=§A for the adjoint
case.
Now the gneral solution of Eq. (1.10)
Z J]L —'é}/” _f{ er ~ L0, Z;)cfyb (1.10)
TEIL)ZOT s ()= ) I
can be written as
dn(t) = Rlf)e + RrYc”
| /7
Sv(t) = Vit)e + V7Z)e" . (1.31)
m

PROPRIETARY



*ILMO-540-286 PROPRIETARY Page 14
M. J. Fish/J. E. Kmiecik 5. 1 April 196k

- - - - = . = - - = = - — - — — — -

In these equations ¢ and c¥ are arbitrary constants. They represent the required

(-\ six constants which arise from the solution of the differential equations. For
the particular problem at hand, they must be manipulated to fulfill the require-
ments of the equations for all values of t, including the initial and final

conditions.

2. The Vector Velocity Correction

When the vehicle is at the position T, at time t and is to continue in
free fall to the target destination r_ (tA) in the time t,-t, there is an
associated vector velocity required. This vector velocity can be obtained from
Eq. (1.37). For the vehicle to pass through the target point, the requirement
is that

h(t) =0 = Blta)c +2(%) <. o

Since R¥ (tA) = 0, see Eq. (1.26), it follows that c equals zero in (2.1).
m Hence Eg. (1.37) becomes

nt) = Rt (2.2)
Ju(t) = V*/ZL) .Qx . (2.3)

Premultiplication of the first of these latter two equations by the inverse

matrix [E*/t)] . yields

and

¢t = [RA] " 5100), e

since

[ R e) =R L.

PROPRIETARY
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- —— - = e e m m ——  —— ———— ———————— o -

When this expression for c* is substituted in the second equation, the result is

firft) = \/Z@?/p’(ﬁ)] 'ZQL/Z‘) — (2.5)

The expression for Ji?_j’ [Z‘) Eq. (2.5) is the velocity deviation of the vehicle
which must exist at position r_ (t) at time t in order for the position deviation
at arrival 521/2;]) to be zero. It is to be noticed that in (2.5) J_‘zf/z")
is expressed in terms of é??/f) , Where d}?ﬁf) is itself not known. We can
state that in general, éﬁj@[ﬁf) would be determined by the initial con-
ditions at launch, together with the time history of the thrust subsequent to

launch.

If a correction C{if[tf) is made in the velocity of the spacecraft
at time t, in keeping with Battin's notation, (t-) and (t+) will be used to
distinguish the velocity just prior to the correction from the velocity
immediately after the correction. To proceed with the analysis, assume that
the actual deviation in velocity é?yY%‘) which exists at time t is known.

m Then the velocity correction which is needed to achieve a velocity 2j?%%+)
at time t to make the terminal position deviation zero, that is J:Jg[?;):-a,is

Azj*/z‘) = Ju(tt) - =) . (2.6)

Substitution of (2.5) in the above gives
* =
wie) = VIR dut) - dvit). 2.
-/
Denote the matrix V?ZL)[?X/Z‘)] by C* (t) (see Eq. (1.35)).
Then Eq. (2.7) is rewritten as

it = (1) dnit) ~dur-) . (2.8)

i/
In the development of this latter equation, if the value A?Z/QLE » Pprescribed
= /

PROPRIETARY
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by the launch conditions, is taken for é?@(z? , and Cruf(é// is
considered arbitrary, it can be shown that Eq.(3.14), p. 13, Ref. 1, holds. The
value of d}@[f) at time t differs from zero as a result of an error

in the injection velocity. The intermediate steps leading to the referenced

equation are as follows:

In Eq. (1.37), the launch conditions are
nit)=0 = BZ)c 76”'(/1’)6*‘r
2 (4)=0 = £G)C + L) s (2.9)

Since the matrix R (tL) = 0, the zero matrix, and R¥ (tL) £ 0 it follows that

c¥ = 0, Then for the second of (1.37), one can write

\ ‘
duit,) = Vit < . (oo
But since V (tL) = I, the unit matrix, then

C{QF(ZZ) = JTEE =1 (2.11)

Then (1.37) can be written as
() = »t)dvit)

and
(2.12)

Svt) = Vit) dvie)

PROPRIETARY
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""""" remttiplication of the flzst of the shove by [ Lp)] | eves
emultiplication o e firs giv
~ =
_’\ » —/J‘ \ _ J" A
Riz)) d2) =av(4) - (2:13)
When this is substituted into the isecond of (2J2), the result is
_ =f
- “ \
Stt) = Vi) [Rie)] dut)
= (%) dN(2) , (2.14)
A, N
/
where C is defined by V724[Z]Z?D7 , see Eq. (1.36). At the terminal
point t = tA, the equation
w(t) = R&G)dviz) (
dly) = K(tg)dU(y) (2.15)
™ dp 4 .
is obtained from (2.12). The value of ﬂé(/LA is not zero unless the
injection velocity error AEQ?QﬁL) is equal to zero.
“Z
Tt should be noticed that in Eq. (2.5), 4{2[70/) represents the
velocity deviation which is required at time t for szbf7z4) to equal zero.
However the 3}[/27 in Eq. (2.14) is the actual velocity deviation which
exists at time t. In general, these two deviations will not be equal, in which
case the difference between the required and the existing can be called the
necessary velocity correction. This is
72) =% (Z) 62(2)
2772) = Cot) - ClE) d2 (2). (2.16)
[
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-------------------------------------------------------------------------------------------------

Substitution of the first of (2.12) into the above gives

1) = VOIEE) RR)Sutt) - v o) B2 dvrs)
:{ V[Pt 20 - )[R R /Z Jvit)

o

= A IVSL), (2.17)

where

b/ /f'j is defined by (?ZL)Z)/ZL) - [//Zf/\ . (2.18)

»
AT Al
By analogy --/ﬂ (L / is defined by

~ ~N¥t) = C(Z“/)?y/f) *'V?f) - (2.19)

For the interpretation of Ea. (2.17), it is assumed that the velocity
deviation  gU[Z}) at launch is known. The value of A4 Y Z)
in Eq. (2.8) is the required velocity correction at time t. In this equation
dﬁj}ﬁf—) is the velocity deviation immediately prior to the correction.

In Ref. 1, p. 3, a time convention based upon discrete observations is
adopted. Let tn represent the time of a measurement, and tn+ the time of a

]
later observation. Then (2.8) can be rewritten as

Wt = Cv, ) is ) -dvity) e

L
where é&!?@vj’ is the velocity deviation just before the correction is

made. The matrix form of (2.20) is
o : ® * J!%’b
' 11§5; e (:;7 3 '—JZ- é;inh

PROPRIETARY
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o In Ref. 1, p. 9, the above matrix is replaced by Bn; that is,

, _
B/L = Cn ) -1 (2.22)

)

where I is the 3 x 3 unit diagonal matrix. The 6 x 1 deviation vector

)
I\ - $n
in = (2.23)
0 Un,
defines the "state" of the vehicle dynamics at time tn. Finally, Eq. (2.21)
is
¥
AVp, = Bn, 3\2(')'1/ . (2.24)

3 Differential Equation Solutions

)
The matrices C, c*,/ﬂ - /\*‘ may also be obtained directly as the solutions
of differential equations. The definition of C has been given in (1.35) as
=/
Ct)= V/ﬂ[’?/t)j 4 (3-1)
The corresponding equation for C* is
¥ * X =/
C(f) = V/f)['? /t)] . (3.2)
M
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From the fact that the initial values of the R and R¥ matrices are zero, there
Iy are singularities in C and C¥. That is in Eq. (3.1), R (tL) = 0, which gives

C (tL)-e- oo , whereas in (3.2) R¥* (tA) = 0. The latter furnishes the

singularity C* (t A)—-— @2 , Hence Battin decided to  work directly with the

inverse matrices ¢t and (C*)_l in order to avoid the singularities. The inverse

of (3.1) lis

C1z) = { Wﬁ[z/t)]'} = RE)V(e) . G-3)

At t = t. the above is

1) =RE)VZ) . (3.1

From Eq. (1.24) R(t ) equals the zero matrlx, and V (t ) the identity matrix.
Then the singularity is avoided since C~ (t ) equals O
] Postmultiplication of (3.3) by V (t) gives

CrNe) = &(2), .

which upon differentation with respect to t is

-,

/1/ P C"’d/V Z’- (3.6)

The Eq. (1.23) shows that%% =V, and gg GR. (This G =G (ro, t) is the
3 x 3 matrix of Eq. (1.9) and is not to be confused with the universal

gravitational constant.) When these are substituted in (3.6), the result is

¢’ D _
Ly +cGR=V. -
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Postmultiplication of (3.7) by V ~ (t) gives
™
~/
-/ -/ — ;
2 . oepy =1, (3.8)
dt
The Eq. (3.3), e RV-l, is substituted into the second term‘on the left of
the above to yield
-/
AL et
T E
This latter equation is Eq. (3.18) of Battin's report, Ref. 1, p. 1k, In a
manner similar to the above the following can be developed from Eq. (3.2);
*/ |
20 X7
T + C &GC =1 . (3-10)
) In order to derive differential equations for A(t) and A*(t), commence
by rewriting Egs. (2.18) and (2.19). Thus
¥
/\/ZL) —"—‘[//f)“[/f}f/f’), (2.18)
and
¥* X
A) = ViE) -CE)R(Z) . (219)
In the following procedure, a differential equation will be developed for /\(t),
the first of these two. First differentiate (2.18) with respect to t.
This gives
d/f(f) CZV dC 2 - a2 (311)
A7 T4t T A Zr
m

PROPRIETARY




* IMO-540-286 PROFR:ETARY

Page 22
M. J. Fish/J. E. Kmiecik 1 April 1964

- —— - - e - - - - - e - - - e - o . e e e e e

Rewrite Egs. (1.23), (1:25), and (3.2). These are respectively
P
dg 4V drR’_ ¢ AV
=V =G =V g =GR

and

(3.12)

¥ # =/
C =V R .
Differentiation of the latter of these gives

dc* A’ e LB
27 dt /? '/’ V d&‘ % (3.13)

Substitution of (3.13) into (3.11) allows the latter to be written as

X
G =Gr- (L V'L | ~c'y N

_ Kk 41??*217?*
GR ~GRR R - dtdi,@ -c*

The last step was obtained by the use of Eq. (3.12). Use is made of the fact that
R* R* equals the 1dent1ty matrix I. Then differentiation with respect to t
of R¥ R¥ gl I gives

X e
Zr v L0

g ' (3.16)

Premultiplication of the above by R¥ L yields

*#-
5‘? = _Ex-/d,’(”'kx/ (3.17)
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°
- o - e g - e - e e G G

dR* dR¥*~1
When this is substituted into the term - = T R of Bg«-{3.15),

this term becomes

f
Substitution of a%* - V* and V* R* T = C* from (3.12) into the above gives
o Ak
V'R VRTR = CCR. (3.19)

Eq. (3.15) can now be written as

j;‘ =GR -GIR +(TR-CY,

or

L e-cR=0 . )

¥
But from Eq. (2.18), it is known that /\=—‘ V"C /P When this is

substituted into (3.20), the latter becomes

Zd—z/z, L CYYV-CR) =

or

g?// +CN =0 . (321)
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This latter equation is Eq. (3.21), p. 1k of Battin's report. Since /ﬂ equals
o V - C* R, which in turn is V - V¥ R¥ "1 R from (3.2), the initial condition for

/q is
¥ x-/
ANE)=y()-VIE)RT 1) o) .
Reference to Eq. (1.24) shows that the first term on the right of the above is

the identity matrix, while the second term on the right is the zero matrix.

Therefore

ANE) =1 . (3.22)

From conditions of similarity, the following differential equation can be obtained:

AN
>
>y
>
%3
-
%
(.._(.
(3
>
X
SN
S—
il
N

(3.23)

4, The State Transition Matrix

On account of the dynamic coupling of position and velocity, it is convenient
to introduce the concept of a six dimensional space in which the coordinates
represent the components of both position and velocity deviations of the vehicle
from the reference path as functions of time. Points in this space are defined

by the six dimensional deviation vector

=
dn
CQ‘L"’ dZn (k1)
Jx,= SU., I Vxn,

M g\U’ém
§V; :

I\
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N
The vector JX n , which is the same as CS\X({'m) defines the
f-\ state of the vehicle at time tn. Transition from one state at tn to another at

tn+l is provided by the relation.

&nﬂ - ¢n,+l}n ‘S\ZC"' ‘ (k.2)
The term

¢/ZZ¢/J flv) = ¢nr/,n (8-3)

is called the state transition matrix. In this section, we shall augment
the write-up of it which is presented in Ref. 1. For this purpose, Eq. (1.37)

will be rewritten for tn. These equations are

dh(t) = R(%)e + R14)E

Jy’/fn) :V/Z;z)é + l/*n)fi)t -

In the following, values of c¢c and c* which are found from the above will

be used in similar representations of 6)b/f2d7) and szffﬁf”*/) . First
premultiply the first equation of (4.4) by R (tn)'l = Rn'l to obtain

-/ _ -/ " X
R duy =R, Boc+RRc

from which

R — ¥ ¥
- =, %, -R, R, c" . (4.5)
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is obtained, since Rgl R = I. Substitution of (4.5) into the equation for

) d};h_of (4.4) gives

L

-/ -
Lo = VR &, -V, BB, +1y c
-/ - ; *
= LR Do+l RTRE V)T (-6

The following definitions (1.35), (3.1), and (2.19);

_ ¥ ' M
J/ﬂ /:—'Cn ’ A,,,—’:Vn ‘Cn'?/’b 2

n

when substituted in (4.6) yield

¥ 3
Jun = Cndtn + Anc’ . (. 7)
[
This latter equation can be rearranged as
¥oox
N, ¢ =dVn - C,d%n , (4.8)
which when premultiplied by /q i gives
X =/ &
¢t =Ny (8, — Cudtn). (4-9)
In a similar fashion ¢ may be obtained as
- *
=N, [Fvn ~Cpdrn) - (4.10)
(&)
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Now it is desired to express J\/.z!/flz,ﬂ) and J‘y”/z‘,w,) in terms of

Rn+l and V 10 The forms of the constants ¢ and c*in these expressions are

Egs. (4.10) and (4.9) respectively. The Egs. (1.37) for t = t ., are

¥* »x
J\{_brL-/'/ = Pm-/ € + Rpw €

(4.11)

Substitution for ¢ and c* into the above gives

py = Pf)ﬂ/‘;’/f[ﬂ ~Ly, J}Zn) +/?/)/-/A /OPU' -Gy J\/Ln) )
(5\_”_/77"/ = %w//’n—//f-”—;? _C’): a(:/_z,,)) 4 Kjf /’f’—//fl/;} _C"?é\‘/'z”) ’

(k.12)

Rearrangement of terms in the above furnishes

f@n*xs//?nr//’;*/ai/A);/)&f,;‘//ew/l,’,/fj -U?”: A:‘/[,',/J{_L,,
Opy—’ﬂf/: Km A/;/"' V/;‘/A;) /%)f/// [’ )J\dﬂ -

/b 13)

These equations can be written in partitioned matrix form as

r % - - |
Sums|  |~(Ron 1l # R I Co) o fis B A | | 20

!

0 | |l Co Va5 Co) o F oo £ || B

(4. 1k)
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This can be written as

d}f[zl;?ﬂ) = ¢/f/?7"/7z7) é\{"‘:/z;/ )

In order to determine the state transition matrix ﬁ

Eq. (3.31), p. 15, Ref. 1, proceed as follows.

PROPRIETARY

is the matrix of (k.1k4).

*
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=| ¥

A Ca

NG,

(o)

0

k40 \_ 4 ot
(Cﬂ ' ”) —‘:‘/1,76,7) and that

The state transition matrix shows the relationship between

-l

An

=

A

O
Y

n+l, n
Rewrite (4.1k4) as

|
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&Dn

OV,

¥-I

S0 (E

Ix(%,) = B(tu:20) Su(2,) .

m
h
where pn+l, N
&l* nel
Ve
—
) 3
It should be noted that in (k4.16)
where I is the identity matrix.
A}tﬂ , which is
M

PROPRIETARY

JZ%O%V

in the form of

and

(L.17)
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Knowledge of the matrix ﬁ & ) = b allows the position and velocity
ntl, n n+l,n

vector CE257*/ at time tn+l to be ascertained from the position and velocity

vector 431,7 at time t . Successive applications of (4.17) produce the
following -

JZ/Z;) = ¢/Z/; ZZ/f.Z/Té) ) (4.18)

where to represents initial time. If the time intervals are close enough together

dxrt,) = $06,%)d%z) - (4.19)
Substitution of (4.18) into (4.19) gives
§x1t) = #(4,2)9(2,5) 0x (%),

which can be rewritten as

Ong_(’?_ = 535/[2:752) 5\_750 ‘ (4.20)
Generalization of thé above leads to the relation
§x, = 4(2,,8) o (1)

in which

L=n-1
¢/Z:U ZO) = 7—[— ¢/fj+/) ZPZ ) . (4-22)
L=0

PROPRIETARY
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The relation between the inverse and the transpose of a non-singular state

transition matrix can be found in the following manner. First write

dx (7, ) = %/ZL@ Z;n) Sx(2,) . (.23)

If the matrix ¢ =0 (tn t_) is non-singular, Eq. (4.23) can be premultiplied

by ;5 to find Jg;/f } . This is
%—:’” SZn = IZm - (k.24)

friotied wesrasentation Tor. By a
dxXm = @17 r) J\an ' (5:27)

P Comparison of Egs. (4.24) and (4.25) shows that

/
¢/7)m = fém,/? , | (4.26)

An alternate calculation to (4.16) for the transition matrix can be made

directly from a consideration of the system of perturbation equations, as is

done in Ref. 5. Define the perturbation of the state vector X by

& =&, , Oy =0X,
é%f é;Xi 3 é\Ug== é?‘5'
éﬂZ 65(5 p é;vgf ==C§EXé .

