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The IM/AGS flight equations explained, herein have been developed primarily

by the.LM Guidance and Navigation Section under the direction of F. A. Evans.

Members of this section are E. V. Avery, K. L. Baker, T. S. Bettwy, M. L. Elovits,

R. L./Eshbaugh, C. M. Kaijauchi, H* V. Kienbergsr, and J. T. Wagner. Other

members of the System Analysis end Software Department under the direction of

P. D-i Joseph have contributed at various times in support of this development.

This report was written by To S. Bettvy. K. L. Baker contributed Sections 7-1
I *

and T l^*
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1"° ' INTRODUCTION'

' The purpose of this document is tvofold:

(1) To present a narrative description of the I.M/AGS flight equations as

presented in Reference 1 and modified by Reference 2.

(2) .To present derivations that are not obvious and additional insight into

/ various portions of the guidance equations.

This document is designed to complement the equation documents (References 1 and 2)

and is for information purposes only. There is no plan to update the document for
i i

each mission.

The. document is basically composed of two parts:

(1) A general narrative description where technical details are kept at a

minimum and only logic flow and minor technical points are discussed.

This section also contains a functional block diagram of the computer

showing inputs and outputs and a description of the coelliptic sequence

of maneuvers.

(2) A detailed discussion of various portions of the guidance equations

•along with derivations of the equations where appropriate. A small

section on orbital mechanics is presented in the Appendix so that the

derivations will be as self contained as possible. For deeper insight

into these areas a list of references has been prepared.
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KARRATIYK

2 • MI

Tne mission for vhich the flight equations are designed is the coelliptic

rendezvous of the LM vith the CSM, with abort initiation ponsi.ble at any time

after separation of the LM from the CSH* To illustrate all the various man-

euvers required, Figure 2.1 showy a coolliptic rendezvous flight profile with

abort from the lunar surface,

RENDEZVOUS

IBIT
INSERTION

MIDCOURSE
COR.RECT1ON

LOS

LEM ORBIT

CSM ORBIT

2.1

Coollip'c 5.c Roncley-vous Fli Profile
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The CSM is in a circular orbit at an ^Ititude of about 00 n ui. The orbit in-

sertion maneuver is targeted to drive the IM to t, desired altitude, altitude rate

and horizontal velocity v;ith zero crossplano velocity. The LM then coasts until

absolute time t. , which brings the LM about 90 dog around the orbit from orbit

insertion. At that point tic Coelliptic Sequence Initiate (CSl) burn is performed.
i

The magnitude of this OS! burn is determined by an iterative technique whereby

trial values of the horizontal burn mognitude are assured end a resultant error

function' evaluated. The error function is the difference between the desired

central angle difference between the TM and the CSM at the desired time of direct

transfer and the computed d i f ference that voald be achieved using the trial value

of the horizontal velocity. Successive vs.lua3 of the C3I burn are chosen to drive

the error function to zero.

The' coclliptic (CDH) burn is performed at. the predicted time of the IM orbit

apofocus (or perifocus). The magnitude of this burn makes the IM orbit coelliptic

with the CSM orbit.

The Terminal Phase Initiate (TPl) bum is performed at the time the desired

line of sight (0T n o) between the LM and the CGM is achieved., The transfer time is
i-iUo

specified, and the rendezvous point is the predicted position of the C^M (or offset

from It). By means of an iteration on the senii-latus rectum (p) of the transfer

orbit, the orbit which passes from the present position to the rendezvous position

tn the specified time is determined. Once the orbit in determined, the velocity

impulse needed to achieve the desired-trajectory is calculated. The niidcourse

maneuver is obtained in the same manner.

Aborts may occur anytime after separation of the IM from the CSM. The sequence

of events followed after the abort depends upon the abort situation. That is, if

the abort occurs vhcn the IM is near the lunar surface the above sequence of events

would be desired. If the abort occurs when the IM is high above the lunar surface

it may be desirable to begin iir^r.ediately with the coelliptic sequence. Finally,

there is always the possibility of doing a direct transfer to rendezvous. This

can be accomplished by utilizing the direct transfer modes available. Built-in

mission planning capabilities arc available when these modes are employed. These

capabilities and some: restrictions are discussed in Section 6-3«T-5«
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'An overall functional block diagram of the- JJM/AGS is shovn in Figure 2.2. Not

all functions displayed on th.1s d log ram are considered in this document. Only those

concerning the flight equation? are discussed* Tho^e concerning computer operations

such as load and verify routines, tele^otry, GS<5 service routine are not covered in

this document. •*
The functions of the computer program are attitude reference, navigation, abort

guidance .including attitude cor̂ r.-indsj Engine ON/OFF conarand and data, display. These
' i '

functions must be performed based upon the following inputs:

AOC .,, tt ,, ^cv . « strapped down gyro inputs along LM X,

Y, Z body o.xls resp?ctively. These inputs are In the form

ACS SENSORS

of pulr.es end 1 p'j.lse represents an angular increment of

0-16 ,.2 radians.