I

(k.27)

it
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Then the system of Egs. (1.10) can be written as

® d
% (x = )M x (4-28)
az
Wy 0 0 0 /o o | d¥
8%, 0 0 0 o 1 o|l|dx
8 ¢ o o0 /||dx
CFXA/, 3/«(5 : 2—5 0 0 O||adx
i /Lysj ms //93;57) 0 0 o|| T
s 70
éi*é (/25223 ‘%?525/) /,!2.25 0 0O 0 d}qé
97<5 dZs /o
o a (4.29)
In partitioned form, the matrix F is
O I
F = (4.30)
G 0 , |
For the solution of (L.28), let p (t, to) be a nonsingular matrix having 6
columns of 6 linearly independent fundamental solutions (see the discussion
on fundamental solutions, Section 1, General Solution of the Linearized
Trajectory Equations.) Then P is the solution of
ai /-
Latz) = F)P(2T,) . (3
')

PROPRIETARY
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In the approach which will be used the initial condition of @ (t, th) is a six
dimensional matrix formed in the following manner. That is ﬁ can be obtained
one column at a time if Eq. (4.28) is solved 6 times, each with a different
member of J}g (f;) set equal to unify, and all the other members equal to
zero. That is by the use of

/
0
() 0
dxfo) = ’ (4.32)
,
0
(1)
calculate the corresponding Aﬂ ﬁ51) by solving the trajectory Egs. (L4.28)

Then

fx /ZL) ﬁ/ 0 &%/0) (4.33)

is formed. The required state transition matrix ¢(lg for this equation
J
represents deviations from the reference trajectory at time t in relation to

initial deviations at time to . Use this ¢( 1) as the first column of ¢n ot
J
For the second column, solve for the corresponding 2%;47) from the

trajectory equations where

cf /o)

(. 31 )

Q OO0 © ~0

is an initial condition. The relation corresponding to (4.33) is

(2) (2) (2)
dx /fn) — 75/5:,0) Jx /0)/ (%.35)

PROPRIETARY
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In this manner, the six columns of ¢ (n,o) can be found. The matrix is one
with 6 fondamental solutions, and is known as a fundamental matrix.

We shall now introduce the concept of a sgystem of differential equations
which is adjoint to the system of Egs. (4.28), see Ref. 3. In general, from the

rule for the differentiation of two product matrices &, andrs with respect to t

d _ A .
E/o(ﬂ) = ZE/@ 7 o(z’;; (4.36)

where in general %(B ';['76 Zi: . If & is replaced by 9, and/g

by its inverse matrix @ —, then the above is

Lop) = Bp v 9 X e

Since ;’3 ,635_1 is the identity matrix I, its derivative is O the zero matrix.

Thus (4.37) can be rewritten
17 . (4.38)

Premultiplication of the above by fé-l gives

0=¢"%4" 4, -

from which

dg”’ -/ &
It ’-"‘% gz’é ﬁ ’ /e/';é #£ 0. (4.10)

PROPRIETARY
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In order to apply (4.40) to the Egs. (4.31), postmultiply the latter by

f-\ ﬁ-l to yield

éé;{’ = Fed” , (b11)

adz

or

¢ - _ e
2?¢ = B (k.22)

Then in Eq. (4.40) if @ is a fundemental matrix for (L H); see Section 1,

General Solution of the Linearized Trajectory Equations,

B o g1 B ) =-F s e

in which (4.42) has been used. In this equation the conjugate transpose of the
N reciprocal ﬂ*l can be substituted. That is if ﬁﬂl is replaced by ¢-1T, the

equation reads as
_ -/
0_3{?:;/¢ 7] _ ___;T/¢7 . (1. 41)

In this latter the rule is that when a matrix product ﬁ_lF is transposed then the
order of the matrices which form the product is reversed. This system of equations

can be rewritten as

-7
j/?ff.;l =—Fa . (1.15)

PROPRIETARY
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o This in turn has a fundamental matrix @ which is the solution of

,

46 _ _ T L. 16)
if =€ -

The expansion of FT is

a m /axs)/“%‘
F= y 00/9&5‘//255)/

e /%J %//azs)

/0 g 0 g
0 ", / J o d

(L.47)

or in partitioned matrix form .
0o ¢
£ e (4.18)
I 0

Ll

The linear system represented by (4.31) can be replaced by its associated adjoint
system (4.4)). In many solutions of.physical problems this has certain advantages.
The logic which allows this replacement comes under the notion of reciprocity.

As an example of Maxwell's Theory of Reciprocity consider a tightly stretched

string. Then a concentrated load applied at position 1 of the string produces the

PROPRIETARY
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same deflection at position 2 as would be produced at position 1 by the same
/'\ load applied at position 2. In the replacement of a linear system by its adjoint
certain pitfalls must be avoided. Suppose that in the system under discussion
a function f (t) represents an input at time t, and r(t+Z) represents the
accompanying response at a time interval T later than t. In order for the

system to be arealizable one, the response must follow the input in time.

When these notions are transferred to the adjoint system, the time t must
be run backwards to be both compatible with the original, and also to provide a
realizable system. These ideas are developed completely in Refs. 6 and 7. 1In
Ref. 8 it is proved, and from Appendix F, p. 398, Ref. 6, it can be deduced,

that in our problem

at) = (¢12))” - (1.19)

,a\ The transpose of both sides of the above furnishes

o v i
g =6 (1-50)

where it has beem remembered the transpose of an already transposed matrix

returns the original matrix.

Now Eqg. (4.28) can be rewritten in partitioned form as

(f_)@w r—0 I— §Xa

(4.51)

PROPRIETARY
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N where the definitions of J’X,a_ Y, JZ 5 o and G can be seen by comparison
‘ of (4.51) with (4.29). Expansion of (4.51) gives
£z, = 8xp
£ (%.52)
Xy = G 6Xa :
The derivative with respect to time of the first of these is
JX, =%
Y ==X i
X, =0Xb
Wnen the second of (4.52) is substituted for the right side of the latter, the
result is
]
: ,L!" k
6\2(& G&Za . (k. 53)
o Now if this same procedure is followed for the adjoint system (4:45), the corresponding
i partitioned form is
L4
T
2, 0 G || S
é‘ , = — (4.54%)
Ab I O |dap| .
e —
Expansion of this latter gives
i, = =G 82
Ao = 2b
. iy (4.55)
S?l'b = —0Aqg
)

PROPRIETARY
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. 7

d"_b = @ JAb, (k. 56)

Reference to Eq. (1.12) shows that the matrix G is symmetrical, so that the

above can also be written as

dﬁ_/}b = G‘J‘_a'b' (k.57)

The reader will recognize that when a matrix is symmetrical it is identical with
its transpose. What is of interest in these manipulations is that Eqs¢ (L.53)

and (4.57) have the same form.

For the solution of Eq. (4.53) assume that (f?(, / fo) is set equal
to unity, and other initial conditions equal zero. Then the system is solved
for A‘X, , J‘Xz ) Jx3 and their first derivatives, see (L4.27)

for the explanation of the numerical subscripts. If J)Cy is set equal to
L4 ’ »
= d = th the first column of th
J)L/ ) st J‘xz an Jxé J‘XS en < T eQS

matrix is obtained. However in having obtained the solution of (h.53) with a
unit initial condition on cfx, , & solution of Eq. (M.S‘Y) has also been
obtained with a unit initial condition on d"}%‘, , other initial conditions

. L4
are zero, Then by setting J);:-&\‘“ A‘Af“d;\;’ and J;\_;"‘ "d:]A 2 the fourth column

of the @ matrix has been obtained. In a similar manner a positive unit initial

condition on JX,) &XZ ; Jx3 , that is on J\Xl;; JXJJ be is equivalent
to putting a negative unit initial condition on d\,\/ s Jhﬂ J’Aa respectively.
Notice the interchange of the subscripts a, b between Egs. (4.52) and (4.55).

If this analysis is carried through completely and both the & and ¢ matrices

are written in partitioned form as

6, 6, 4 b
g = 2 and ¢ = (k.58)

Gy
- B Gy g _¢5 ¢z,¢_ y

PROPRIETARY
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then it follows that — 20

4 = (4.59)

But from Eq. (4.50) 525'1 - 6T. When this is used in (k.59 ), the reciprocal
=1
¢ is — —

T 7
¢—/_ Oy )
- 7
_93 9/7’ (4.60)

which is the sought for result. Likewise

4|1 % -4
A

—

g

The above analysis applies to trajectories which are run forward in time, to

trajectories whith are run backward in time, and for any initial and final times.

Due to the symmetrical properties of the perturbation equations, the transition

matrix which relates any two points on the trajectory can be inverted in this manner.
Our Eq. (4.60) is Eq. (3.34) p. 15 of Ref. 1 and brings us to the end of

Section 3 of Battin's report R-3L41.

MJF:JEK/amp
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From: F. DeVito, D. Lowen, Systems Analysis, x-1341
Tos E. Stern H. Rothstein Ca Wittt
R. Knoetgen A. Nathan T Kellly
M. Olstad P, Munter W. Rathke
TﬂIHaggerty G. Sullivan E. Bonan
J. Roth F. Yagi R. Fleigig
J. Kmiecik M. Fish C. Kirchen
R. Catenaro F. Kractovil F. Lamazor
A. Whitaker N. Gutfield G. Patterson
T. Heuermann F. Zito, RASPO S. Chomak R¢& _
Subject: MODIFICATTIONS OF PROGRAM FOR ALLOCATING SYSTEM ERRORS.

Reference: (1) LEM Engineering Memorandum IMO-540-193, A Method for Allocating
System Errors, by F. Lamazor, G. Patterson, S. Chomak, dated
16 December 1963.

Introduction:

This memorandum is a continuation of Reference (1) in which a method for
allocating system errors among the error sources is described. The general
closed-form solution which yields the AXj from the simultaneous equations (9),
(10), (11), (12) of Reference (1) is derived in Section A. Section B contains
a description of how to expand the program to provide for error sources with
fixed allocations and for error sources with sensitivities that are proportional
to the source error. The solution derived in Section A requires no modification
to include the results of Section B.

Section A -- Closed Form Solution of Equations Utilized in Maximizing the Payoff
Funetion, P.

Consider the following set of equations in the variables A&X;, MX>, «+- »
AL, oK , F), ¥ . B

2P _ AX: +¢e o5 {5 - s
(1) 2%, A% &X ¢ 'B}d_br 5 O C=ly2y00



, where

&
h/_\‘ g
58

&

\

O

P is the payoff function to be maximized; f;, fo are the two end point errors;
X1, Xp, ... , X, are the independent error sources; and o% , " are
Lagrange multipliers.

The solution of equations (1) may be expedited by defining the new
variablie,

(5) A ¥4

v(gﬁiii, which upon substitution into the above equations yields,

27 7 2Ff =0 =/

11

- %{/i - 344.

i z
e e B iy =
(21) =z fi; Gﬂ(;/ \ Cj
=1

b L 4. =0
()Z{'f =) & i

From equations (1'), it is clear that

aJ_f roN =) 2
(6) Ay = aX* b _5(/ =%y



and substituting (6) into equations (3') and (4'), one obtains:

/ 2F: 9F -
> & ?x'f R 3;5) * /Z = 0%~ ©

i
Lok 2P, 4 S 24 28 CEAN
® 2, e *P L XX ( )

s y ( L=
L=

o
B3
o
o\

One now has 2 equations and 2 unknowns in fh

.9 ., , 29
et (= 2:\‘ g}i'& .g;; Ay = LZ:_?(;)_X#)
;, Y _ = Jh s
SET AL
L= 1
> (32)"

L"-I

Substitution into equations (T) and (8) yields

u,%ﬁ/:?vtb Y =

(9)
’ 611-5/57‘-12/ =0 .

Simple solution yields , assuming a non-singular system,

/{3= CLA/‘C/AI D/= C/é/ —-d;C‘_ .
4/0{1—5/& 4"{’ ""é/:_

The solutions for end & may now be substituted into (6) to yield the
n A ¥i's. From equation (2'), one obtains
)

by, , which upon substitution into equation (5) yields the
desired outputs

(10) AX( . A%C/ I?-' TZ (AB()ZJ 2.
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Note that if the number of end point errors is k, then there are k linear
equations (equivalent to (7) and (8) ) with k unknowns. Cramer's rule may then

be expeditiously applied to obtain the i's , for non-singular systems.
Section B -- Fixed Error Allocation and ILinear Sensitivities.

Reference (1) was written for the case of error sources that have constant
sensitivities and unknown allocations. In order to provide for error sources
with fixed error allocations and for error sources with linear sensitivities,
equation (1) (and (2) ) of Reference (1) is changed to the following relation
(derived in Appendix I): *

/

2 2 o 2 a Z
r= a5 an) + L (2axt)

where Qﬁ m, n, and the A; are inputs according to the following schedule:

1= 1=/ Ay = sensitivity x fixed error allocation
‘!’ (f+1)= i=n A; = constant sensitivity
(m+1)= i = n A; = coefficient of squared term in quadratic
funetion
2f,
The calculation for the derivative 2%; similarly depends on the value of

the subscript "1" so that the appropriate logic must be included in the program.
This calculation (also shown in Appendix I) is as follows:

1= = =0
fro— 2
(P+1)=i=n = A K Fmex
. % —
(m+l)£ i = 2K — BAfo/F;m

*¥ Valid only if the quadratic state variables are symmetric with respect to the
nominal operating point (see page 5, Eq. 3).

M
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Appendix I-- Modifications to the Mathematical Model of the Error Allocation Program

The error allocation program is modified herein to include those error sources
whose allocations are fixed and whose end point error contributions are quadratic.
Figure 1 depicts the state variable ¢ and the end point error f? for an error
source whose contribution to the total error is linear (see Reference 1). This is
the type of error which is handled by the present computer program. The case of a
quadratic error source is shown in Figure 2. For the purpose of this memorandum, it
is assumed that the output of a quadratic error source is symmetric with respect to
the nominal operating point JCF so that the slope (sensitivity) at the operating
point is zero.

The end point error ﬁa or the deviation of the state variable (output) ¢',
for the case of independent error sources, is

f=49

and the root-sum-squared total error is

- 2T

where X = Zﬁ}{[

The end point error attributable to independent error sources which have fixed
error allocations X.r relative to nominal values )Qh is

f= (208, ., ()]

{

(2) Iy bé

e=/ ”

(1)

24
where 4 = /Djf‘:) i (Xir) for  F2izy
X = Xin * Xy

The case of an error source which can be described by a constant sensitivity
(see Figure 1)

A = 22, =~ constant for M 2L 2 (/-f/)
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is treated in Reference (1) The end point error attributable to independent
linear error sources is

ey (:45 2?)€lj7éi

If the state variable ;ﬁ, is a quadratic function of the inputs _A_f‘ (m 24 2 (m+ !)))

(3) _ T
fr = [ 2
then

A = -el.-é-f-l ('4‘ Xf 7 /4&'/ Lt '41-'”)

The quadratic function may be expressed by a Taylor series written about the
nominal point. DNoting that all derivatives except the first and second are zero:

, BH) rr )2
B(X)= Bx)+ @ @) (x-X,) + 27 (X Xn)
— ¢’rr(x-n)refers to the second partial derivatives Ez_ﬂf

X%

since

there are no cross product ( 2[‘ Xj ) terms. X=Xp

The end point error due to the quadratic error sources is

f= @x) - Bx)
(&) PNz ¢ 2

b = giw)r-x,) + 2l x4,
If the output ;25, is symmetric with respect to the nominal inputs Zén 4 X‘- = O
(see Figure 2), then

(5) &' (x,) =0

The second partial derivative of the state variable with respect to an input Z,{ is

X
oX?
The substitution of equations (5) and (6) into equation (4) and taking a root-sum-

squared total yields the end point error attributable to quadratic error sources.

£}

(6)

:2{4{1
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e e

(7) [Z /42/)

Exmi+/

The independent errors (equations (2), (3), (7)) are combined into a root-sum-
squared total as shown in equation (8)a

£ = [ £, j

[2/4) + _2: /42’) + 5 /42’)

-a¢ 4'4ﬂf/

(8)

where 4. = ) (X for 24 2
( 'D e ~t
X )y = X2
Ay = constant sensitivity for 5, 2.< 2 [fA%/)
f2| = coefficient of squared term in quadratic function
7[5/-' 212 € 2 (fm 4'//
of ‘
The partial derivative .5}. for the quadratic case is calculated as follows:
A
/
-4
- 2 'aﬂ? x?
- z 4 )+ + -k
n % ZMm S (A x.
A=H1y AH 1)
2 if
_ 4
ZF

!

2%

"
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GRUMMAN AIRCRAFT ENGINEERING CORPORATION

LEM ENGINEERING MEMORANDUM i
k&&,x ) 0),/, 7 //LC

l'410 20&/

M6 guly 7&;

From: L. J. Armani/H. K. Dunton -
To: J. W. Coursen/C. R. Spinner
Sub ject: TRIP REPORT; XTASI HARDWARE MEETING NO. 4 AT MIT/IL JUNE 30 -

JULY 1, 1964.

Enclosures: (1) List of Attendees at XTASI Hardware Meeting No. 4 MIT/IL
(2) Agenda of XTASI Meeting No. 4 at MIT/IL, June 30 - July 1, 196k.

SUMMARY :
XTASI Hardware Meeting No. 4 at MIT/IL was attended by personnel from
GAEC, NAA, MIT, Raytheon and NASA (chairman). The attendees and agenda

are listed in Enclosures 1 and 2 respectively.

ey The objectives of these meetings is to (a) exchange information and
(b) resolve hardware problems related to NAA simulation instrumentation.

The purpose of GAEC personnel attendance at these meetings are threefold:
L. By observing NAA's and MIT's problems and resolution of these pro-
blems, GAEC will be able to avoid the same pitfalls in the FCS
and FMES efforts.

2. To establish a rapport with the personnel involved so that when LEM
problems arise, they may be solved as easily and rapidly as possible.

e These meetings are a good advance source of information as to NASA's
thinking and may prove valuable in formulating the test plans in the
FCS and FMES.

The items discussed at this meeting which are of direct interest are sum-
marized below:

PROPRIETARY
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GRUMMAN AIRCRAFT ENGINEERING CORPORATION Page 2
LEM_ENGINEERING MEMORANDUM LMO-L10-200 . ________ 6_July 1964
1. MIT presented a preliminary outline of a "Daily Checkout of Simulation

Equipment" (GFE portions only). John Miller of MIT estimated that it
would take approximately one hour to perform the checkout.

MIT (John Miller) stated that the G&N subsystem would not work, without
a major redesign, if the IMU and PSA were not connected in a flight con-
figuration. NAA (Paul Green) stated that it was not possible to fit the
IMU and PSA on the FAT because of their size. RASPO MIT (T. Michaels)
will check with MSC for resolution of this problem.

After much discussion concerning monitoring of the NAA required AGC
signals, it was decided that if the signals were available elsewhere
in the system, they would not be monitored at the computer interface.

As a result of an action item (X-H-16) from XTASI Meeting No. 3, MIT
designed a recommended buffer circuit for monitoring AGC signals. At
Meeting No. 3, Eldon Hall (MIT) insisted that MIT build the buffer cir-
cuits because, (l) MIT had the parts available and (2) MIT has a better
feel for the circuits that had to be buffered. At this meeting, MIT

(Don Bowler and Eldon Hall) tried to pursuade NAA to build the circuits,
but NAA simply restated MIT's arguments from the last meeting and refused
to build them.

NAA requested that MIT prepare a list of signals which would be on "Down-
link". MIT admitted being delinquent on this matter and intimated that
they were "not sure” of what signals would be on "downlink".

NAA (P. Green and S. Robbins) stated that NAA had called Raytheon with
regard to the CTS training for NAA and GAEC personnel (action item
X-H-23, Meeting No. 3) and were informed that there will be no CTS or
AGC available for training the class beginning July 13, 1964. NAA felt
that all of the other information to be taught at the school is available
in the CTS manuals and indicated they would not send personnel to the
school.

Ted Michaels (RASPO/MIT) indicated that the training course may get a
CTS and AGC in September 1964 and that the next class begins in December
196L.

C. Bobelis, GAEC N&G, stated that he would find out if GAEC was going to
send anyone, in light of this information, and notify T. Michaels.

PROPRIETARY
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LEM ENGINEERING MtMORANDUM LMO-L410-200 6 July 1964

-

Ts In an informal discussion with Ted Michaels, the writer asked what was
happening with Block II. He stated that he had just returned from MSC
where he had attended the first of a series of four meetings to be held
on Block II. He said that a block diagram of the Block II system was
generated by NAA and MIT which makes the SCS completely back up. That
means that the RCS will be controlled directly from the G&N unless in a
back up mode.

8. Te Michaels also stated informally that Raytheon and Kollsman would be-
come sub-contractors to AC Spark Plug before July 29, 1964, the reason
being that NASA wants AC to be responsible for all schedules and deliveries.

9. NAA made & brief presentation to their proposed IMU and PIPA simulators.

10. The next XTASI meeting will be held on August 18 and 19 at NAA.

RH:ng,Jai!iF"

cec: R. Carbee
A, Whitaker
He Kline/G. Emilio/J. Winsten
Ho Wright/J. Cohen
H. Peck
410 Distribution
410 File
G. Henderson
R. Constable
C. Bobelis
C. Witt Jr.
F. Fitzgerlad
R. Magner
IEM Project File
Data Management

S R. Holmes
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ENCLOSURE (1) to LMO-b10-200 6_July 196k
ATTENDEES : XTASI Hardware Meeting No. 4 MIT/IL

T. Michaels RASPO/MIT

J. Miller MIT

E. Hall MIT

D. Bowler MIT

G. Savage NAA

P. Green NAA

S. Robbins NAA

A, Selagy WAA

J. Freeman RAY

J. Poundstone RAY

C. Bobelis GAEC

R. Holmes GAEC
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ENCLOSURE_(2) to IMO-h10-200_ . 6_July 196k
AGENDA

XTASI Meeting No. 4 at MIT/IL June 30 - July 1, 1964

Lo Review old action items.

2. Review of Block 100 changes as listed in NASA TWX 105W 00008-ALOULO

3. Downlink information - The information on downlink is required to
complete simulation data acquisition requirements.

L, IMU Simulator - Discuss method of IMU simulation to assure correct
interface with G&N subsystem.

Sie PIPA Simulation - discussion of correct PIPA interface to introduce
acceleration into the simulator.

6. Remote DSKY's - discussion of providing remote indication of DSKY
signals for remote display, control and data acquisition.

Te Discussion of S-1 optics CDU requirements.

8. Discussion of Spacecraft Optics - answers to questions on optics sub-
mitted to H. Koso.

9. Discussion of available information for simulation computer and core
rope simulator.
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snat
i -

Notes: 1. The steering error (body referenced) signel electrical interaction is
defined for the Primary Guidance end Navigation Subsystem (PGNS) and the
Flight Control Subsystem (FCS) of the Lunar Excursion Module (LEM)..
[ ] s ] e X
2. The signals are deéfined at the interface of the PGNS when operating
in any vehicle control mode providing steering error and total
attitude signals to the FCS. Loeding on the steering errors
also includes that caused by cockpit displays and telemetry
. requirements., The reference voltage required for CES (Control
_ Electronics Section) power supply synchronization is also defined.
I. Snecification of Signals )
A. Reference Voltage
(1) The CES Power Supply Synchronizing Voltage shall be supplied on
two lines. This voltage shall be from the same source as the
excitation voltage for the ladder networks of the steering error
Coupling Data Units (CDU), and shall have the following character-
istics:
(2) Reference Voltage = Eo sin wt [ﬁarmonic content consistent with
definition of paragraph B(7)]
(3) Amplitude: 28 + 0.5 volts rms (for a 0.5 to 2.0 watt load)
(4) Frequency: 800 * 8 cps (or better) with computer synchronization
, (720 to 800 cps without synchronization)
(5) Load: 2.0 watts maximum (including Abort Guidance and
Displays requirements)at a minimum power factor of 0.8.
'SHEET [ICD NO. - REV
INTERFACE CONTROL DOCUMENT | ¥OFwo LIS-300-10003
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(6)

(7)

The Reference Voltage may have a turn-on overdrive not to
exceed 45 volts rms and shall return exponentially to

specified levels within 5 seconds. 3

The Reference Voltage will be isolated from ground in the CES.

B. Attitude Steering Error Signal Components ..

w

Where:

(2)

(3)

The steering errof signal shall consist of 3 component
steering error voltages each supplied on & pair of ground-
isolated lines. Each steering error voltage shall be of the
following form: E_ = A KE sin (wt + 0)

ES = steering error voltage (designated Ex’ Ey or Ez for
corresponding vehicle axes) "
KEo = scale factor in volts per degree
A = Attitude steering error component angle in degrees (designated
Ax’ Ay or Az for corresponding vehicle axes). Ae varies
incrementally and corresponds to the difference between the
actual vehicle attitude and a commanded attitude.
@ = carrier phase shift
= 257 (800)

Steering Error Signal Carrier: The steering error signal carrier
shall be an 800 eps sinusoidal voltage synchronous with the

Reference Voltage and linearly proportional to steering error.

Source Impedance: 1 K.ILZb: (Reference).

INTERFACE CONTROL DOCUMENT | 50F10 LIS-300-10003
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(4) Load Impedence an& Scale Factor: The load presented by the
Flight Control System to each steering error signal shall be

as follows:
3

(a) Z = 20K + 5%, angle of Z = O * 5 degrees
(1) XE  =0.3 2 7% rms volts per degree for
o_(_ _‘_— o
o oatE \j"e\-‘ 6
) (2) KE, = 0.3 * 10%rms volts per degree for
0 < [a]¢ 0.2° or 6°¢ | a\£ 15°
(b) Loed impedsnce range: 10K Z < 80K, angle of Z = 0° t 5°
(1) KE = 0.3 % 13% rms volts per degree for
0 {| A= 15°.

L

(¢) Z = =~ when PGNS is not in use.

(d) The steering error voltage shall never exceed 10 volts rms

for circuit protection considerations.

(5) Phase Shift: The phase shift between each steering error voltage,

ES, and the reference voltage Eo shall be as follows:

1ol =8° for E_ = 1.8 volts (corresponding to an error A, = 6°)

(6) Null Voltage: Total null (consisting of harmonics and quadrature)
shall not exceed 56 millivolts rms (when Ae = 0),

(7) Harmonic Content: CE} (:)

(8) Resolution: The steering error signal resolution is 21( /21> radians,

SHEET |ICD NO.

REV

ENG 37.2 1.64
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(9) Response: The response of the steering error signal shall be as
defined in LIS-290-10001.

II. Definition of Steering Error Component Angle:

e The attitude steering error component angle, Ae,_shall be as follows as
Ae approaches zero: . . .

(1) For Yaw: . Ay = Ax<9( sin (AOC-AOE) + sin (Aic“Aig) sin Ag,
(2) For Piteh: A, = AyX +sin (Aic-Aig) cos Ap,cosh . + sin (Amc-Amg)sin B ‘
(3) For Roll: A, = A, oK -sin (Ay -A;;) cos Ay sind,, + s8in (Agc-Ap,)cos Ay,

-

where: = Signifies "is proportional to".

Adg = IMU outer gimbal angle

Amg = IMU middle gimbal angle g
Aig = IMU inner gimbal angle

Adc = outer axis command angle

Amc = middle exis command angle =

Aic = irdner axis command angle o

Figure 2 illustrates a mechanization of the Steering Error Signals.”

(4) Signal Phase: The steering error sipnal phasing is defined one body
axis at a time using positive rotations measured from

TMU gimbal zero position as shown.

A positive rotetion is defined as a clockwise rotation of the
vehicle about its axis viewed from the inside of the vehicle

out along the positive direction of the axis (Figure l).
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A positive vehicle displacement of 0° to 180° from a
commanded position shall give rise to a out of phase
(180° from reference voltage) steering error signal.
A negative vehicle displacement of 0° to 180° from &
commanded position shall give‘rise to an iﬁ phasé '
steering error signal. C

Fizure 1.
\ 03A Inertial Orientation LEM Body
and IMU Gimbal Axes
\
X(Axis \ ) >
Yaw) ‘ —

| — o
MGA ~ | —— 57
(o) ; = /’ FE22 )\; Y Axis

Axis g [ (Piteh)
SHEET | ICD NO. REV
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Figure 2 - PGNS Steering Error Voltage and Reference Voltage to

(For Reference Only )

Flight Control System
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GRUMMAN ATRCRAFT ENGINEERING CORPORATION
LEM ENGINEERING MEMORANDUM

IMO-540- 433
15 December 1964

From: S. Chomak, A. Schnur
Systems Analysis and Integration, X1986

To: J. Russell R. Carbee
F. Kratochvil A. Whitaker
E. Stern R. Fleisig
T. Kelly/W. Rathke F. Doennebrink
E. Bonan/T. Fessenden G. Henderson
Subject: PREFERRED GYRO ORIENTATION FOR THE ABORT SENSOR ASSEMBLY (ASA)
Reference: (1) 1Inertial Guidance Engineering, by M. Fernandez and G.R.
Macomber - Prentice-Hall, Inc. - 1962
Summary:

The question of orienting the gyros in the ASA is considered with
the intention of minimizing the drift rates incurred by operating the
gyros with applied accelerations.

Discussion:

One major cause of drift rates appear as a consequence of the fact
that the center of mass is not coincident with the center of buoyancy.
Consider the following illustration:

SA “
ACCELERATINB FORCE

CENTER OF BUOYANCY

H
\F

CENTER OF MASS

INERTIAL REACTION

CA



S. Chomak, A. Schnur 15 December 1964
IMO-540433 Page 2

Torque is developed as a function of the direction and magnitude
of the acceleration float mass (floated gyro) and the deflection of the
center of mass. The effect of an unbalanced mass is to prefent =
moment couple which results in an undesired drift rate. During powered
flight the force field created by the thrust vector is directed along the
body X-axis (gravity does not affect the gyros during flight). On the lunar
surface the gravity field is in the ¥-axis direction also.

Minimization of this drift may be accomplished by orienting the
unbalanced couple 90° from the sensitive axis. Consequently, a require-
ment is established for mounting the gyros. The preferred orientation
is that the gyros be positioned so that the output axes (0A) are aligned
in the direction of sensed accelerations whenever possible.

The preferred orientation based on this requirement is illustrated
in the following sketch.
+ X
I

TA
90° RoTaTION ABOUT TA 1S ALLOWED
| SA
oA |
FORCE FIELD |
| OA
R SR
/ ZA Z  FORWARD
a7 SA

SA
IA// ‘ X, Y)Z ~pPosiTive LEM axis
7

Note: No positive-negative direction of the gyro axis are implied by
the above discussions.
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F., Saphra R. Schindwolf F. DeVito F. Zito, RASPO
G. Sullivan J. Asbedian C. Witt Data Management
K. Speiser R. Adornato B. Perini LEM Project File
P. Kelly L. Tucker R. Witt
D. Hawkins L. Weber A. Kreutzer
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I.

INTRODUCTION
The purpose of this report is to set forth the systems requirements of the

Abort Guidance System. It's primary concern is to define functional require-
ments of the system. It is anticipated that this information will form the basis
of the major Abort Guidance System computer specification revision that is

about to be undertaken. The requirements contesined in this document are per-
tinent to the LEM 10 or lunar landing mission. Other missions for which there
are distinct requirements will be covered in separate documents. Numerical
requirements for both the LEM 10 Mission and other missions will be treated in

separate documents.

The scope of this report encompassed defining the following aspects of Abort
Guidence System Operation.

a. Ground Rules

b. Constraints

c. Mission objectives

d. Specific tasks

e, Computational Requirements

f. Vehicle characteristics and limitations

g. Input-output fequirements -
It will be.noticed that the requirements stated in this document are quite
specific rather than general in nature. This has been done because specifics
are more easily communicated. Furthermore,contradictions in requirements are
more easily identified and eliminated. It is anticipated that this set of
requirements will form a basis or foundation upon which the many detailed require-

ments can evolve.

In consideration of a set of requirements for the Abort Guidance System,the

question of the terms in which to speak of the computational reqmt's arose. A natursl
@Alemma,had‘to be considered. It is important to state the desired end results

and desired techniques thet should be employed to obtain those results. It is =

not particularly desirable to constrain the specific equations used to bring the
specific techniques to fruition . However the only satisfactory method of
communicating computational requirement is in the language of computation namely,
equetions. With this in mind,a set of primary quantities (See Section VI) and a

set of techniques are defined. These primary quantities and techniques represent

the system requirements. The specific equations serve to define the systems



requirements as defined ebove,and to form a foundation for subsequent evolution.
It is anticipated that the Abort Cuidance System Computer Specification will

follow in a similiar vein.
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INTRODUCTION (Cont'd)

The systems requirements for the /bort Guidance System are based upon the
following NASA directives:

(1) 4096 word computer

(2) General serial data link between the PGNS and AGS

(3) Data Entry snd Display Unit for the Abort Computer

(4) MSC monitoring to be implemented

Major Characteristics of the Computer

With regard to the above directives, the Computer Specification is to be based
upon the following Abort Guidance System configurational constraints:

(1) Full capebility navigation system utilized for all mission phases.

(2) Explicit Guidance Techniques are used

(3) MSC monitoring concepts will be implemented

Functional Objectives

The basic Abort Guidance System Funetional Objectives Implemented by the AEA
Computer are as follows: X

(l) Abort from Powered Descent (beaeon or non beacon)

(2) Avort from luner surface

(3) Abort from Powered ascent

(4) Abort from Cousting Descent

(5) Engine Select Capability (descent-ascent engine combination or ascent engine

A. Ground Rules
B.
C'
only)

D.

(6) Self contained midcourse correction capability (with either msin engine or RCS).
(T) Performs Injection Muneuver from phasing orbit to intercept orbit
(8) Trajectory Optimization Cuapability (inflight choice of rend. pt.)
(10) Abort monitoring capability

Constraints

The basic abort guidance system requirement implemented by the computer are ss
follows:

(1) 30,000 ft. minimum pericynthion altitude maintained for all aborts
(2) Total AV required to rendezvous does not exceed 98% of budget, e.g.,
V Budget for Ascent Stage = 6646 fps
V Budget for Descent Stege = 7385 fps

(3) System can handle maximum out-of-plane condition of .5°



(%) Culdance System must bring CSM to within 5 n.mi. of CSM with = relative
veloclty deviation of less than 30 fps

(5) 10 hour maximum flight time from abort initiation to rendezvous.(contingency time)

Trajectory Constraints

The following trajectory constraints are to be implemented by the Abort Guidance
System:
1. Launch Window - Constants appearing in the guidance equations (Section V)
must be adjusted to insure the launch window objectives indicated by the

accompanying sketch:

CSM POSITION
FOR"ON TIME*
LEM LAUI;ICH B

ORBIT



The CEM positions for which a direct intercept ascent trajectory can be

attained, are indicated on the Figure - pt A to pt. B) Note that a direct intercept

trajectory is defined as one whose transfer angle is less than 360°., The CSM

positions, at launch time, for which it is possible to go into a parking orbit

without exceeding the 10hour contingency time, are also shown on the figure =

pt. D to pt. A. (A launch is not required for CSM positions "C to D"). TFor

nominal conditions, en "on time" launch (s«s indicated on the figure) is defined as
the launch (within the direct intercept launch window) for which a combination
of total AV, and time to rendezvous, is minimized.