AV ., AV .) AV . - accelerometer inputs along TJ-1 X. Y.xi yi zi ^ J f

Z body axis respectively. These inputs are in the form

of pulses and 1 pulse represents ^~r fps.

PRB1ARY
GUIDANCE
AMD

NAVIGATION
SYSTEM

G ,t & ., 0 . - FUNS Euler angles, these inputs are in' pi' L J l

the form of pulses arid 1 pulse represents 2^r x ,-15 rad

XE' KfNS ephemeris data: L signifies
LM, E signifies CSM

RADAR DATA

when the radar Measurement is obtained (3-, q - l)

R^«- - Relative range fro'.a CSM to LM at the time of taking

R - Ranrre rate betveen CSM and U-i
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Engine Select (? )

Sll * °
Descent F.ior.alfrJ.rra System (DPS) or Reaction
Control G,1: r'-oei.i. (l;CS)

Inflight. Self Test Coutiol (S )

S,0 - 0 reset en or indications

test successfully completed

log i c 11; o L, fa i In r o

rucrir.ory tc;>t fcu.1u.oe

leruc v.iiC. j-.;r?^ory test 1

12

,12 = 3

= hl£
- 7

'
!2

Store Tjandin^ Azimuth anO sst I;jtr

S, -. ~ 0 Ko store

ai* u r ace

13 Store

navigation Initialization (.S,i )

SlU

In:Itiali%a.r.ion cor^plete

Initialise 111 v.nd CSH using FCJNS data

itiplixe GSM usin^ DIilDA dr.ta

Radar IXita (s )
*>,/

no radar ch-;tu

store I?'I 7, axis tlij-ccfcion cosirif;
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Pose 9

CDK Apsid^l Crossing Bc3tction (S

psr."o:"i?, OTfl h,?.

lino o.f &psidec

,< ~ 0 parrot C)1H i^nauvco • £.t firot crossing of LM orbit
16 L

/

S1>- - 1 p-ei-rcri,i CDH i.-fuiGuvor cvi; e;ecc^nd crossing of IM orbit

line o"" Bpsidcn

Elliptical or Clrculci1 O/.-liit logic (S,7)

! S17 = 0 elliptical orbit lo^ic '

S » 1 circular (rnr-'.r circular) Gi-bit lo^i

Altitude rate readout (Srr)

S^c ™ 0 Delect £\ltitude i^ate rcxictout for Ixmar missious

S,-,- =s 1 celect altitude rate readout for earth missionsi>5

The pririary ontuuts of the IM/AGS are the attitude erroj.' s'gnals E , E , E end
J. , ... ^ yJP j,

the engine OK/OFF signalse In addition ie:.vny quantities ara available for

via the DilDA and telemetry. Refoxsnee 1 contains a shoi'fc list of these quantities

The overall list vrill be presented in the Pro^rasnsd Equations Docunsnt.



•̂° COORDINATE SYSTEM DEFINITIONS

Prior to lunar landing the 1,10011 centered inert it11 coordinate system used by

the ACS system is defined in the following n^nuer.

Ths X axis passes from the center of the raoon through the nominal

lunar landing site. Tne 7, axis is defined in the dovnrange direction

parallel to the CSM orbit plane arid obtained from the equation

W x U, where W is the unit vector perpendicular to CSM orbit plane
—c —1 -c •
ancl U is the unit vector in the direction of the X axis. The third

component is defined in the direction of tha cross product of the

above tvo.

After landing on the moon and prior to liftoff a new coordinate system is es-

tablished which is defined exactly as above except that the X axis passes through

the nominal launch site rather than the nominal landing site (inertially different

because of the inoons rotation). It' an inflight ali^n is performed the coordinates

may be oriented in any orthonorr/_il manner so long as the XZ inert ial plane lies

within 80° of the LM orbit plane. Reasons for this restriction are discussed in

Section 6.3-7.5.1.

The LM vehicle body axes denoted by X , Y , 7> are oriented as shown on
—" U ""-U "U

Figure 2.3. The direction of the arrows about the vehicle body axes unit vectors

indicate: positive angular rate (P.Q.R) and displacement (<YY, op
v, or7). The

' A A Lt

direction of the arrows alone ̂ e axoa indicates the direction of positive trans-

lational acceleration and velocity (V,̂  , V_ , Vf7, ),Xb ID &u
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5-1 Timing of the Fl ight Equation Computations

In the equation flow di^rans of Reference 2, the 20 msec- computa t ions , the UO

msec computations, and the 2 sec compulat ions are shown in separate diagrams. Unless

otherwise indicated the following figures are those of Reference 2. Figure

3-1 is a systems diagram of the logic connecting the three sets of computat ions. The

important decision block:.; in Figure 3 * l j from the standpoint of the correct inter-

lacing and proper sequencing of the h-Q msec computations and the 2 sec computations

are labeled C ensures that the ho lusec computat ions and the 2 sec computations take

place in a l ternat ing basic 20 msec periods. The 2 sec computations are split among

the 50 unused parls. When Cycle B is selected "by C,, the branch control decision

block routes the program to the proper set of equat ions.