2,

3.

Parking Orbits - Constants appearing in the guidance equations (Section V) must

be adjusted, in order to insure the capability of the Abort Guidance System

to guide the vehicle on either one of the following two parking orbits.

a. Low eccentricity, low apocynthion orbit, In this type of orbit a low
pericynthion of 30,000 ft. is meintained with en allowable excess
velocity [over-speed) of up to 20 ft/sec.

b. High eccentricity, high apoc¢ynthion orbit. A clear pericymthion of 30,000
feet is specified and the apocynthion on the order or 90 nautical miles.
Excess velocities (over-speeds) are’ on the order of 120 ft/sec.

/‘\<£/ C S OoORB\T
. N\

TryeeE oL,

TvFe b, .

¢. The Launch Azimuth for going into a parking orbit is constrained to be

parallel to the CSM Plane (velocity vector at burnout parallel to the CSM Plane).
Midcourse Correction Comstraints

2) The minimum time before a midcourse correction maneuver can be executed is
20 minutes subsequent to burnout. This time includes the radar lock on DIro=-
cedures, redar data procurement, snd manual insertion of the radar data into
the computer.

b) The midcourse maneuver to correct for out-of-plane errors is to be made at the
line of nodes. The vehicle launches in a plane parallel to the CSM orbit
approximately 90 degrees prior to the line of nodes.



II.

Computer Routines

This sectlion outlines the various computer routines that implement the Abort
Guidance Systewm functional objectives. TFor these routines, a mission phase,
and time utilization breakdown 1s presented in Section III.
(1) Processing of ASA gyro and accelerometer information - accumulation of
pulses over a fixed time interval.
(2) Direction cosine updating - second order integration.
(3) Attitude Computations - for guidence (9,!/, #) and display (8Balld B X ).
(4) Rotation of body axis AV components to the inertial frume.
(5) LEM inertial navigation routine - trajectory integration.
(6) Calculation of LEM navigational quantities used for the monitoring technique
(section 1X)
(T) Radar Data Filter for Navigation Updating (near optimum and time varying)
(8) LEM orbit determination routine
(9) Flight Planning and prediction - YQ,calculation via Herrick P iteration
method, constraint checks, and trajectory optimization.
(lO) Steering routine - function of the velocity to be gained vector, and Ilncludes
powered flight prediction.
(11) Vehicle pointing routine for fascilitating a radar "lock on" condition.
(12) Alignment routines (IMU, Lunar) - calculation of initial direction cosines
directly from the Euler angles.
(13) Computer checkout routines (Section IX)
(14) Mode selection logic




TIT, Mission rhase and Time Line Utilization

Mission Phase
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COMPUTER ROUTINE £y B Ay Be=t By
1. Mode Selection X X X X X
2. Checkout X X
. Attitude Reference & AV Accumulution
a. Initialization X X X
b. Direction Cosine Updating X X X X X
c. FEuler angle & 8 ball calculations X X X X X X
d. AV accumilation X X
L4, LEM Navigetion Routine
a., Initialization X X
b. Updating X X
c. LEM Inertial state vector determination X X X X
d. Utilization of H, H etc. for monitoring X
5. Guidance «nd Steering
a. CSM state determination X X X X X X
b. Radar data utilization X
c. LEM orbit determination X X X X
d. Herrick P, constrained checks & traj. opt. X X X X
e. Steering calculations X ¥ X X X
f. Utilization of steering calculations to guide X X
the vehicle
g. Culculations of radar lock on steering ¥ X X X X X
h. Utilization of radar lock on steering X
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IV. COMPUTER INPUTS AND OUTPUTS (Comt'd)

B. GLOSSARY

1. Computer Inputs vie the Date Entry and Display Unit (DEDU)
Data entered into the AEA Computer via the DEDU is to be accomplished
in the following manner, and with the following constraints.

(1)

(2)
(3)
(&)
(5)
(6)
(T)
(8)

Astroneut enters the address* (computer address of where the date
or input is to be stored).

Astronsut verifies the address.

Astronaut enzbles use of the address.

Astronaut enters the data.

Astronaut verifies the data.

Astronaut enables use of the data.

Data is to be in decimal form.

Address may be coded in octal form.

¥ Astronaut utilizes a list of storage addresses for the variebles involved.



(1)

(2)

(3)

(%)

(5)

Self Test - Upon Computer receipt of the self test discrete, a memory check
is initiated. The sum of the contents of the fixed memory locations is
compared with a pre-determined number.

Lunar Align - If an alignment is to be accomplished on the lunar surface, and
the PGNS is inoperative, the astronaut enters the Lunar align code input
via the DEDU, The computer, upon sensing the discrete accepts accelero-
meter information, AVpy and AVpy, =and thus enables the attitude refer-
ence to be aligned to the local vertical. Note that input (35) - @y
(lunar align) must also be entered for lunar alignment.

MU Aligg - If the PGNS 1s working properly, and the astronaut wants to align
the AGS from the PGNS, he enters the IMU align code input to the computer
via the DEDU. The three primary system Euler angles 9, Y , and § are
received by the abort computer over the crosslink. The initial direction
cosines, are then camputed directly from these Buler angles.

AGS State Vector Update (PGNS) - If the Primary System is functioning properly,

and it 1s desired to initialize, or update the AGS Navigation Routine, the
astronaut inserts this code into the DEDU. The navigational quantities
Pxu Py, Py Wy Vv Vy;, ~from the crosslink, sre utilized.

CSM Data (PGNS) - If the Primary System is functioning properly end CSM infor-

mation from the voice-link is available, €8y 7, Pos h,, Pxcs Pyos Pygo, Vs

the astronaut enters the date into the LGC via the Disky. Upon inserting
the CSM Data (PGNS) Code into the DEDU, the information is sent to the
Abort Guidence Computer, via the crosslink, and utilized by the guidance

routines.

(6)-(11) LEM Nav. Date (No PGNS) - If the Primary System has failed, the astronaut

enters the LEM Navigation (Pxn, Py, Pzp, VxiL, Vyr, VZL) directly into the
computer, via the DEDU. This is used for initializing, or updating the
navigation routine. (The information could be obtained from the CSM via
the voice link).

(12)-(<1) CSM Deta (No PGNS)




(e2-24) -

\

If the Primary System has failed, and CSM data ( See Imput 5 )
is available to the astronaut, e.g., via the voice 1link, this information
is directly input to the computer, via the DEDU, and utilized by the

guidance routines.

Mepual @, [/ , @ Commends = These are LEM attitude commends entered into

the computer by the astronaut via the DEDU, Upon sensing these inputs
(see computer flow diagrem) the computer generates, the commands, which
are sent to the control system, and rotate the vehicle to the commanded
attitude.

(25) - Enable Radar Lock on - After any maneuver during coést, which causes a "loss

(26-27) -

(28-29) -

(30-31) -

of treck", the astronaut commands this input in order to have the vehicle
automatically rotated to point its Z axis along the LOS, (as calculated

by prediction routines). The astronaut, by subsequently rotating the radar
gimbal angles to zero, will be very close (within the accuracy of the pre-
diction routines) to having a radar lock on condition.

Mark Range & Runge Rate - The procedure for imserting a radar data point
into the computer includes separste marks for range, and range rate. (The
merk for range rate is optional). The astronaut, upon observing a con-
venient value of range (or range rate) on the radar indicator, inputs the
mark renge (or mark range rate) code into the DEDU. These "time" marks are
subsequently utilized in the radar filter calculations.

Range and Range Rate - The values of range, and range rate, are input to

the computer vie the DEDU after the mark inputs hcve been received ( as

discussed above).

Shaft and Trunnion Null - After inserting the radar data into the computer,

(range and renge rate) the vehicle is rotated in order to null out the
radar gimbal angles. The two gimbal angles are nulled independently, and
separate marks are utilized. These murks are used for storing the present
values of vehicle direction cosines. After the second mark, the computer
calculates the lnertial LOS direction to the CSM.



(32) - Midcourse Rotation Command - Before = desired midcourse correction inpulse
is applied, it is necessary to rotate the vehicle in order to line up
the thrust vector (XB) with the velocity - to be gained vector. Upon
receipt of this input, (via the DEDU) the computer calculates the steering
commands which emable this rotation.

(33) - Rendezvous Point Control Parameter - The Abort Guidance System is provided
with a trajectory optimization capability by having the computer calculate
(during flight) the constraint (T) used for solving the rendezvous problem.
The cost function, for each rendezvous is 2 linear combination of T (time
to rendezvous) and AVp (total AV for rendezvous) e.g., C = A Vp + Kn .
The astronaut has direct contrel over the trajectory optimization technique
by having the capability of inserting "K" (the rendezvous point control

parameter) into the computer, via the DEDU.

(34) -~ Ensble Accelerometers - During cast phases, the accelerometer outputs

are set equal to zero (within the computer). For any translational maneuver

performed with the RCS, thies signal enables the accelerometer outputs to
be utilized.(for a midcourse performed with the ascent engine, the "ascent
engine on" signal enables the use of accelerometer informationm).

(35) - #y - This Euler angle is used for yaw alignment on the lunar surface. The
velue of @ is directly input to the computer via the DEDU. (@ is obtained
either from star-sightings, or recorded by the astronaut prior to shutdown

on lunar surface).

IV. B (Cont'd)
2. Computer Outputs vis the Date Entry end Display Unit
The procedure for displaying data from the DEDU is as follows:
(1) Astronaut enters the proper address
(2) Astronaut verifies the address
(3) Astronaut then presses a "display date" button.
Note: Most of the outputs called for will be time varying - e.g., Vg. The DEDU
will display the continuous variation.

G \



(1). (2) - Renge to CSM, Range Rate - These quantities are calculated every major

guidance cycle and are available for display at any time. Range and

range rate should be displayed during coasting maneuvers since they
provide useful monitoring information if the PGNS has failed. e.g.,

Range, as calculated by the abort computer, can be compared to both range -
as determined from the rendezvous radar, and Renge = obtained from the CSM
via the voice link.

(3) = AV left = The AV left in the LEM is calculated every major guidance cycle,
and cen be displayed to the astronaut at any time in the mission. The
calculation is based upon the ascent and descent stage AV budgets, and
the /\ V accumulation from the X body axis accelerometer. (This quantity
is useful for monitoring the low level indicator).

(4) - Velocity to be Gained - At any point in the mission, it is possible to have
the DEDU display the velocity to be gained. (Not including rendezvous AV).
It is thus possible for the astronaut to anticipate when to expect engine
cutoff.

(5, 6, 7) - Anticipated Rendezvous Position - At each major guldance cycle, the
anticipated rendezvous position (for an abort with the AGS) is updated.
These position components are available for display via the DEDU at any

point in the mission. The rendezvous position is indirectly controlled
by the rendezvous pt. control parameter (input 33).

{8) = Time to Rendezvous - At each major guldamce cycle, the time (from now) to
rendezvous is updated, and available for display wvia the DEDU.

(9)- Anticipated LEM Pericynthion - At each major guidance cycle, the LEM peri-
cynthion altitude is calculated by the LEM orbit determination routine,
and can be displayed to the astronaut via the DEDU.

(10=15) - LEM State Vector - The LEM position and velocity components are calculated
each navigation cycle, by the AGS computer navigation routine and are
available for display via the DEDU.

(16-18) = LEM Attitude - The actual LEM attitude (9, ¢,(y gimbal angles) which is



calculated every "Attitude Computation” cycle (see flow charts) is
available for display via the DEDU. (attitude is also available for
display via the 8 Ball). Prior to shutdown on the Lunar surface, @
should be displayed, and recorded by the astronaut (see input 35).

(19) - Intercept or Parking - The computer celculates the steering commands to
gulde the vehicle elther on a direct intercept, or parking orbit tra-
Jectory, depending upon whether certain constraints have been met. e.g.,
pericynthion, AV, etc. The result of these constraint checks can be
displayed to the astromsut via the DEDU.

(20-21) = H&H ﬁ - These quantities are calculated by the AGS computer navigation
routine every navigation cycle, and are used for the monitoring technique.
(H & H are sent to display,via mode switch) H and H are also available
for display via the DEDU.

(e2-27) - CSM State Vector - The six components of the CSM State Vector are come
puted every guidance cycle and are available for display via the DEDU.




IV. B (Cont'd)
3. Other Computer Inputs

(1) Inputs from Abort Semnsor Assembly

a) p 3. 2. %,; ¥ t are inputs to the computer from the
gyros, representing body «ngle increments accumulated since the
previous direction cosine update.

b) VBX’ ng, VBZzare inputs to the computer from the accelero-
meters representing body axis components of integrated specific
thrust.

(2) Ioputs from the Comtrol Electronics Section (CES)

a) Ascent engine qn- If ggzwescent engine is on, there is an input
signal present to the computer.

b) Descent engine on - If the descent engine is on, there is an 1nbut
signal present to the computer. The computer mode selection is
dependent upon the presence of these 1nputs.(See section V A.l).

c) Abort signal - If an abort is initiated, regardless of which system
performs the abort, un input signal is sent to the computer.
Depending upon the presence of the other signals, the computer will
enter the proper mode (see mode selection logic flow diagram).

d) Follow up signal - This input signal is sent to the computer when
the toggle switch on the control panel is set to the PGNS position.
The computer mode will depend upon the presence of this, and other
input signals (see mode selection flow diagram)

e) Abort stage sign:l - This signal is sent to the computer when the
abort stage button is depressed on the control panel. This button
is depressed when the astronaut receives a low level indication
(if un abort were initiated with the descent emgine), or if an abort
is to be initiated with the ascent engine. This signal is also used
in the major guidance cycle program in calculating the AV remaining
in LEM.

(3) Input from the Panel
a) Warmup signal - This signal must be present in order for the computer

to be in the warmup mode (see mode selection logic).
(4) Inputs from PGNS
a) The Epoch pulses and serlal data comprise the non-mechanization
portion of the general purpose serial data link from the PGNS to the
AGS.




IV. B (Contd)

L,

Other Computer Outputs

(1)

(2)

(3)

(&)

Outputs to CES - Ey, Ey, Ezzlre the instantaneous body axis attitude
error signals computed every major guidance cycle.

Computer output to propulsion - engine cutoff signal - computer calculates
when to issue the engine cut-off signal (vg;¢ 0.

Computer outputs to 8 Ball Display - The computer mekes the necessary
attitude ball transformationswhenever the LEM attitude is computed.
e.g., (4, @, ¥ are the outer, middle, and inner gimbal angles of the
attitude ball.

Computer outputs to display mode switch-total velocity, altitude rate,
altitude, and lateral velocity = These quantities are calculated by the
LEM Navigatipn Routine, and are utilized for the guidance monitoring
technique.
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COMPUTER FIOW CHARTS

INTRODUCTION

In order to simplify the understanding of the logical procedure of computer
operation, the flow charts are broken down as follows:

(1)

(2)

(3)

()
(5)
(6)

(7)

(8)

(9)

Computation and Logic are seperated, according to the different
timing requirements. e.g., Equations which are updated every 1 sec.
appear in a separate flow from those updated every 20 ms.

Detailed mode selection logic, which "test” for the presence of in-
put signals at a "timed" rate, (see item (1) above) is presented.
The zbove routines are presented in the order of decreasing "time"
of updating. e.g.,

a) Mode selection logic (fastest)

b) direction cosine updating and AV accumulation

¢) attitude calculations

d) navigation computations

e) guidance and steering

Following each of the above 5 flow diagrams is a separate glossary,
defining all of the "numbered" quantities appearing in the flow charts.
The nmmmerical timing requirements for all of the above routines are
given in a separate document.

n

A separate flow is presented for "un-tim computations, e.g., align-
ment routines.

The flow charts contain detailed equations. (Some equations may be
subject to change in accordance with the designation of Primary Compu=
tetional Quantities appearing in Section VI.)

"Exits" are used to indicate the completion of the various "timed"
routines. (Executive Program statements are omitted).

An overall functional flow chart is presented which "ties-together"
(in road map fashion) all of the computer functions appearling in the

detailed flow charts.
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THE AUTOMATIC YES _ | EQUATIONS (NTERCEPT
MODE OR PARK) ARE UTILIZED
1-14) FOR STEERING (SEE
GUIDANCE FLOW)
1S
ENABLE
RADAR LOCK
ON DISCRETE
=1 (-1o) )
STORE PRESENT
TIME Tx AND :
SUBSEQUENT VALUE SET MARK
MA:QSK OF RENPUT WA ) DlSRCARr\JEGTEE"O
RANGE DISCRETE YES o THE DEDU) :
= |

(V

NO
<

STORE VALUE
OF R INPUT

VIA DEDU

IS
MARK
RANGE RATE

DISCRETE

SET MARK
RANGE RATE

DISCRETE = O Tx

STORE PRESENT TIME

VALUE OF R(INPUT
VIA THE DEDU)

AND SUBSEQUENT




1S

STORE PRESENT

SET SHAFT

MARK
SHAFT GIMBAL
ANGLE NuLL (1-19) ' VALUES OF DIR- NULL DISCRETE
DISCRETE ECTION COSINES =0
=
1S
MARK STORE PRESENT
TRUNNION (-20) VALUES OF DIR- SETY, =1
GIMBAL ANGLE NULL ECTION COSINES —= (SEE GUIDANCE
DISCRETE C FLOW)
= | M
NO
SET MARK
TRUNNION
= ANGLE NULL <
| DISCRETE =0
1S 1S
D COURSE ENABLE (A}TITUDE HOLD)
ROTATION DISCRETE ACEELE‘?—OMF:TIER it @’SE_TO’
=] (-2) DISCRETE = <3
(1-22) W,L -w
Di=¢

ARE
Ex, By Ex
LESS THAN
7( l‘,»n 2&)7?3

USE e Wi D
CALCULATED FROM
EXPLICIT GUIDANCE
TO ROTATE VEHICLE

TO Vg DIRECTION
(INTERCEPT)
(BEFORE VEHICLE

UNDERGOES
TRANSLATION)

SET MIDCOURSE

ROT. DISCRETE= O @

Yy

UTILIZE Y, @, O
AS CALCULATED FROM
EXPLICIT EQUATIONS.