Figure 3-1 show's only those portions of the logic and the equations v;hich are

hardvi red. Included are all of the 20 msec computat Ions, and the Uo msec computations

and only portions of the 2 sec computations, inc luding Branch r;0. The remainder of

the 2 sec computations wil l be fitted by the programmer into the .rer.air.ing unused

portions of every other 20 Msec cycle between Branch 3 and Branch 50.

At the conclusion of the computations in a particular branch (except Branch 50),

a dummy variable Q is set to the number of another branch, and then at point fc) of

Figure 3 - l > the branch control is set to route the program to this block of equations.

This means that the next time Q routes the program to Cycle B, the branch control

switch will route the program to the block of equations selected at the end of the

previous 2 sec computation. An exception to this sequencing is Branch 50. Counter

(!,„ counts the number of 2 sec coniputations. Immediately following the block labeled

Initial Starting Routine, note that u,- is set equal to zero and branch control set

to Branch 50. This ensures that the f i r s t branch of the 2 sec computations will be

Branch 50- Branch 50 is unique among the 2 sec computations brandies in that the

first thing done in this routine is to snt branch control to Branch 1, and' pass from

this routine to Branch 1 without going through point C j . Every time point

is passed, the p counter is advanced. When v i i n ~ f t -9> branch'control is set to 50.

in the major 2 sec cycle, the navigation update equations wi l l always be performed

at equally spaced intervals . The f i rs t Branches .1, ?., and 3* the last Branch, 50,

indicate the order which the computat ions w i l l be performed. As previously stated,

all rer:ai:;Ir:g 2 sec compula t ions must Lo prograr~~ed in Branches •'- to ';9-
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5-2-3 2 Sec CompntatU> ns

(1) Decision logic for ACS ^uidancc functioning

(2) Navigation updating from previous 2 sec cycle, i.e., the integration

of velocity and position (dcl.ect.ion of ullage)

(3) Initialization of LM and/or CSM ephoMoris, if DEDA or do\mlink

initialisation requested .

(h) Calibration using a 2 sec sample data sci vo loop for nulling gyro

non-{g-sensitive dr i f t , when DEDA. requested. I>jring inflight calibration,
! '

accelerometer bias is also nulJcd.

(5) Radar data processing; reestirn.tion of the LM ephemerls

(6) Computation of landing azimuth on command via DSDA

(7) Computation of orbit insertion

(8) Computation of Coell5.ptic Sequence Initiate (CSl) bxirn

(9) Computation of Coelliptic Vianeuver, CDIi Burn

(10) Selection of best of trial values for CSX burn and CDH burn by

evaluation of the error function

(11) Calculation of direct intercept transfer orbit (TPl) using

p-iteration routine

(12) Computation of an External AV maneuver

(13) Computation of velocity-to-be-gained. V.,, and desired vehicleu
thi~ust direction

Computation of altitude, altitude rate and body Y-axis velocity

every 2 sec arid interpolated for output every 200 msec.
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This section contain-1;; the navir.tivt: description of the flight equations. Unless

otherul.se specified a.'ll f igure s went ionod refer to those- of Reference 2. The blocks

of equations contained in dashed lines c x o those provra^ireu in the h?:.rdvired memory

of the computer.

6.1 20_Mse«_ComputfLtiori:i -

6.1.1 Senso

The 20 msec conpututionc be^In on F^r.uvo 3-.?. At the top of the page a check is

made on At to Insure that the equations are calculated every 20 wucc. KJKCS Euler

Angles, Gyro Data €.r«\ Acceleraneter D,\v'ca are picked up and appropr lately stored.

The first calculations are to conspate the velocity increment;-; over a 20 msec cycle.

The accelerometer data is in the fom of pulses and c.n f.ccuriulation of 640 pulses

per 20 msec indicates no acceleration, '/'he equations subtract 6̂ 0 pulses (IK?) from

the number of • pulses accumulated and the remainder is the net pulses around a zero

acceleration. The net number of pulses is then multiplied by the appropriate scale

factor (lKl8, 1K20, 1K22) to convert pulaes to ft/sec. These scale factors can be

varied according to ASA calibration measia-eu^nus. In a zero g environment the

accelerometer may not output exactly 6̂ 0 pulses so this biac- is compensated by the

constants 1K19> 1K21, 1K23 for each acceleron.oter respectively. These numbers are

also obtained and varied during calibration.

Following calculation of the velocity increments a check is made to determine

if the equations are in the inert ial reference mode or the align and calibrate mode.

The latter mode is entered if 5.-,,, > 3°
UO

6.1.2 AliKn_or_Calibrat ion^Mode

If in the align rfiode the equations deternlne vhicji specific submode and act

accordingly,

6.1.2.1 1̂  Align

If an E-[iJ align is being done- (S - 3) the lo^.Ie flov proceeds to the top ofuo

€"X
8)) vhere the diiection cosine orthonormality corrections
-^

(E,, E , E ) are zeroed. The IGNCS KuJer an^lc inputs (pulses) r.ro then con

to radians by the conversion constant JK25- Operation on tliese anr.,les yields
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ths desired direction cosim-.';a , Gipv a"nn? a v i p j

direction cosines are obtained tovard the bottoia of the p-'-.ge. Detailed inform-

Aa . , , Aa-n i ,1 :•- 1> 2 1 3 pro then set equal to zero. These quantitiesij renr 3J rem- ^ - - • '
vill be discussed later. Suffice it to r;r.y that when t,ny all&nicerit is pox-formed

whicli is the same as if the inertial i-efcrcnee mode had been selected (S . < 3)-ou

If the lunar align mode has been selected (3,,^ K U) ou Figure 3-2 the logic

flow is to the gyro coinpcmsation bloc];. lunar alicn is discussed in detail in

Section 7«1»3«

The lunar align mode luechanixed irj the 111 AGS is the- backup alignment system in

case the RJ1ICS is inoperable after the 1M has sycccs&rally landed on the lunar surface

If the KJIICS is ope rat ins, the lunar alignment is pjrfori^cd by c°irio into the D-HJ

align equations.

Basically the lunar align equations compute the [A] transformation matrix

(matrix of body axis cosines) vhich relates the vehicle body axes to the computational

inertial reference system, so that the X^ Y, Z computational inertial frame coincides

vith a selenocentric coordinate frame. This selenocentric coordinate system is de-

fined with the X axis along the lunar local vertical positive outward from the lunar

center, vith the 'L axis direction conceptually obtained by crossing the unit angular

momentum vector of the GSM orbit vith a unit vector along the X axis. The lunar align

equations mechanize a lov gain filter to compute the desired [A] matrix from the com-

pensated acceleroir/iter output for leveling and an aximuth reference update constant

6., for the azimuth reference. These equations are computed in the UO msec com-

putational cycle and are slioim on Figure 3«8» Detailed discussion of the equations

is presented in Section 7.1.3*-

For lunar align to function properly the direction cosines must have been stored.

soon after IM touchdovn on the lun-j.r surface by the setting of S -- 1.

6,1.2«3 ££J3y Axis Align

If the body axis align mode (Sm.- 5) has been selected the logic flow is to

©
OJ

on Figure 3-5 vhere the direction cosines are initialized as

&,, - a^o ~ 1> n io =: f - , o " P'o-i :-: a
Pp :~ Ot 'irri0 roir:?,inins direction cosines are com-

puted from these; near the bottom of the yo^e. This alignment procedure forces the X

inertial f i x i s to l:k: aloi-y, the X body axicj th.e Y incrtii;! axin to lie alon^ the Y

body axis and the ?_, inerLial axis to lie alon;-; the 7, body axis. This alignment inist

be constrained that the X7. inertial p]^;ne lies vi.thin 80" of the IM orbit plane, re-

tailed discussion of the mode lr> coatalnc-d in Section 7*!°1- fj-'h;"; logic flov again

arrives at point Mi- of Figure 3 ,5»
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(̂ n̂  ~ 6,7) then the lunar surface fla

6 -. is checked to see if the IM IE; on the -lunar surface (6 r: I) or in flight

g

of equations and as in the inertia! reference mode to point (EAJ on figure 3-5. The
V.^^^

actual calibration equations and techniques are discussed in Section 7-2 of this

report. S»n should NOT be set to 7 when on the lunar surface,\j\j
6,1.3 JCnejrt i^^R^^^J^cjlJl0^

If the equations are in the incrtial reference mode the logic flow is to the gyro

compensation "block at the bottom of Figure 3*£* Thr* purpose of these equations is to

obtain compensated values of the gyro inputs. In order to achieve greater accuracy Jn

the equations a form of double precision is used in th:--se calculations. For con-

venience, the following discussion is concerned \ribh the X'axis gyro. The equations are

similar for the other axis except as noted belov.