(NTERCEPT) SET

ENABLE
ACCELEROMETER

DISCRETE = O
UPON TERMINATION OF

RCS THRUST

AGS REQUIREMENTS
LED 540-32 1-29-65

SYSTEMS ANALYSIS
FRED LAMAZOR




NOTES FOR MODE SELECTION FIOW DIAGRAM

1-1 The warmup discrete is equal to 1 upon the computer receipt of a warmup
signal from control panel.

1-2 The test discrete is equal to 1 upon computer receipt of self test
signal (Input 1) from the DEDU,

1-3 Idle Routine represents the period between computer warmup and self
test. The computer routines during this period, are, as of yet undefined.

1=k The Lunar align discrete is equal to 1 upon the computer receipt of
Iunar Align signal (Input 2) from the DEDU.

1-5 The IMU align discrete is equal to 1 upon the computer receipt of IMU
align signal (Input 3) from the DEDU.

1-6 The DEDU Output Display discrete is equal to 1 upon the astronsut de=-
pressing the "display deta" key on the DEDU.

1-T The stage discrete is equal to 1 upon computer receipt of (zbort) stage
input from the CES. This is used for calculeting the AV remaining in
the LEM.

1-8 The AGC is in the follow=up mode for the duration of PGNS vehicle con=-

trolled phases (with the exception of the warmup and alignment periods).
The attitude error signals calculated by the AGC are nulled. The AGC
will be in the Foldow-up Mode if the followup signal from CES is present
(PGNS-AGS toggle switch on control panel set to PGNS position) and the
warmup and alignment signals are not present.

1-9 The AGS State Vector Update discrete is equal to 1 upon receipt of input
L (AGS State Vector Update PGNS) from the DEDU. Initialization for
Navigation, and State Vector Updating require the presence of this
discrete.

1-10 The CSM Data discrete is equal to 1 when input 5 (CSM Data - PGNS) is
received by the computer. The PGNS transmits the CSM data to the computer
via the cross-link. The data to be transmitted includes:PXC,PYC,PZC,VXC,VYC,VZG

De, hg, Py

1-11 LEM Navigation Data discrete (No PGNS) is equel to 1 upon computer receipt
of input 6 (LEM Nav. Data No PGNS) via the DEDU. This discrete remains
1 until signal (input 11) is sensed. The state vector (Pxy,Pyp,Pyz VIRVXL’VIB
is transmitted to the computer via the voice link and DEDU.

1=12 CSM Data discrete is equal to 1, upon computer receipt of input 12

(C8M Data No FGNS) via the DEDU. This discrete remains 1 until



1-13

1-14

1-15

1-16

1-17

1-18

1-19

1-20

1-21

1-22

input 21 is sensed. The CSM state vector (PXC’ Pycs Ppas Vxg» VYos Vzgo
orbital information ( my, Pe, he ) and epoch time, tojare input to the
computer via the voice link (CSM) and DEDU.
The Manual discrete is equal to 1 upon the computer receipt of input 22
(Manual 6, Y , @) commends vie the DEDU. This discrete remeins 1 until
input 24 is sensed by the computer. The signals are the LEM attitude
manual commands (¥, | QV”) Oy -
The AGC will be in the automatic mode for an AGS takeover, and a main
engine is being utilized. The guidance law steering computations are
utilized for vehicle control. The PGNS-AGS toggle switch on the control
panel is in the AGS position.

&+ , Y., . represents the required inertial attitude of the vehicle,
and is calculated every major guidance cycle.
Enable rader lock on discrete = l’upon computer receipt of input 25 via
the DEDU. (Enable redar lock on). The astronaut will utilize this
discrete upon completion of any maneuver during coast, which ceuses the
CSM track to be lost. It is also used for initially "locking" on to the
CSM subsequent to burnout. (Note that the PGISis inoperative.) Upon
receipt of this input, the computer calculates the required steering
commands in order to rotate the vehicle to an orientation with the Z
body axis along the LOS direction.
Mark Range Discrete = 1 upon computer receipt of inmput 26 (Mark Range)
via the DEDU. The computer stores the present value of time t,.
Mark Range Rate Discrete = 1 upon computer receipt of imput 27 (Mark
Range Rate) via the DEDU. The computer stores the present value of time
t;. (Note that this input is optional.)
Mark shaft gimbal angle null discrete = 1 upon computer receipt of input
30 (shaft null) via the DEDU. Note that the shaft angle is nulled first.
Mark truninim gimbal angle null discrete = 1 upon computer receipt of
input 31 (trunnionnull) via the DEDU. Note that the trunnion angle is
nulled after the shaft angle has been nulled.
Midcourse rotation discrete = 1 upon computer receipt of input 32 (mid-
course rotation command) via the DEDU. Astronaut utilizes this input
if the vehicle is under AGS control, and a midcourse correction is re-
quired. (See input-output signal glossary).
Enseble accelerometer discrete =1 upon computer receipt of input 34

(enable accelerometers) via the DEDU.



TIMED ROUTINES (CONTINUED)

2. DIRECTION COSINE UPDATING AND AV L\CCUMULATION

(LOGIC AND COMPUTATIONS PERFORMED UPON COMPUTER RECEIPT OF
INCREMENTAL GYRO AND ACCELEROMETER INFORMATION FROM THE ASA)

/< 2

2, = FeLrF C -~ c
F=EPs T T, =T # o+ Cpn 150 G~ C, €,
2 2 ,
C= Ci*AX,Ca -AQ?_CN'FA_a;Aa. Csl_——D(Aéx" (—:N—(A?Z) of +Acx21_AaZ Cax‘}-K.("Z)chz/];Cls

(2-1)

AL E LS M fs?(AC(B)ZCE(AgZ)ZC, +Ao<,Aaa C.2+K,(-7)T, VA

Cis=Co " AL T Aaac%é@%@& —(AO@ Q(Agxa) B+AC(2AC<2 Coa K(-T)T k1T,

=CutNEACLT+ —A—O(éﬁééu— (—Ag—a') EZT(ASI Z‘JrA—a%A—% CatK(I-T) oK, 7 Cos

+Ao< A, —(Ao ) ~(Ax) Acx Aozz- _
AN oz Tt T AL T, =5 2Ty 2 " Cor 32 T, CK(1I-0) K, 7. T,
A, A A (M) —(ACL) +Aa A,
A(X; A(X' CB;AG C 2 C'.5 Z sz., 2 Caz, 2 25 +K (' 7)(:23 KZ%CZZ
Cy=C,C,—C,Ca CzCsC,mC, Cas G C Cor €12 Ca

AN ENGINE
ON' SIGNAL (EITHER
ENGINE)PRESENT OR IS

ENABLE ACCELEROMETER 55)
DISCRETE =1 °?
AV/x =

AGC. ’ AVYy=0
INPUT AVz =0
OUTPUT
UNIT

AVbx (2-3)

A\/b ’A\/X =C,.A\/bx +C2.Abe+C5. AN/bz

Y AVy=C,.A\Vex+C.. AV/by +Cs; AV bz
AVbz

ﬂ AVz =CylMNbx+Cor/\by + C s A\Vbz

SET ACCELEROMETER INPUT REGISTERS TO ZERO

L &

AVsx = \Vsx + AV x
AVsy=NAVsy+AVy

AV AGS REQUIREMENTS
BVsz=AVsz + AVz LED 540-32 1-29-65

SYSTEMS ANALYSIS
FRANK DE VITO

(2—4)




NOTES FOR DIRECTION COSINE UPDATING AND V ACCUMULATION

2=l Direction Cosine Updating

2=1l.a The barred quantities are the past direction cosines

2=1.b The unbarred quantities are the updated direction cosines

2-l.c p, g, r are the instantaneous rotes about the Xp, Yp, and
Zp axes.,

2-1.d Lk, ™R At Ak, = 1At Ad, =T At
denote the body angle increments about Xp, Yp, Zp axes respectively
turned through in the direction cosine computational interval.

2-l.e K] and K, are respectively the normality and orthogonality gain

constraints.
2a2 AVy, AVyand AVy are set equal to zero if the vehicle is not translating.
2-3 These quantities represent the inertial velocity components in terms of

the body velocity components.
2=4 These quantities are the sensed velocity components in inertizl coordinates.

Py |



¥

» (
TIMED ROUTINE - Ccomwu&-:o)

3 ATTITUDE CALCULATIONS QHESE COMPUTATIONS ARE TO BE PERFORMED

TA SLOWER RATE THAN THE DIRECTION COSINE
UPDATING, IN ORDER TO CUT DOWN ON ANY
POSSIBLE "REAL TIME” PROBLEMS,AND AT A
FASTER RATE THAN THE GUIDANCE AND STEER-

ING COMPUTATIONS,IN ORDER TO AVOID DISC RETE
UERKY) MOVEMENTS IN THE ATTITUDE BAL9

o«zm,qlgﬂi) 31 NOTE ¢ O, ¥, ARE AVAILABLE
G FOR DISPLAY VIA DEDU
y=sIN! ¢2
¢ TaniC23

=y

|

P=sIN' 3

OSP= Q— C§3>|/2

0519 GREATER THAN .00087

EQUAL TO OR LESS y=SIN'Ciz/c0s
THAN .00087

SINT=Cz,/C053

WS =C23 / cOS

SINY=C12/.00087

C057=C33/oooar

7—"SIN' G3/00087

o=SINN(CRC0ST-C3pSINT) —

]

QUTPUTOX B 7T

AGS REQUIREMENTS

LED 540-32  1/29/65

SYSTEMS ANALYSIS
FRED LAMAZOR




3-2

NOTES FOR ATTITUDE CALCULATIONS

The Euler angles O, L// » and @ represent the actual LEM attitude angles
as calculated by the AGS computer. (The Primery System sequence is
pitch, roll and yew 6, ¥ , @).

ok ) G . 2{ denote the outer, middle and inner gimbal angles of the
attitude ball. (The signals,o{ , 8 X are sent from the input-output
unit to the D/A converters and G8=ball



4

TIMED ROUTINES  (conTinueD)

LEM NAVIGATION COMPUTATIONS

+ Vx

Vx=AVsx + Lgx @-N
Vy=AVsy+4gy +Vy
Vz=AVsz +4 g2 + Vz

l

Vey=CjpVx +C5o Vy +C25Va

@-2

NOTES: VxV,Vz AVAILABLE FOR

DISPLAY VIA DEDU

TO COMPUTER INPUT-OUTPU™ UNIT FOR

—» DISPLAYING LATERAL VELOCITY VIA

DISPLAY MODE SWITCH

TO COMPUTER INPUT CUTPUT UNIT FOR

Px:px +%t—| Vx +VX‘h-l
5 i

NS

'Py:Py+ 2 iLV)(+- Vyz.‘-{

i

-

Pz="Px JEL [Vz Vg |

-

P*=Px*+ Py%+ Py*

P3=p*/pZ G-

P=55 [P" e P &E‘JP”]
Z:&_L_g P —ZLO
H=P—k, H=PyVx+ Py Vyy PzVe
P
ALgx—=Lgx+gxDL @-6)

A9Yy=49y +9y At

Lge=({gE+Jz At

+» DISPLAYING TOTAL VELOCITY VIA
DISPLAY MODE SWITCH

NOTE? Pcp, B, AVAILABLE FOR

DISPLAY VIA DEDU

TO COMPUTER INPUT OUTPUT UNIT FOR

™ DISPLAYING H & H VIA DISPLAY MODE

SWITCH

AGS REQUIREMENTS

LED 540-32 1-29-65

SYSTEMS ANALYSIS
FRED LAMAZOR




L1
ha2
4-3
Ll

b-5

NOTES FOR LEM NAVIGATION COMPUTATION

Vx, Vy, V; are the inertial velocity components in guldance coordinates

- LEM Leteral Velocity in Body Coordinates

Total Imertial Velocity
Inertial Position Coordinates

Square and Cube of the Inertial Position Vector

Value of the Gravitational Acceleration at Current Time

LEM Altitude
LEM A“titude Rate
Predicted current integrated gravities in inertiszl coordinates



TIMED ROUTINES (CONTINUED)
5. GUIDANCE AND STEERING COMPUTATIONS

I~29-65

SYSTEMS ANALYSIS
FRANK DE VITO

AGS REQUIREMENTS
LED 540-32

NOTE:
CSM STATE S AVAILABLE
FOR DISPLAY VIA DEDU
(5 21
USE FIRST 3 EQUATIONS
— 2 a
OF BLOCK 5-7WITH T=0 p,=Put20p, A p.. (5-9)
AND COMPUTE: bl 0
¥ =1 —t ‘ o
Lcsm :pcgz a 2 ZI ’ PlZ KPIZ+ADZZ
Lcsmzif pzZ:PZZ+K
COMPUTATION OF
PRESENT (CSM STATE
(5-2)
— +| *
Uz=HU; t=l B (5-4)
-, [R+a,)
W=p, RADAR
FILTER
W2=Pn2/dz
>0 Sr=r"-r
s~ 5 P rerewdr
<0 o |r
_ hrr
r=1¥ .,
- 7*f+Vh[ 2 x|
- F=r +W
P“:K (53 ® = ?{L ¢
o P=t#f(fcsmL) xR |,
P22=K DaZ:w: 0 *=2W, p.+ P22
p|2= Wl Wz dz_wi P.g_wa pll+p|2
p“:w‘l dz_2w1p|n+pll




Ng

NOTE: ==
q (LEM
PERICYN -
THION) IS

AVAILABLE
FOR DIS-
PLAY VIA
DEDU

| COMPUTATION

r=|r
OF LEM

ORBITAL
Y| PARAMET-
_; ERS

|

T = TO‘A_AG

LIM:J+A, =T< J+K
+Da
p=5

(5-6)

l

Ac= (t+T)h ,MOD2 T~
U, =cos AcU +sinAcVe
I =(-5INA U +COSAN) -P—
¢, =U,-\U, COMPUTATION OF
W,o=U,* U, CSM STATE T
SECS FROM NOW
V.
CC=(1-c?) [sgn W o W, ]
_W.,a=.V!,a/Ca

Via=(U,-c U |)/C2

Vo =(¢,U,- Q,)/CZ

Uy, = 0

(5-7)

Xz(P/

X2= (P/Pc)"'
xa =(¢,x, xz)/a

Xq=(x,-C xz)/c
ez = x2+x2(IFe?> 95,60 TOM)
X7 *(r{/P)-\/'_e_axs
xa=(P./P)VI-€%Xa P ITERAT-
Sae=VI-€2(Corxg-xs5) - JON

/
Cag= C +E€2+X + X, -X3 X4

X =p/(1-€?)

+ =07’

p = Tr/n

AE =TA SAE/CAE)aO‘AE427T

Tp = -n-(AE+x-,—xe)

m =(T-Tp)/P, ROUNDED TO
INTEGER

TP :mp+Tp

Mo =lp+!

5-8)

O
(,f)8 t
Fm_m_>
Z N W
8-35
b Sx
x NZ Z
SV F
OOU’E
. W< =
P=P o w W
P =p'+k nagy
Tp=T 2495
p P <L .J 0
b
&0
1-12',
=0
po-k[20u(2)
=0
v
Mz-2
L
9 -PP
T _T!
TpTp

p=p+(T-Tp) @+

4



= (%) %3
P
= rrty,+ UFF Yia
Y
Te=(%5) 2x4u?_+*-‘£—\12_
Ve= ~‘1-".'.’.'
yF=-,‘r ToF
Ve=|Ys|  REQUIRED
VELOCITY
Ve=| Ve AND
COST

Vr= Vz+Ve FUNCTION
3)=a(1-€) CALCULATIONS

|F3,g K
C=K-q,

'FCL‘7K
C:AVTT KT

59

_ >0 N ; =0 T=T+A6
-G P ,( it —{(3)
>0 (512
<O
i

C .=
To=T
Vs = Vs NOTE: T, TIME TO y - —

- RENDE ZVOUS AV N - 2

o= ) R"ch‘P/)‘l‘ Pcy-P Pez -P
o=l IS AVAILABLE Eex =P+ (Pey =P +(Pea =R

FOR DISPLAY

V=Vr VIA DEDU | Kp= s8506— K - R b
Fem Iy R

= ~ s -
W= Wia N\ MgeST” RENDEZVOUS K =Reazbe

L=V, POINT PARAMETERS
Vo= Vi \POINT PARA RADAR LOCK
Vy = F-W, G = sn\flkz ON STEERING
=sgh(y1.\_//) L /K

Go= TAN <K3>
4/ ,
(5 1)
(5-10)

|=25-65

AGS REQUIREMENTS
SYSTEMS ANALYSIS

LED 540-32

FRANK DE VITO

NOTE: R IS AVAILABLE
FOR DISPLAY VIA
DEDU

é‘ Kch—VDl+ (ch va+ @cz - VQZ-

L= NOTE: R IS AVA I LABLE

FOR DISPLAY VIA

2

DEDU




<0

[-29-695
FRANK DE VITO

AGS REQUIREMENTS

LED 540-32
SYSTEMS ANALYSIS

0

| E 12
Lg ng.—_KAG,L_|MA€)<K6P9
A =KAg S LIMAES K o >
(5-15) l
Ar— M=K AVex l‘ 550
A\/,_ IS AVAILABLE
OR DISPLAY VIA 516
EDU \’A\{_:KB—AVBX 1‘
CONSTRAINT CHECKS
>0 =
No =AMV, ’IW| =W, (5-17)
v " < V=W xU A, K
<0 | | |
2o F ’A =/\-+K l
i>0 e Nr = A8 =
A7 Ag =A7

OF THIS CALCULATION

IS AVAILABLE FOR DISPLAY
VIA DEDU. EG,DEDU QUTPUT

(I9)(INTERCEPT OR
PARKING)

’[Vh—K

NOTE: RESULT /

NOTE:
Vg IS AVAILABLE

FOR DISPLAY VIA

DEDU

APARKING ORBIT’

-

Lo 2

X (re +K)
2

Vi = [u(—rf— i

+)]

2
2

g [(Vf V)2 +re+ Vﬂ

(5-18)
PARKING
ORBIT
PARAMETERS
4,
-/ R—
Aa,

DIRECT

' Tb\o.:]

Vgz
Vgz

(5-19)

SEND ENGINE
CUT-OFF SIGNAL
TO PROPULSION

NO

WHEN T=T+Tp,

(5-20)
Th=\a ‘—.(:)
» b Af(l*‘KVg KVg)




K

2865

T‘—'a‘;‘“K <5'2|> Tp—T.
=0
)

Vo= Ve-V.— K (5-22)

Te=To s 2 (11KVe +KVE)

=K -
=Q
G ap(arar = 05 629
| - Lim|Gi]< |
F=K

K=K

immt /e Lmliil-63)

Xod= 6718, +(s9)(1- 820" vi s

HyTE + SKT2

IF (K-re)=0, SET Fam iy + € $““‘> AND rp =K

z
B

STEERING COMPUTATIONS

!
Eo=6i—0 Etﬁ‘ :W__W E; .—.¢L_¢

Ex=E4 +EgSINY (529
Ey =€, COSYCOSP +E , SING

Ea= Eg COSY COSP+Ey cos P

SEND ExE,E, (VIA COMPUTER
INPUT OUTPUT UNIT TO CES)

AGS REQUIREMENTS
FRANK DE VITO

LED 540-32
SYSTEMS ANALYSIS




N

513, 1k
5~15, 16

\
N

5=2

ok

Sely

p o

5=6

> o §

58

*9

5=10
5-11

5-12

5-17

5-18
5-19

5-20

5=-21
.22

NOTES FOR GUIDANCE AND STEERTING CALCULATIONS

This routine computes the present CSM position and velocity and is
computed every major guidance cycle.