The double precision operates as follovs. The quantity Arx is calculated at* x rein
a quantization level of 2 . In calculating An- (the compensated incremented com-

X -16ponent of rotation about the X body axis) only that part of Aa that exceeds 21 • J - x rem
is used. This part is denoted by Aa i . ~~l6. Then for is recomputed for

x remp 2 x rem
use in the next computing cycle as Aor _ - Ao- 0-l6. Thus the part ofx rem x rein x rem
not used in the present cycle is retained for use in the nexb cycle. The three

equations under discussion are

to = to + K* + K^K* (to . - id) + K l, AV -x rem x rem 1 2 3 xi . ( 14 x

to=Kl(Axi'.-K,, )-t-Ao'.-H&O' i . _ -16
x 2 v xi Y xA x remp 2

*
Ary -to - Ao/ i. 0-l6x rem x rem x remp 2

These equations do the following: The rav X axis gyro output (Ao- .) is received

in the form of pulses. In any given 20 msec computing increment n zero angular incre-

ment vould be indicated by reception of 6HO pulses (K-,). Thus a negative angular in-

crement would be detected if less than 6HO pulses vere received per ?0 msec and a posi-

tive angular increment if more than 6HO pulses per 20 msec vere received. Multiplication

of (to . - JC ) by the constant 3K2 converts the rulse count to rivlians. Multiplication
XI (

of the angular increment 1K2 (A.-y ., - Kv) by the coustarit ].K3 for/i'-S a correction for the
-*wj- i

attitude rate scale factor error of the X gyro. This quantity has added to it" the

gyro drift compensation constant 1K1 and the quantity IK.l̂  (AV.). This latter term is
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the correction for X spin axis mass imbalance, Thiy correction term 3.5 required "because

an Imperfect gyro when accelerated vlll giv;j indications that the attitude Is changing

even vhen it is not* Terms such as this do not appear in the Y or Z, Gyro equations

because error analyses have indicated them to be imiiecer^ary. AT/ is then formed
x. reia

as the summation of all the terms .lust discusr.od and that part of t'i<y of the previous
I ' x rem

computation cycle that did not exceed 2 "J

summation of correction terms to the yu\; gyro iupu.t. To obtain the compensated gyro

input used in the navigation equations ('w ), the part of Arv that exceeds 2 radian:
X , x rem

is added to the raw gyro input coiiverU.;! to radians [l\r'(fa_ . ~ Ki)]« In addition the

alignment error Arr . is added. This last terra is u^ed vhen e. lunar align ic being per-

formed and is zeroed vhen any other node is entered. Following this calculation the

Acv term is set up for the next coi; iput_f_ng cycle by subtracting from Arv that
x rem • • 16 ' s~\ x rem

part of /Vv greater than 2 . The flow logic then proceeds to (AAj on Figure 3-3-
""'- - - ^*^^*r

On Figure 3-3 a check is made on the magnitude of the angular increments per 20

-6
sary to gain precision in updating the direction cosines. Scaling at 2 is necessai'y

to obtain the required dynamic range of rotation about each axis (̂ 25°/sec). Switch-

over of the scaling occurs at approximately 5/sec, The LM usually rotates at a rate

less than 5*/sec so that the desired precicion is obtained. The logic flow then

proceeds to (AI)) on Figure 3-1!.

Figure ^.h contains the equations to update six of the nine direction cosines based

upon the compensated gyro inputs as just discussed. Error tenns (E } E , E ) are used

appropriately to keep the direction cosines orthonorinal. In addition direction cosine

remainder terms are added to improve the computational accuracy due to the higher

scaling used on Figure 3'3- E , F and E are then set to zero.

Regardless of the mode of the equations (Figure 3-2) &H logical paths arrive at

the point (BM on Figure 3*5" Here the remain ing direction cosines a , a , a are
—̂̂  . » " ~

calculated from a , aip» ai-^j r-~>-|j aoo' ao-j ̂ Ich .̂'ore evaluated previously in e mariner

depending upon the mode of the equations. With these direction cosines the velocity in-

crements obtained along I-M body axis (from the accelcrorr.oters that are mounted on the

body axis) are transformed to X,Y,?. Inerlial coordinates. These velocity increments

are denoted by AV c., AV o, AV resroctivcly. Thlr, group of equations are the last

computed in the £0 msec subcycle. At the bottom of Figure 3*5 the "'decision is made

to proceed to the 'iO msec computations or to the 2 second computations. These paths

are alternately selected.



At the beginning of the h(.

are computed. A discussion of these quantities find, several associated quantities is

now presented. Appropriate definitions are:

V is the accumulated velocity vector updated every hO uisec
—d " '
V is the accumulated velocity vector vhlc!' is updated (set equal to

V ) every 2 seconds
-a

V is the regaining velocity to be gained vector (computed every 2 seconds)
-~G

is the total velocity that must be gained and cq.ii.alc the sum of the

velocity already gained V and the regaining velocity to be gained V .
™±) —G

This quantity io calculated every 2 seconds.

is the velocity to he gained vector thit is updated every 1;0 msec and

is computed, ac V - V .
-S "d

The follovring chart shovs the relationship betv/een these quantities. For simplicity

the quantities that are updated every tO msec are depicted as beinf/ updated con-

tinuously. Also for simplicity the vector notation on the quantities is dropped. • '

vg

AV—g

velocity
(fps)

V . V
G' D

i
Tim

h A l6

En-ino Cutoff



Thc> - junnt i t ies nrc ca ).eul:iix>d this vny so t int the cnni.no runy be shut o f f

uron current infonr.'i tlon (AV ) ra ther Lh-.n inforh^txon thnt mny be up to two second
~ G

olti (V )• Note thai since V should - increase by UK- same nmount that V decreases
-G ~D , -G

every two seconds the quantity V rc<i;". Ins consi>uit., Thus, the velocity remaining
ti

to be gained (calculated o f ioh to rrr;cc) 3 r, r ead i ' y computed as

AV » V - V

velocity to-be- conr- tant velocity already gained
gained. updated every UO msec

In ' the first bloc!; un Figure "J.6, the ' i ivncity V (for- exemple) is computed as

V * V, * AV + AV
dx ux x tn x,n-1

which in words r/io'ns; set the x component of velocity n 1.ready- gained equal to that

gained up to HO msec ago plus the velocity gained in the latent c'Q msec computing

cyC'l f,- i I us the velocity g?»i nod 5 ri the: se'oond previous ?0 msec cycle.

6 . ' f ' . I Es tabl ishing Vehlc i e Statue

Following these ca l cu l a t i ons , the status of the f; discretes is checked.

Every hO msec the j3 discretes are examined to determine the appropriate mode of

operation for the computer.

Several checks are made to determine the status of the 114 vehic i.e. These

checks ascertain whether the descent section has been staged, or whether the vehicle

Is on the lunar surface. The first check is on the <S f l a g which is eri.ua 1 to one i f ,

the descent section has been staged. If the 6 flag has not been set to 1, then ' the

p, discrete is checked to see J f the ascent engine is on fc, " l). If the ascent

engine is not on, then the status of the vehicle is ess fanned to be the same ES in

the previous hO msec cycle, Hovrever, if the ascent _eng5ne is on, then ft is set

to 1, meaning the descent section has staged ana 6 is set to 0, Keening the LM

is not on the surface of th.e Moon. S is set to 1 so that the" vehicle goes into
0\)

a guidance steering mode of opora t ion . This i* done for the following reason.

Prior to lift-off from the lunar surface, a lunar align may be performed. It is

desirable to perform this align, unt i l . no;:n.nnl l iftoff t ime . Thus, instead of making

the astronaut take the equitions out of the lunar align mode (switch S from h to l)

The reminder of the ria\r in. the !;0 msec r rhcy

e y . H (tin's document). 1a.i K dingTarri IG very u

of various switch settings.
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Regardless of the logic flou path just taken, a check is ruacle on Soo to see

if the system is in an inertial reference mode (s < 3) or in the align and

calibrate mode (S,,~ > 3)« If in the align and calibrate mode, zero attitude

errors are output. If the specific mode is lunar align (S - k) a check is

made on Sq (abort stage). If an abort stage is occurring, the equations switch

out of the lunar align mode by sotting S to 1 and go to the attitude hold
: . (j(J

equations. If 8̂  - 0, the logic flow proceeds to Figure 3*8 where the lunar
x"-v

align calculations are done. The logic flow then proceeds to point fCEl on
/** "*̂  ^+*B*r

Figure 3-7 vhere the engine discrete is set to OI-'K. fCEJ is also the point to

which the logic flow proceeds if any of the -other align or calibrate, modes are

operating. The check of S against h at the bottou center of Figure 3-6 deter-
\J*J

mines vhich of the above paths are taken.

6.2-3 Steering Modes

Prior to discussing the logic in the center of Figure 3-6, the various

steering modes are considered. The- result of all steering mode calculations are

attitude errors about the LM body axes denoted by E , E and E . Derivation of
X y z

the equations for these three quantities (in the various steering modes) is con-

tained in Section ^.h.I of this report. A general description of the equations

is given here.

6.2.3.1 Att itudc_Hold

The-"object of the "attitude hold" conations is to generate steering

"commands such that the vehicle maintains the inertia! attitude existing when

the attitude hold mode is first entered. This is done by utilizing the 6^ check

at the top center of Figure 3-6. When the attitude hold mode is first entered,

bf- equals zero. This causes the desired pointing directions X and Z to be

established as the present pointing direction of the vehicle X, and Z, respectively
»

In addition, the flag 6 is set equal to 1 so that in the future the operations of

setting X e X arid Z ~ Z, are "bypassed. The attitude error signals are then
—iJ —-0 —JJ —u

computed as

K --- - y -7,
X ---b =D

K = - 7, - y
X' ••-b --T)

vhich are all zero the f :u st
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6.2.3.2 Guidance Steering