The present LEM-CSM range vector R is computed. Provision in the
calculation is made for time difference between time of data acquisition
end time of R computation.

The computations for the position and velocity covariance parameters are:
initialized.

These equations describe the digital radar filter, vhich is a simplified
time~varying near optimum filter.

The position and velocity covariance parameters are updated for the next
computation cycle. |

The present LEM orbit parameters are computed.

This routine computes the CSM state vector T seconds from now. Local
coordinate systems are computed for LEM position (now) and CSM (T seconds
from now).

The Herrick-p iteration equations solve for transfer ellipse between LEM
(now) and CSM (at T seconds from now).

The AV requirements (for injection and for rendezvous) are computed.
The cost function for rendezvous at time T is also determined.

The best rendezvous parameters as computed in 5-9 are stored.

The range from LEM to CSM is computed. The required inertial attitudes
to line up the Zg with the inertial LOS direction is also computed.

The rendezvous time T is updated, and trial index i1 is incremented so that
computations 5«7 to 5-10 are repeated.

The T iteration step size is adjusted in this calculation.

The /\V capebility remeining in the LEM is computed.

The local coordinate system located at LEM for parking orbit insertion
is computed in this routine.

The desired parking orbit parameters are computed.

A vernier time-to-burnout (tBo) for a more accurate engine cutoff is
computed by this routine.

The approximate time to burnout is computed for both parking or direct
transfer orbits.

The time-to=-go to descent engine staging is computed at this time.

These computations adjust Ty if staging will occur between now and desired
thrust termination.



5=23

5=25

NOTES FOR GUIDANCE AND STEERING CALCULATIONS (Cont'd)

Constant yaw, linear pitch steering computations are done here. Yp 6 1is
the predicted burnout altitude . '

This routine computes required attitude angles so that the vehicle thrust
vector and the V, vector are colinear.

The attitude error commands in body coordinates are computed and trans-
mitted to the Control Electronics Section.




v B.

UNTIMED ROUTINES:

LAVz

LUNAR ALIGNMENT

a2= =Y Az

2y = =5y B

l

SING| = 5% COS @, *+ &Y SIN D
gm

COS @i =(1-SIN*& ;)

SIN ay
wcoser swqu cosc;;1
COS!//,;=(1—SJNZW4;)Z

LS Pi=C0SPy,

SINGL =SINDm

Pm

COMPUTER
INPUT -
OUuTPUT

UNIT AVZE

FROM
Ay, — ASA

€, (0)=COS Y. COS Tu

C2(0)=SIN Y
C:z(0)=COS We COSCbL

(0)= —COSYLSING.
5 (0)=COS Wi SING,

Cas

C,2(0) ="COS i SINY/ COS i+ SINGSIN e (NOTE: THESE
¢(0) = SIN GBS, SIN Yz COSEL +COSQLSIN i / EQUATIONS ALSO

C5(0)= COS PeSINY SING +SINGDLCOSE 4
C33(0)= —SIN @ SIN Y SIN G +C0S (b COS T

ARE USED FOR
PGNS. ALIGNMENT)

AGS REQUIREMENTS
LED 540-32 |-29-65
SYSTEMS ANALYSIS

FRED LAMAZOR

ho




(1) MODE SELECTION

START

AN
OGRA

IWARM UP AND

COMPUTER CHECKOUT

Y/ C. COMPOSITE AGC FUNCTIONAL
FLOW DIAGRAM.

(2) DIRECTION COSINE UPDATING
AND AV ACCUMULATION LOOP

& AV ACCUM-
ULATION
LOOP

INPUT OUTPUT

l pat
DIRECTION COSINE dati .
“ el pyr
OUT-

TRANSFORMATION |avVes | p1j7

OF A\/BX AVsyAVBZ
TO INERTIAL aVey [UNIT
FRAME AVez

(4) NAVIGATION COMPUTATION

LOOP

START
NAV.
LOGP

COMPUTATION OF
INERTIAL VELOCITY

(3) ATTITUDE COMPUTATION LOCP

o)
EULER ADNGé CgM PUTATION S

DO ATTITUDE 8
BALL COMPUTATIONS

¥
DISPLAY

ATTITUDE

{PRO. LOGIC

UNIT
ANy A\/zl@m
i Y
NO LUNAR
ALIGN
YES
llMu ALIGN
DIRECTION
COSINE ||
INITIALIZATION
C |
b
DISPLAY READOUT
ROUTINE
FOLLOW UP MODE
COMMANDS
STEERING|
ATTITUDE P
COMMANDS o
MAN. MODE
C MAN.ATT. CMDS.
MIDCOUSE
DATA ACQ.

™1 FROM EXPLICIT

STEERING EQS

ATTITUDE

FROM EXPLICIT
LOS CALCUL,

J

COMPUTATICN CF
INERTIAL POSITION

LOMPUTATION

AGS REQUIREMENTS

LED 540-32 1-29-65

SYSTEMS ANALYSIS
FRED LAMAZOR

(5) GUIDANCE AND

STEERING LOOP

REQUIRED VELOQTY
AND COST FUNCTION

CALCULATIONS

@ CUTOFF
i
- A ‘.—_—_—_
OETERM. STEERING
PARKING
RADARNYES _[RADAR ORBIT"
DAT FILTER PARAME TERS
4
Pg;gg,”#.@ DIRECT
COM PUTATf CONSTRAINT
LEM ORBITAL CHECKS
PARAMETE RS
4
COMPUTATION OF SV RADAR LOC
STATE VECTORT-SECS ON STEER!NC?
FROM NOW EQUATIONS
y
RITERATION 3
LOOP NO TRIAL TIME




' VI. PRIMARY COMPUTATIONAL QUANTITIES

PARAMETER DESCRIPTION SOURCE DESTINATION
e, Required attitude for parking orbit Vg for parking Steering equations
. orbi% p
P |
L}}” 1 " n,
e, Required attitude for direct orbit Vg for direct Steering equations
¢/»/ n orbrl';' "
W . n " i
2
e, Required instantaneous attitude from cross link from IMU aligmment
P PGNS (IMU alignment) PGNS to AGS routine
. n"n 1 1
A
Y. P " )
Q. Required attitude for radar lock on From LOS Steering equations
7 calculations
¢4/ " L "
(y,(, L) " "
0, Required attitude for rotating vehicle From V, (inter- Steering Equations
with RCS (prior to midcourse trans- cept orbit)
¢,L lation) " " "
"/a " n "
e Actual LEM Pitch Attitude Angle Direction Steering calc.
Y Actual LEM Roll Attitude Angle cosines
1) Actual LEM Yaw Attitude Angle computations
¢ (Yaw) lunar alignment Dedu (LEM atti- Attitude
tude routine) initialization
011(0)"' Initial direction cosines (lunar Accelerometers  Computation of
c..(0) alignment ) and T initial direction
33 cosines
Cll(o)"' Initial direction cosines for IMU o, ¢,(y PGS Direction cosine
alignment updating
G
9(:3.Lj +i,j=  Direction cosines of LEM body axes W/R AGC (Attitude  AGC (Nav)
. 1,2,3 inertial space Ref.) AGC (Radar Filter)

attitude calcula-
tions



PRIMARY COMPUTATIONAL QUANTITIES (Continued)

\__ARAMETER DESCRLPTION SOURCE DECTINATION
oA Outer gimbal angle of the attitude 8-ball direction "8" ball display
) Middle gimbal angle of attitude -ball cosines "8" pall display
K Y Inner gimbal angle of attitude 8-ball "8" ball display

AV Body X-axis accelerometer increment ASA (accelero- AGC (Nav. computa-
BX meter) tion)
AV Body Y-axis accelerometer increment ASA (accelero- AGC (Nav. computa=-
] meter) tion)
AVBZ Body Z-axis accelerometer increment ASA (accelero~ AGC (Nav. computa-
meter) tion)
pAZL Body angular increments about pitch axis ASA (Gyro AFA (attitude
assembly) computation)
aaz Body angular increments about yaw axis ASA (Gyro AEA (attitude
: assembly) computation)
razt Body angular increments about roll axis ASA (Gyro AEA (attitude
assembly) computation)
v LEM state vector from PGNS via crosslink
& 7 (initialization and updating)
\'s ‘ PNGS LEM Navigation
I, routine
\'s
%,
P
1L
P
1
F,
L
v IFEM state vector from CSM via voice
r link (inserted via Dedu)
v
o/
L
L
Py
L
P
L
P




PRIMARY COMPUTATTONAL QUANTITIES (Continued)

- ARRVETER DESCRLPTION SOURCE DESTINATION
P Calculated LEM  ~inertial coordinate AGC (Nav.) AGC (Guid)(Steering)
Py Calculated LEM  -inertial coordinate AGC (Nav.) AGC (Guid)(Steering)
P, Calculated LEM  -inertial coordinate AGC (Nav.) AGC (Guid)(Steering
v, ILEM -inertial velocity AGC (Nav.) AGC (Guid)(Steering)
V& LEM -inertial velocity AcC (Nav.) AGC (Guid)(Steering)
v, LEM -inertial velocity AGC (Nav.) AGC (Guid)(Steering)
e Computed LEM orbital eccentr. AGC (Nav.) AGC (Guidance)
a Computed LEM orbital semi-major diameter AGC (Nav.) AGC (Guidance)
q Computed LEM pericynthion AGC (Nav.) AGC (Guidance)
Vx CSM data from PGNS via crosslink PGNS CSM state vector
determination
v n "’ "
yC
VZ 1" " "
P " " "
3
L
P n "
y-c "
PZ n " n
& CSM epoch time " "
" CSM angular momentum at t, " "
s CSM semi-latus rectum at t, " "
" 1
e Mean CSM angular rate !
V% CSM data from CSM via voicelink (inserted  CSM f
via Dedu)
vy " 1" "
C
VZ 1 " "
c
PX_ 1" 1 n
c
P " " "
y
PZ " 1" "
c
\ 0 " " "
c 1" 11} n
pC 1 " "



PRIMARY COMPUTATIONAL QUANTITIES (Continued)

SARAMETER DESC 0 SOURCE DESTINATION
P Computed CSM x=-inertial CSM data Target definition
XC
and LOS steering
P & Computed CSM Y=1nertial position CSM data Target definition'
I and ILOS steering
P Computed CSM Z=-inertial position CSM data Target definition
zc
and I0S steering
V%C Computed coordinate CSM x-inertial CSM data Target definition
velocity comp. and LOS steering
v Computed CSM y=-inertial velocity comp. CSM data Tarcet definition
ye and IOS steering
Véc Computed CSM z-inertial wvelocity comp.
Ex Body axis attitude error signals Actual and Control system
B " required
v attitudes
n
E
z
th LEM Required x-inertial velocity P iteration V_ calculation
(intercept) routine &
Vﬁy IFM required y-inertial velocity P iteration V_ calculation
(intercept) routine &
v LEM required z-inertial velocity P iteration V_ calculation
By (intercept) routine +

gx
&y
2z

LEM velocity to be gained for parking
LEM velocity to be gained for parking
ILEM velocity to be gained for parking

Vﬁx - V% Velocity to be

-V gained to "first"
YRy = Yy burnout (intercept)
VRz - Vz

X~component of lunar gravity wvector
Y-component of lunar gravity vector
Z=component of lunar gravity vector

LFM altitude from lunar surface

LEM altitude rate W/R to lunar surface

Req'd velocity

for parking
orbit and
actual LEM
velocity

Required and

Steering equations

Steering

actual velocities

AGC (Nav.)
AGC (Nav.)
AGC (Nav.)
AGC (Nav.)

AGC (Nav.)

AGC (Nav.)
AGC (Nav.)
AGC (Nav.)

Monitor (Display
Steering)
Monitor (Display
Steering)

he




PRIMARY COMPUTATIONAL QUANTITIES (Continued)

RAVETER DESCRIPTION SOURCE_ DESTINATION _
R Magnitudes of R and 3 input to the radar Dedo via radar  Radar filter
. filter display
R Dedo via radar  Radar filter
display
tR’ tﬁ PTimes of applicability of radar data Mark Radar filter
;\SN Shaft and trunion angle null Mark Radar filter
}\TN
tB 0 Calculated time for engine cutoff Vg Engine cutoff
e discrete
K Value of V_ when t is calculated Constant -—
g g B.O.
KA AV Budget for ascent stage Constant Zlvieft calculation
Ky Total LEM AV (budget) Constant AV, gy calculation
(before staging)
aZ Thrust acceleration (for lunar alignment) Accelerometers Computation of
and T initial direction
a i Accelerometers cosines
v and T "
T Time interval for resolving 7 and Y Constant a, and a calc.
acceleration in lunar align procedure J
ap Transfer ellipse semi major diam. P iteration P.iteration routine
routine |
eR Transfer ellipse eccentricity P iteration P iteration routine
routine
PR Transfer ellipse semi-latus rectum P iteration P iteration routine
routine
e Transfer ellipse pericynthion P iteration P iteration routine
routine
T Time to rendezvous P iteration P iteration routine
routine
K # of HerrickeP iterations AGC (Guid.) AGC (Guid,)
~ AV Total AV required for intercept and rend. AGC (Guid.) AGC (Guid) Rend.
PT. Det.
K, Cost function coefficient AGC (Guid.) Rend. Pt. Det.



PRIMARY COMPUTATIONAL QUANTITIES (Continued)

ARAMETER DESCRLPTION SOURCE _ DESTINATION
C= AV, +K.T Cost function AGC (Guid.) AGC (Guid.) Rend.
i |
Pt. Det.
q, Pericynthion constraint Acc (Guid) AGC (Guid.)
K, # of T trial times per major guidance cycle AGC (Guid) AGC (Guid.)
LEVLEFT Amount of /\V left in LEM AV Budget, Conctraint checks
accelerometer




COORDINATE SYSTEMS

A. LEM BODY AXIS COORDINATE SYSTEM

xs (@~YAW)
A

(ey EPITCH)

AGS REQUIREMENTS

LED 540-32 1-29-65

SYSTEMS ANALYSIS
AL SCHNUR




B. INERTIAL GUIDANCE COORDINATE SYSTEM

-

LANDING

SITE LeQ(NOW) P
7
\ | Ve
/ d \ |@ SM NOW)
\

J, Y-Axis ouT From J
PLANE OF PAPER

LEM@_SM
AT NOW +T

V.
SYMBOLS : e

UiVi Wi ~UNIT VECTORS AT VEHICLES FOINTING RADIALLY,
HORIZONTALLY IN PLANE,AND PERPENDICULAR TO
ORBIT PLANE, FORMING ORTHOGONAL TRIHEDRAL.
SUBSCRIPTS DENOTE USAGE :i—I, LEM NOW;i=2,
LEM ORCSM NOW +T SECONDS ; i—c, CSMAT EPOCH.
I,3,K ~ UNIT VECTOR INERTIAL COCORINATE

@ ~ RANGE ANGLE TO INTERCEPT

AGS REQUIREMENTS

LED 540-32 [-29-65

SYSTEMS ANALYSIS
AL SCHNUR

‘1




Ys

}‘/ ~Z5s

C. RENDEZVOUS RADAR COORDINATE SYSTEM

TRUNNION
Xs ANGLE

-~

SHAFT ANGLE)

SHAFT AXIS

LRADAR BOOM FIXED TO VEHICLE

IN Xo.,Zs AXIS

AGS REQUIREMENTS
LED 640-32 |-29~65

SYSTEMS ANALYSIS
- AL SCHNUR




VIII Synchronization and Real Time Reguirements

This section defines qualtitatively ,data symhronization requirements of
the AGS computer. This section is not concerned with synchronization for
mechanization, such as strobing of digital data at the proper time to effect
data transmission. The latter type of synchronization requirements are
primarily due to the need for time identification of rapidly changing navi=-
gation varisbles. Data synchronization requirements can be either two
(2) ways as follows:
1) By keeping real time at each source of information, as well as
the AGS computer, and by forcing these time records to match.
2) By use of time marks or "epoch pulses" associated with each
data, which identifies the instant of time to which the data,
is associated.
Following 1s a table of the sources requiring synchronization and the data
that 1s affected.