The object of the "guidance steering" rcodc of attitude control is to orient the

IM thrust vector along the desired thrur.t vector. The T.M thrust vector is actually

oriented differently depending upon which engines are "being used. The RCS engines

are mounted along the "body axe;-; so that if t h rus t i ng is done with the X axis thruster•

the thrust vector vil]. be a.long tlie X tody axle. If the DPS engine is "being used

the thrust vector is again along the posi.ti.vi;- X "body axis. However, if the APS

engine is used the thrust vector is displaced from the LM positive X "body axis "by

approximately 5 degrees downward (toward the positive Z body axis) in pitch and

2 degrees toward the positive Y body axis in yaw. Thus, steering commands must be

generated, depending upon which engine is used. These equations are derived in

Section 7A.I and are

E = - W • ?vx ~c -b
L-

V -» 7 * Yfcy ' ~b --bD

E - Y, ' X n7. -b -bp

when tlie DPS or RCS engines are used. These equations appear at the bottom of Figure

3-6 following the logic path S ~ 0 and ^ - 0. They appear slightly different there

but are equivalent to those above. For example, £ is calculated, as

E - E - (Z, • X_).
y y . ^A> -T)'

v/hich In words means, "pvit into cell E the previous value of E minus the value
„ y y

Z • 3C". The previous value of E is zero (set to zero at the top left center of
~D —u y
Figure 3*6) and X_ ~ X so that the resultant value of E is—u —Q jj y

P - _ 7 . Y£. — — £*, A, _
y — b —bD

These equations drive the positive X body axis to the desireel thrust direction and the

positive Z, body axis perpendicular to the angu.lar morK-ntum vector of the CSM orbit

pointing toward the lunar surface (down).



05952-6076-TOOO
£5PdS- ̂

If the APS engine is used the attitude error equations are (following the

path of S,, « 1 or Fv r, l)XJ. d j
E r es - W^ ' £1, - J

E - K.!' (X * X ) - (Z * X )

r̂  '• \

II
In the equation for E. the DEOA Jnpat constant hac been added to allow S band com-

f±

munication during the orbit insertion phase of the lunar mission regardless of the
k

landing site chosen. J is entered in degrees end should be limited to less than 1̂-0°

due to accuracy limitations* A positive value of J will drive the positive LE-I 7.

body axis toward the negative C3H angular momentum vector* Care should be exercised

in using this parameter if the desired thrust direction of the LM is nearly colinear

with the GSM singular momentum vector. In this situation "the attitude error equations

(for nonzero values of J ) will tiy to drive the r/< body axis to a physically un-

realizable position thus causing the vehic3.e to continuously roll about the X body

axis. If this situation occurs at all it probably would be in the final phase of
k

the mission where a value of J == 0 should be utilized.

The logic check on the switch S-.-. followed by the check on 0 at the bottom of

Figure 3-6 appears at first glance to be redundant since S should be switched to 1

when the APS engines are used (p = l). This logic has been inserted .because R is 0

until the AP3 engine is turned on at which time it is set to 1. Thus up until this

time the desired steering would not consider the canted engine. In order to over-

come this the switch S has been inserted so that the correct steering will be done

prior to the initiation of the APS burn. For long APS burns the insertion of the

S switch would not be necessary; however for choib duration burns inclusion of

this switch is mandatory.
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- -. . 6.2.3.3 _

The-purpose of the "acquisition steering" i.-iode (£'»oo - 2) of attitude control ic

to point the positive Z body axis of the TM in the coiuj-.ited direction of the GSM. This

mode is used prior to taking ratio, i data. The orror equ^tlonr- are computed as

• • - <lj — *"U *-S T\I x —t) —bl)

where Ẑ  is the desired pointing direction of the IM Z body axis. In this mode then,

the Z axis is oriented in the direction of the CSM arid, the X body axis Is oriented

perpendicular to the angular momentum vector of the- CSM. If the CSM is ahead of the

TM the X body axis will be ebove the .loc?l IM horizontal plane and if the CSM is

behind the LM the X body axis in.Jl be belovr the local horizontal plane.

6.2.U St^erlns_Kode__DeciKion logic

The remainder of the logic in I'it'ure 3-6 is now considered. At the upper left hand

side of the pâ e the follov-up Has ?)o i^ checked. Consider the situation where B_ » 0.

A check is then ir̂ de on the "Auco" discrete R, . If Q^ - 0 (attitude hold) the flag

6^- is set equal to 1 and the attitude hold equations are then computed. 6 _ Is used

on Figure 3.7 to control the logic flov. The result of 6 being set equal to 1

maintains the Engine ON/OFF discrete in the statue determined by 6 or 3 , That is,

if either ft or 6 equals 1 the engine discrete Is set ON, if not then the engine

discrete is set OFT1.