II

III

a.
b.

C.

SYNCHRONIZATION TABLE

AGS « CSM Apollo Guidance Computer
a., CSM Position
b. CSM Velocity
AGS = PGNS LEM Guidance Computer
a. LEM Position
b. LEM Velocity
c. LEM Attitude Angle
AGS -~ Rendezvous Radar
a. Range
b. Range Rate
c. ©Shaft Angle
d. Trunnion Angle

Cert-in output data of the AGS must be in time synchronization with the corresponding

data from the PGNS for monitoring purposes. This data is listed below:

Synchronized Outputs

Altitude
Altitude Rate
Lateral Velocity
Total Velocity
Internal real time requirements of the AGS refer to items which require accurste
counting of time. Most of the routines and computations and processes do not
require accurate real time. There are however, two (2) notable exceptions which
are listed below:
a) Inertial component sampling rate
b) Navigetion computation, nemely integrations

LN




IX. SPECIAL TOPICS

Al

E.

COMPUTER CHECKOUT

Provision must be made for verifying normal AGC operation by performing
internal computer self checks. Some check procedures are carried out
continuously, while others are performed at specific times during a mission.

1. )re—Separation and Pre-Launch
Subsequent to warmup periods the following computer checks are to be
made:
(a) Fixed Memory Check
This check is to be performed by summing the contents of all the
fixed memory locations and comparing with a pre-determined number.
(b) Arithmetic Check
A programmed routine will check the fundamentel arithmetic operations,
namely, addition, subtraction, multiplicetion nd division.
(¢) Powered Phases and Coasting Phases
Whenever the LEM vehicle is in flight, the computer checkout pro=-
cedures will include the arlthmetic check as described above.
In addition, Parity Checks and Reasonableness Checks are required.
(a) Arithmetic Check, as described above
(b) Parity Check = The sum of all (but the last) bits of an in-
struction word is compared with the parity (odd or even) of the
last bit.
(c) Reasonableness Check - Those computations carried out on a

continuous basis provide a reasonablemness check by keeping
track of the " /\ - differences" of some computed parameters.
If a pre-assigned " A - difference" threshold is exceeded then
there is an indication that a failure may have taken place.

GUIDANCE MONITORING TECHNIQUE
The basic feature of the monitoring scheme as proposed by MSC is to determine
with early semsing, catastrophic failures. In this scheme displays,are
utilized. It is assumed further that the crew will have the capability of
verifying the display. The monitoring concept is implemented by comparing
the following like quantities of different LEM systems:

1. Total Attitude

2, Total Velocity

£3



3. Altitude and Altitude Rate
L, Out-of-Plane Velocity
The method of comparing these quantities and establishing a catastrophic failure
will be specified in a future document.
Each of the above monitored quantities will have two or more inputs that are
selected by the astronaut. The required quantities to be displayed are:
l. L.R. Forward Velocity
2. IGC Forward Velocity
3. RR LOS El, Rate (Sh=ft)
4, IR Lateral Velocity
5 ILGC Lateral Velocity
*6, AGS Leteral Velocity
T. RR 1OS Azimuth Rate (Trunnion)
8. IMU Total Attitude
#*9. AGS Total Attitude
10. LR Range Along Altitude Beam
11. IGC Altitude
*¥12, AGS Altitude
13. IR Velocity Along Altitude Beanm
14, IGC Altitude Rate
#15. AGS Altitude Rate
16. BER Range
1T7. RR Range Rate
*¥18. AGS AV, (Incremental)
#19, AGS Total Velocity (Incremental)
20, LGC Total Velocity

% BSupplied by AGS Computer



C. ZInitialization Procedures Prior to Launch
All the basic navigation and guldence computations are performed in Inertial
Landing Site Coordinates. The CSM also computes and updetes its orbital
parameters relative to this coordinate system. This information is transmitted
to LEM for the guidance computations. PGNS calculations zs well as the AGS
calculations must be carried out in this coordinute system. Hence, a trans-
formation is required (accounting for vehicle misorientation, vehicle shift
and lunrr motion) to erect an inertial launch coordinate system which coincides
with the inertial Landing Site Coordinute system.
The following procedure will define the required transformation matrix. This
procedure will be presented in symbolic form, whose details will be given in
forth coming documents. The following acronyms will define the wvarious coordinate
system orientations with respect to the Landing Site Coordinate System. These
are utilized to produce the required inertial reference frame.

LSCS Landing Site Coordinate System

LDSV Inertially measured Landing Site Vertical (as measured with vehicle

accelerometers)

BAF Body Axis Frame at nominal touchdown

LV Launch Vertical (as measured on lunar surface prior to liftoff)

BAFL Body Axis Frame at Launch

The figure below symbolically shows how these coordinate systems may be oriented.

LSCS (INERTIAL FrRAME)

5§




£
[F]

The transformations (}hﬂ.er Angle Set) denoted by the bracketed quantities, are
defined as follows:
Th=zt transformation from LSCS to BAF resulting from the LEM vehicle
landing on lunar surface. (The surface terrain may tilt the vehicle
axes from L3CS.
That transformation from LDSV coordinates to BAF’ wvhere LDSV will
be in error from the LSCS.
That transformation of Lunar motion (which includes lunar rotations,
librations etc.) of the local vertical relative to LSCS. This
transformation is clearly a function of time.
Thet matrix accounting for the shift of the vehicle while on the
lunar surface.
The overall transformation between LSCS at nominal touchdown to
BAFL Jjust prior to leunah.

The overall transformation [F] may be written as

IF] = [8[E1[] " Al

This composite matrix will erect an inertial frame at launch identical to
LSCS. This provides the required utilization for the attitude reference compu-
tations. The required state vector for navigation initislization referred to

LSCS may be computed from:

fpg BAFL = [F]" (P i BATL for position, and
Desired (-

] -1
i\/jBAFL - [F] }V:é BAFL for velocity

Desired

g6



Inertial Component Compensation

Inertlal components huve inherent error drifts which produce errors in gyro

and accelerometer outputs, thus affecting attitude and navigation. For
strapped-down systems, the gyros are body mounted in a cluster arrangement.

The accelerometers are also mounted 1n this msenner. The following procedure
describes a technique for compensating these unwanted error drifts. Consider

a gyro whose error drift, D is the sum of the scale factor error, S znd constant

bias, B.

Assume there exists procedures for estimating B and S. Let the gyro output
be expressed as
Y = YD + B+ S + r}

where Yb is the uncontamInated output signal and'Y] is a noise component which
can%he compensated for. Let Kg = 1% Y » which i1s the scale factor compensation
gain. 6 is a small quantity (to be determined), whose sign is such as to
remove the deterministic scale factor error. For example : gyro incremental rute
output multiplies Kg , é;t being theintervael of the rate increment. A gyro
bias correction then removes the bias error. The remaining signal should be
simply ID +‘q . The schematic below shows how this gyro compensation procedure
is mechanized.

\/
GYR.O K Yot "
0
SCALE FACTOR
CORRECTION BIAS CORRECTION w AT

GYRO ERROR COMPENSATION

Compensation for similar errors in the uccelerometers proceeds in exactly

the same way.



ATTACHMENT
LEM Explicit Equation Flow Charts

Iist of Symbols of Principal Variables:

T estimated position and velocity of LEM

- iCSM estimated position and velocity of CSM

T experted time from now of rendezvous

ta present time

tc CSM epoch tims

tr Lime of validity of radar range, R, as determined
manually

X LEM longitudinal axis (unit vector)

Moy count of radar points suppli-=d

5* raw radar estimate of LEM's position

WAL + filter weights

h, EC angular momentum vector of LEM, CSM respectively

Vh horlzontal velozcity of LEM

02 swn of  variance of radar measurements and Py,

P117P 01 Poo LEM position, velocity ccvariances

K this symbol stands for any fixed value

Sl Sl = 1 when new CSM epoch is input to computer

S2 82 = 1 when radsr data is present

LorL, CSM position, velocity vector at epoch

gi’yi’gi unit vectore at vehicles pointing radially, hori-
zontally in plane, and perpendicular to orbit
plane, forming orthogonal trihedral. Subscripts
denote usage: 1 =1, IEMnow; 1 = 2, ILEM now + T
secon@s; = ¢, CSM at epoch.

BP, semi-latus rectums of LEM, CSM respectively

I-3
£y
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List of Symbols of Principal Variables (Continued)

o,a

Q' 13
-H B3 ° ™

Heo @ a3 <5 Q
o O 0O @

\

sem’-majcr axes of LEM, CSM orbits

2ceenvricity of LEM, CSM ortils

IEM perilune >f present orbit

cost of optimum rendezvous

manuwal setting (by astronau%) of limits of
rendezvous time search

1imits on rend=zvzus time T .

predicted central angls of CSM with respect

to the epoch position

predicted velocity vector of CSM at rendezvous
cosine of central angle between LEM (now) and
CsM (at now + T seconds)

eine of aforesaid c=ntral angle

p~iteration control index

period of trial transfer orbit

time %o rendezvous associated with p iteration
partial of p with respect to T

Initia. veloclty vector incremgnt t0 cause
rendezvous, ass~tiated with trial T

final velncity vector increment for rendezvous,
associated with trial T

total ve locity magnitude required for rendezvous,
asgoctiated with trial time T

perilune cf transfer nrbit associated with trial
time T

cost of rendezvous assoclated with trial time T
present velocity-to-be-gained for best rendezvous
time-to-rendezvous for test rendezvous solution
perilune of best rendezvous orblt

index contrclling AE, trial T search interval

9



List of Symbols of Principal Variatles (Continued)

v
o]

- o ; "
D’ci |ﬁ 5 Hf:t::t;: r*.;i K

-
.

o
=

\nm

o o |

8 85 K E
e] b
H

IHe e
H

H

e
o

wotal velority magnitude requlred for best
rendezvous

predicted LEM burnout altltude rate |
predlcied LEM burnoub altiiuds

Index sequencing trial T loéic

integral of thrust acceleration

AV capabllity remaining in ILEM

veleeity requlired for parking orbit insertion
thrus* acczaieration from accelerometers
tim2 to engine <utoff

time to descent section staging
computation cycle time interval

+1 or -! depending on whether increased or
decreased Znertial velocity is required
desired altitude acceleration

yaw velccity error

desired pitch and yaw attitudes

desired pointing direction of 1EM thrust
vector (unit vectar)

engin: ON/OFF signal. &, = 1 vhen engine ON
descen® section staging s'gnal. 65 = 1 after
staging

relative positisn vector, Tesy - L
magriitude of R, as measured ty the radar
rate of change <f R

lurar gravitanlonal cons+ant

rate of change of LEM and CSM altitude

CSM central angular rate

insegar number of crbits in transfer
altitude rat= afier first impulse

velocity vector after first impulse

velocity vector at T

I-5
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GRUMMAN ATRCRAFT ENGINEERING CORPORATION

LEM Engineering Memorandum

IMO-540-211
13 January 1964

L o

From: E. Gorczycki
Tos R. Kress
Subject: A. FMES MATH MODEL: KINEMATIC RELATIONSHIP BETWEEN LEM ATTITUDE

ANGLES (EULER ANGLES) AND IMU PICKOFF ANGLES.

Purpose:

Lu/--/ o $ This memorandum constitutes an initial input into the large-scale effort of +
[l generating math model implementation equations for the Full Mission Engineering .
/s Similator (FMES). Whenever a math model is presented in any memo issued by the i
"{"é‘gé author, an honest effort will be made to search existing literature to avoid ?’;"‘"
Jee™ 7 duplication of work and to give Erogeg credits to authors of existing memoranda Ao/ H Yoy
on pertinent subjects. Besides, references to existing literature will serve as ““ 29w/
4{ iimy— 80 excellent bibliography to substantiate the math model validity and compatibility ’%j“ <o
4=t with system operation. As additional memoranda are generated on the subject of {{’“’.\ ‘d
“t ¢ FMES MATH MODEL implementation equations, they will be issued as supplements or ’/‘ Ao of
4 addenda to the memorandum bearing the present reference number. Consequently, all @ oy
% < g FMES math model implementation equations will be identified Py a single memo f‘{’/-’-'?«-/ :
[ #néso=  peference number but will be differentiated from one another by successive letters.ff. ,'-
A 14 oy
£lplain L. No analytical derivations of results will be presented in these memoranda at Uu.

o MﬂA‘ this time for reasons Wﬂl be presented in their c/omplete

A2, form in a final FMES engineering peport. — phd npetee.... Loty A Pk

1 7 s (Bt Ly e
st The FMES MATH MODEL of the present memorandum is preceded by the letter "A", el

pilsren, The subject covers the implementation equations of the kinematic relationship 7 LCJ.:_,./..
MA el sei;.  Detween LEM attitude angle, also referred to as Euler angles and IMU pickoff angles. | L/

J (}‘r_(,;,‘f{

/'(( ‘- e (.‘ e

W &A:} i [ 'f;‘" /'.‘ y
0+ 0.7/ Physical Description of the IMJ iy tres laen from (3)a-/(8) C ONfreres
¢ N( )~/ 4;71/,{"

e g N Lrstog, J’& LM 0 - S'#c)‘-/to :
s /_/ Figure 1 shows schematics %e arrangement of the Inertial Measurement Unit <«
Sraa (IMU) as it applies to the LEM. The IMU gimbel case is mounted on the Navigation #4../
e / Km, © Base together with the Scanning Telescope whose function is space-aligmnment of the -
#10f ¢« IMU. Inertial space stabilization is derived from three 25 size Inertial Reference/./
&oA Integrating Gyroscopes (IRIG) depicted by the large X, Y, Z units on the stable e
(%7/1,14/ member in figure 1. The sma.l]§ X, ¥, z.units in the same figure represent three Wi
7 veren?/. 16 size Pulsed Integrating Pendulum Accelerometers (PIPA) which measure the e,
7 specific force. A desired inertial reference coordinate system is maintained by ( (7 (%0
isolating the stable member from LEM motions by means of servo-controlled gimbals :
which support the stable membqr. ' ‘; */a;mm,~
| ; ; T,
\ F&M.—[zﬂ, Lot (J 2enel ‘_,Z/er'(, A <

~ . : “Crrs
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The IMU gimballing configuration might be commonly referred to as "pitch-on-
the-inside". The axis orientation of the IMJ is such that with all gimbal angles
zero (gimbal axes orthogonal), the inner axis (Y) will be aligned with the LEM pitch
axis (astronaut : also), the middle axis (Z) will be aligned with the LEM

: ﬂv_ronaut roll axis x1s) Bnd the outer gimbal axis (X) along the LEM roll axis
SubBequent referral to the LEM reference coordinate system

h spect to the astronaut in the manner which was Just discussed. This

is clearly shown in figure 1.

Pitch and yaw axes have unlimited angular freedom. In the "pitch-on-the-inside"
configuration, the IMU would experience gimbal lock if the LEM middle gimbal reaches
ninety degrees; actually, the middle gimbal angle is maintained to less than T0°,

Conventions and Definition of Terms

The conventions which are used in the generation of the math models for the
FMES are consistent with those currently in use. The IMU gimbal angles, for
instance, are reckoned from the condition where the gimbal axes are 1nitially
orthogonal and are defined as follows: o Uns
AIG IMU Inner Gimbal Angle. The angle formed by the Z axis of the middle
gimbal, Zvg, and the Z axis of the stable member, ZgM. The angle is
measured in degrees from Zyg to ZgM as shown in figure 1.

AMG IMU Middle Gimbal Angle. The angle formed by the X axis of the outer
gimbal, Xog, and the X axis of the middle gimbal, XMg. The angle 1is
measured in degrees from Xy; to Xgog as shown in figure 1.

A IMU Outer Gimbal Angle. The angle formed by the Y axis of the gimbal
case, Ygc and the Y axis of the outer gimbal Y axis of the outer gimbal
Yog. The angle is measured in degrees from Ygc to Ypg as shown in
figure 1.

LEM attitude with respect to a set of inertial reference axes shall be specified
in accordance with the sequence of rotations: ~pitch (©), roll (¥/) and yaw (§)
when referred with respect to the astronaut. This sequence/is pitch (8), yaw (¢ ),
and roll (@) when referred with respect to the LEM body. The orientation of LEN
body axes based on the sequence of rotations, pitch, roll and yaw as related to
the astronaut is shown in figure 2. By convention, LEM attitude angles are defined
with respect to the astronaut as follows:

) Euler yaw anéi!ﬁ \ \
_____ y N
2] Euler - pitch anglew 4’6/6 “‘\ L N Mo - ¢y /C o
— Sk i
41 Euler roll angle ;} . P . fbw&

> , gg
) H.. _a) %cﬁ( (.«’.—-; ’6&%‘/{
/C{Z%h ~ . 4 poll | onm il
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following a rotation in the order:

MO -5¢0

i
g
witd,

A
M(jn a&c/
W kinematic pickoff angles for the IMU configuration shown in figure 1. Kinematic ‘

in their final orfntation (denoted by the "3"
stable member axes (denoted by the "0O" subscript) for different sequences of
rotation.
rotations pitch, roll, yaw, the first row of the matrix represents the direction

The subscripts in figure 2 denote the orientation of the XYZ triad just

(1)  pitch () A/zw W/
()  roll () m Yl [ EM com '_,5
(3) yaw (¢) Mm( }(4' a Wb

Different sequences of rotation would require a re-drawing of figure 2 with

a renumbering of the rotational operations with number "1" corresponding to the
first rotation and so on.

“ Mm s o~ ?

ww LT zda W ,Z Z::- )
Table I presmtion of transformation matrices of the LEM body axes A Fﬂf S

subscript) with respect to the o 4,‘2

MA

L f
x{ ol

"-t( '

/“vr('f{‘, :
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Thus, in-the transformation matrix of table I based on the sequence of

A similar dis-

"Iv

sto I‘ﬁf‘;

cosines of the X body axis with respect to the stable mem'ber s.

cussion applies to the Y and Z axes. TV T A
Ce (I\-{ el anl (&(ﬂ"c{”(

Table II shows the transformation equations (from actual BEuler angle

-n

o0 i pickoff angles differ from indicated pickoff angles by the amount of error ntro-
) duced by the sensing and display devices. -/ A {c" t: el O ,M - o Con de
N, Al
f{x@va“ l“ Ce .
P Table III shows the inverse transformation equations from IMU kinematic pickoff T I
éu.(,(.’ angles to actual Buler angles for the IMU configuration shown in figure 1. /f ,
. & M/"
Che (’Z"‘" # Tables II and III show clearly the Justification for the cholce of sequence le
W;w of rotations: pitch, roll, yaw for the IMU configuration shown in figure 1. 7
For this choice of sequence of rotations, the Euler angles transform directly ’{T:f
m-m [/Anto IMU pickoff angles and vice versa. Note that for any other sequence of #. -
«rotation, an interaction between gimbals takes place and the transformation is no i
longer direct. It is obvious that for the same orientation of the LEM body with ' o

M)‘*‘.‘“

L2

formation is shown in figure 3. Note that the double-ended arrow denotes that the l Cos JV};”‘_;
transformation is reversible. Ay
s
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‘espect to the stable member reference axes, the magnitude of corresponding Fuler
ngles differs for the different sequences of rotation.
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The math model of the actual Fuler angle to kinematic IMU pickoff angle Tmnu
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MATH MODEL ®F IMU AND CDU FOR IMS

INTRODUCTION

In order to generate a finished math model of the IMU and CDU
suitable for IMS, which is to ber performed in real time, it is necessary
to have a specification of the time alloted for solving the equations
defining the IMU and CDU in the computer, the computer storage allocated
to this block of equations, the digital computer operating speed, and
a knowledge of the executive routine which will be used in the
implementation of the full simulation, and the characteristics of the
analog equipment and the associated converters, The performance
functions of devices such as the inertial reference integrating gyros
and the pendulous integrating gyro accelerometers contain time
constants of the order of 1 millisecond,

Before a decision is made to include the effects of these small
time constants (high frequency dynamics), an investigation of the round-
off errors resulting from the necessarily short integration interval should
be investigated, The Math Model of the IMU and CDU presented here
neglects the high frequency dynamics mentioned previously as well as
the servo stabilization drive dynamics, The model assumes that the
coefficients (mass unbalances, etc.) necessary to generate the IMU
platform driftmmatrix will be available,

The model generated is preliminary in nature but will serve as a
starting point for further additions or corrections, The various modes
of the MU will not be analyzed at this time. The purpose of this memorandum
is to develop a simple, compact representation of the IMU that will be

useful in the IMS, Standard GAEC LEM nomenclatire and sign conventions
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will be used when they are known,

FUNCTIONAL DESCRIPTION OF THE LEM INERTIAL MEASURING UNIT

The Tnertial Measuring Unit (IMU) is a three-degree-of -freedom
stabilized platform assembly consisting of a stable member, M, (inner
gimbal), three gimbals, gimbal mounted electronics, and six inter-
gimbal assemblées which house torque motors and resolvers. The
MU is designed to provide a space reference for the stable member
regardless of spacecraft motion,

The space reference for the stable number is established by the
use of three single degree-of-freedom gyroscopes (IRIG) with their
input axes mutually perpendicular mohnted on the stable member, and
al igned along the stable member axes. Each gyro and its associated
servo drive is used to preserve angular fixity with respect to inertial
space, In addition,to the three gyroscopes, three angular differentiating
atablermembers (ADA)which sense changes in the orientation of the
stable member, are used to stabilize the torque drive loops by extending
the bandwidth without preéenting the severe noise and stability problems
encountered when passive (lead - lag) networks are used. The dymamic
effects of the stabilization loop discussed above are not considered,
Three pendulous integrating gyro accelerometers (PIGA) with their input
axes mutually perpendicular are also gounted on the stable member
and along the stable member axes to sense the linear non-field acceleration
of the stable member, i.e., the accelerometers measure the components
of the vector specific force with respect to inertial space along stable
;n;bé} axes, The outputs of the PIPA's (after processing) are pulses
and the number of positive or negative pulses counted in a time interval

is proportional to the velocity increment increase or decrease accumulated
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in that time interval,

Each inter-gimbal assembly contains a gimbal angle resolver (or
resolvers for fine and coarse data outputs) to indicate the orientation
of the stable member with respect to the LEM body. The pesolvers
provide gimbal angle information,

FUNCTIONAL DESCRIPTION OF THE LEM OOUPLING DATA UNIT (CDU)

The purpose of the three Coupling Data Units (CDU's) is to connect
the IMU to the LEM Guidance Computer (LGC) and to display IMU angular
data to the astronaut, The various modes of the CDU's will not be
considered, The CDU's are all interchangable,

The CDU inputs are the IMU gimbal angle signals indicating the
angles of the imner, middle, and outer gimbals, and the digital signals
from the LGC which position the inner, middle, and outer CDU resolvers.

The CDU outputs are the digital signals to the LGC which indicate
changes in the position of the CDU resolvers and the delta angle
(IMU to CDU) signal representing the difference between the IMU gimbal
angles and the CDU resolver angles. This signal is supplied to the
resolver network for attitude control, to the IMU control panel for display,
and to the coarse align amplifier,

INERTIAL MEASURING UNIT MATH MODEL

The initial stable member axes, !EMO, Ymo, and Zmo form a
righthanded orthogonal coordinate system aligned with the LEM body
axes at the instant the stable platform goes inertial,

form a righthanded orthogonal

The L™ body axes, X YB’ and Z

B? B
coordinate system fixed to the body, The positive XB axis points in the
direction of the astronaut's head measured from his feet (XB axis

is astronaut's yaw axis), the YB axis points in the direction of
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the astronaut's extended right arm (Y, axis is astronaut's pitch axis),
and Zp axis points in the direction of the astronaut's nose points (Zg
axis is astronaut's roll axis). Figure 1, taken from GAEC LEM Engineering
Memorandum LMO-540-160- REv.A dated 29 November 1963 by J, E, Kmiecik,
Systems Analysis, depicts the LEM body axis,

The IMU is actually attached to a navigation base which is a
structural part of the guidance and navigation system. The navigation
base is designed to provide a rigid supporting structure SBQTEMU
and optical assembly so that a precision aliomment of these units
may be retained, Tt serves as a shock mount and as a seal of the
spacecraft interior at the optical instrument opening in the LM
vehicle wall, The transformation matrix from mavigation base axes
to LEM body axes will be neglected, ie, the matrix will be assumed to
be an identity matrix. :

Most of the transformations of coordinates can be expressed as
the product (composition) of simpler transformations called rotations,

It is convenient to define the following elementary matrix rotations:

Lirh

\
f. ‘\’ A4 ) = O <oa A <A )
O - 2w A CcoaA /
> :
coar A O = .aem, A
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<ow A aet A O
f(4) = (MH coa A o
o

These rotations represent geometrical rotations which are all positive
according to the righ%-hand rule for rotations when the argument

A is positive, and each rotation has the same magnitude as the magnitude
of the argument A, The inverse of any of these transformations is

obtained simply by changing the sign of the argument, i.e.,

[ﬁ (A)]“l = f(-A)

Consider now an ideal stable member, &.e., the gimbal angles are

equai to the Euler angles. The relationship between the ideal stable

member axes and the body axes is a function of the Euler angles O,

¢, and ¥ , defined below. A rotation of @ about Yg, , a rotation

of ¥ about the carried position of ZS{ , and a rotatzon of @ about the
o

final position of )(3‘1 carries the stable member axes parallel to the body

0
axes, Then by the definition of the matrix (Stable Member Axes

to LB Body Axes),

[SM v B] =[f,(d>)][f3 (W][JZ (6)] : )

and,

[8 4 sn]=[LL o) [8 (-] [5 (- 0)] )



Expanding equation (2) yieldss
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oo P cow - 2o P coa Y
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*oin @ coe O + o2 © Coe P
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7 of 1 Pages

For a non-ideal (drifting) stable platform the (B to M) matrix is

expressed in terms of the inner, middle, and outer gimbal angles -

AIG’ ANG’ and AOG respectiyely

« The (B to M) matrix for the non-

ideal platform is obtained by replacing ©, ¥, and ¢ by Aros

Aygs Ay respectively, in equation (3).

!
[B,&SM] - i/"*‘f'qunc
wtable plttyrms |
g-mv/ngmﬂng

~2iruApg CoaArg coeAos

*'Ax}m/qog M/QIG

ong m/}MG

coe Ao i Apg aum Az g

+A4/"‘L AOG WAIG

MAMG MAI'G MAOG

Foin AIG coe Aoe
"MAOG MAMG

~kinArs 2o bing aim Ao

'/'CNA:G WAOG -J

In order to determmine the gimbal angles, it is necessary to obtain

an expression for the angular velocity of the LRM body (assumed to be

rigid) with respect to the stable member in gimbal angle rates and in

components along the orthogonal XB, YB’ and ZB axes fixed in the body.

Let

@)

(%)
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——

wB-SM = angular velocity of the LEM body with

respeét to the stable member

lxa, l)’a, 1?5 = unit vectors along XB, YB’ and Zn

body axes, respectively

‘l/‘im/ -1/3,,;6 ; 1/50@, = unit vectors along the imner gimbal
(stable member), middle gimbal, and
outer gimbal axes, respectively.

The unit vectors are in the directions
of the gimbal angle rates and are not

orthogonal,

a—— o

Pxpressing (;_ q,in terms of components along _[;(5}])3 ; i: zg and _[,JIG/.ZA'HG LAce

coordinate systemst

w'B-SH = wxa ‘ZXB + wyb IyB *'wZB I?B > AIG ‘ZAIG +/4’7€ 1—';;/"16 +/4°6 IAOG (5)

Taking the dot products indicated below:

We-sm + ‘Z—/q.xo 2 /516 ('{A.zc;- ; Iﬁm) 4 /5’“76 ('Z-/;MG i jA.rG) % /;"6 (IAOG .IA’G):

ey i C
wxa (11‘5 ¢ 1/3;@ > t w}fs (1)23 : j/le) g U/;B (l_?g % j}z@>
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Awe-sm . 1/;,,6 = za (.lﬂ

b * Anc>+ A»m (1/1 e 'Z'"na */406‘-@&: Am;)

wxﬂ (ixb 3 lﬁ’ﬂa) % w)é (-[}’5 : '];H&> * w} 8 (1;8.'[/‘;”0) (7)

Z‘J—8~SM Y IA“ 2 A.IG (IA.IG ; ‘Zt‘ioe) t AMG a}ne % "Z_Aoe) % A;OG (IA"G .1}05 ):

wx°(IXB'IAos>+w)é(I)é Ao&>+w (-lz -ZAoG) b

Substituting the values of the dot products into equations (6), (7),

and (8) and solving equations (6), (7), and (8) simultaneously,

yieldss
. <02 Aoe "MAOG'
A 2 s | o) T m *;i:r) ()
/.}MG_ = CUyg (Aom Aog> 75 w?B (,Co—q, /406—) (/0)

Aoc = Whe +UWhy(cshoc tam Are)r Way (2in Ao o Ang) (1)

The angular velocity of the LIM body with respect to the stable member
resolved along body axes may now be transformed into gimbal angle
rates by means of the LM body to gimbal angle axes transformation

given below:

ety & o2 Aos wir Aog R J
Ars e £e2 Amc ) [/om, Ame ) wa
AMG = o i Aoc e Aoe w)’s (/‘1)
/qocv / : -m/?oezém Are MVAOG 1:‘”‘«/4/461 wi'B <
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The preliminary math model of the LFM (IMU) is shown in general form in

Figure 2, The basic inputs to the math model are the vector specific
force of the LM vehicle with respect to inertial space resolved along
.LEM body axes, f BB S ! and the angular velocity of the LIM
vehicle with respect to inertial space resolved along LEM body axes,
/I) BB_ o « The effects of the angular accelerations with respect
to inertial space are not considered in the basic model; however, the
linearized input and output axis equations for the IRIG and PIPA
will be developed to show that the angular accelerations influence the
outputs from the IRIG's and PIPA's{not included in this report).

The outputs from the math model of the LEM (IMU) are the inner,
middle, and outer gimbal angles and the components of the velccity
increment accumulated along the stable member axes during the time of
one computation cycle [ [f,;- IL,(;_/]> o

The vector specific force, 7(_; _BI , is transformed into stable
member coordinates ( {:;f'; ) by means of the LEM body to stable

manber axes coordinate transformation which is a function of the (IMU)
gimbal angles. The drift computation determines the angular velocity
of the stable member with respect to inertial space resolved along
stzble member axes, 552’; , (stabilization drive dynamics are
assumed to be rapid with negligible error), This angular velocity
may now be resolved along body axes ( L_L/—J:. r ) and combined with

the angular velocity of the LEM body with respect to irertial space
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AR
resolved along body axes, {/g_;r , to obtain the angular velocity
of the body with respect to the stable member resolved along body
T 7.0 ,
anen UL s wg-,,, may then be transformed into components
along the gimbal angle axes to obtain the inner, middle, and outer
gimbal angle rates, Ay Ayg and AOG’ respectively, The gimbal
angles at any time may then be detemmined by combining the initial
gimbal angles with the time integral of the gimbal angle® rates,
The stable platform utilized for LEM has only three gimbals;and

therefore, it does not possess an "all-attitude" capability, i.,e., gimbal
lock may occur when the gimbals are coplanar, The gimbal lock logie

will provide an indication when gimbal lock occurs and the Argr Auge

and AOG gimbal angles cannot be used when this condition occurs.

The actual IMU has a switch included on the middle gimbal axis to

signal the astronauts when the middle gimbal angle exceeds

plus or minus 60 degrees. If gimbal lock does not occur the gimbal
angles AIG’ AMG’ and AOG are merely passed through the gimbal lock

logic block which will have a unity transfer function for this condition,
The gimbal angle information is fed back to all coordinate transformations
which are a function of the gimbal angles,

The vector specific force of the body with respect to inertial
space resolved along stable member axes, which was discussed previously
is the force which the three orthogonally mounted PIPA's sense,

The output of the PIPA's is proportional to the velocity increment
increase or decrease accumulated in the time interval under

consideration, This increment is a function of the accelerometer scale

factor, Kx’ Ky or Kz’ the component of vector specific force af,long the

{
{
|
'
|
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particular stable member axis, Loy or f_ , the accelerometer

e Yo Ry

bise, b B, erd and the time interval under consideration
o Y 2

(t.1 -t _ 1). The outputs from the (IMU) math model are the three

measured components of vector specifiec force along stable member

axes and the stable platform gimbal angles.

DRIFT RATE COMPUTATION

The drift rate of the stable member with respect to inertial space
resolved along stable member axes may be determined by equations
(13), (1), and (15) given below:

U = R plAT 1y RO b0 [T o 00 3)
Wsa, = Ry + ML [I?s, -fef:] " MSY[“]?}U' TE:: (%)

é//oA? ¥ 1?3 + MIZ[I?S? 2 7[_;5:’] # /‘75;[“ _[—3:3 . fsf—:] (5)



where

%A,(,wo/;,/ Wop,

Px, Ry g Rz

MIX/ MI)/ ) MI?

MSx, MSy , MSz

LTM={ B) ={UZY¥=1
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angular rates with respect to inertial
space about the output axes of the X, Y
and Z IRIG's, respectively, due to random
drifts and mass unbalances along the

gyro input and spin axes.

random drift with respect to inertial
space about the output axes of the X, Y,

and Z IRIG's, respectively.

drift coefficients due to mass unbalance
along the input axes of the X, Y and Z
IRIC's, respectively, in (rad/sec. per
unit of vector specific force along the
spin axes of the X, Y and Z IRIG's,

respectively,)

drift coefficients due to mass unbalance

along the spin axes of the X, Y, and Z IRIG's,
respectively, in (rad/sec. per unit of vector

specific force along the negative input ﬁxea

of the X, Y and Z IRIG's, respectively).
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1?5)( ) l?sy ) 1953 = unit vectors along the spin axes of
the X, Y and Z IRIG's, repsectively,

131“ j—?iy) 1313 = unit vectors along the input axes of the

X, Y and Z IRIG's, respectively,

The input, output, and spin axes of the IRIG's are simply related to the
stable member axes (neglecting stabilization drive dynamics), The exact
orientation of the inertial elements with respect to the stable member axes
has not been determined (by the writer) and therefore the coordinate trans-
formation between these coordinates has not been specified, When the trans-

formation 18 determined, I ,I ,I ,I ,I ,andl may be replaced
Bsx B8y 83 BEx EBry €1z

by appropriate unit vectors and direction cosines along the stable member axes,
COUPLING DATA UNIT MATH MODEL

The present coupling data unit (three required to couple IMU and LGC) is
electronic (non-mechanical). It consists principally of an analog-to-digital
converter to convert the gimbal angle(s) into a sequence of pulses and a digital-
to analog converter to convert the approximated sine of the difference between
the commanded Euler angle(s) and the digitized gimbal angle(s) after resolution
into the sine differences about the LEM body axes, Since the difference angle(s)
are small, the resolved sine of the difference angle is very nearly the difference
angle necessary for attitude control, The resolution and interpolation problems
associated with the CDU have not been considered in this preliminary document in
order that the specified report date could be met.

The complete functional block diagram of the preliminary math model of the

IMU and CDU of the LEM PGNS is shown in Figures 3 and L.
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