Back on Figure 3-6 if the f>j fl-'g equals 1 (rather than 0 as just discussed) then

the "abort stage" discrete 0 is checked. Consider first the case where no abort stage

is commanded (& = 0). Immediately folloving this the lunar surface flag 6p1 is

checked. If on the lunar surface (6yi
 rr l) ̂ -̂ 'O attitude errors are sent to the auto-

pilot and the 103ic flov proceeds to joint (CCy on Fi^iue 3-Y vhere asain the engine

discrete is determined by the status; of fi and 8 . If not on the lunar surface-

(6 = 0) the abort discrete (fy) is checked. If 8̂  -^ 0 then again 6 is set to 1

and the logic flow proceeds to attitude holdt If the abort discrete is 1 then either

attitude hold, guidance steering or acquisition steering is done depending upon the

setti'ng of Srv-..



- - 05952-6076-U'OO
I'age 27

i

11 ie only other alternative rennirmi^ Is IF ;<n abort stage: command, I .e . ,

P - 1. This appeal's in the center of Figure 3-6. If the I,M is on the lunar SIT-
')

face, f". ,. lr> set to 1 and the Lo&ic flow I r.; to the c.ttltude hold equations. This
(Jvj

rnme- logic flow repeats every ];0 msec unti l the: "styling recognition and remove

lunar surface signal" logic on the Left-hind side of Figure 3-6 is exercised as

discussed above. That is, when the ascent engine eoiiies on (H *- l ) > 6 is set

to xero so that following the ft ~ 1 check at the center or the page, the check on

*i now sends the logic flow downward toward the p, chock. Since $f was set to 1,

the logic flow proceeds to the u,- counter check, u, is incremented by 1 every 1{-0

msec. The vehicle stays in attitude Hold until \\,- exceeds 'iK32 at which time the
o

logic flow proceeds to the guidance steering equations. If the abort stage had been

set in f l ight wi th the ascent engine off (3 - 0), then the u logic would be by-

i«ssed (until P = l) and the nominal gu idance steering continued. The purpose of

the u., logic is to allow the vehicle to automatically be in attitude .hold as the

vehicle l i f t s off the lunar surface and during staging. After a prescribed amount

of time (controlled by ^K3^), the vehicle vl 1.1 orient to the attitude defined by

the guidance steering equations.

Consider now again the check on P « In this instance, let the ACS be in follow-

up (P = l) • If ft, = 0 (altitude; hold), then the attitude errors are zeroed arid the

logic flow proceeds to (cC\ on Figure 3.7. If p, - 1 (auto), then A is set to 1

and the attitude errors are computed for display purposes. These error signals are-

inhibited by the autopilot so that the vehicle will not act on them but they way be

used for display purposes.

6.2.5 En£tl»ie_OT/OFFJ^ic

As already indicated, there are four exits from Figure 3-6. These have all been.
v"~-. /"N

discussed above with the exception of the exit to i C A ) when * is zero. (CAj appears

on Figure 3-7. If V ir- '^ero and the mode of the computer Uw-,) is not in "guidance

steering", then the engine is comimnded OFF. If , however, C =.1 (guidance steering)

a series of checks are made to determine the proper status of the engine discretes.

First, the ullage counter is checked. If this counter Ins not accumulated to the

value 1K9, the engine discrete is set OFF. If Ho "' 1K9, then a check is rr.ade on the

velocity-to-be-gained in the X body direction. If this (as computed every Ho msec)

is greater than the value hK2lj (engine shutdown ir.ipiJ.se), the engine discrete is set

ON. If less than to5, e. chock on total vcO.ocity-to-"be--gained is mv.de p.gainst HK26.

equal to V,, near tlic- cue! of ci'ch ^ second co:.i£-utlrg increir^nt. If AY,,
' G "

the engine discrete is set ON. IT less th-.n liK?6, the ut-titi.ide



Ifcge >ft

hold mode is entered; S , Ir, sot to zero, the ullnp.e counter Is reset to /.ero find

the engine discrete is set to OFF. The attitude hold mode of o j^ ra t ion J s entered

prior to engine OFF because the residual V vector could i-OJ.nt in nny d i ree t lon and
' G

it is not desirable for the vehicle X body t ixlr ; to try to point in this prb i t r«ry

direction.

Tue; value of kK26 lias been tentatively set at 100. The reason for the check, of

AV against 1&K26 is to gonrd ngaiust the situation (tbo.t iray occur in =in abort) when

the vehicle attitude in poorly oriented, and the velocity-to-be-galned is large.. In

this case AV „ (the quantity that is used to actually shut off the engine) could be
Sj-

negativt: yet the desired condition is for the engine to be ON. The check of AY
G

against 4K26 insures that the desired conditions nrc obtained.

The remainder of Figure 3-7 fc^-s i'0 ̂ ° v?5.th outputting BE DA words and generating

quantities E, > E , E . These three tenv-K r^re used for the orthonormal corrections
J- j ^_5

to the direction cosine matrix os derived in Section 7-3-1 of this report. The

reraaindcrj of the kO Ksec comi^utations are done on Figure" 3*9 '-'here sin o-, cos nt

sin y, cos v are comjxited for the FDA1 and sent to the D/A converter..
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6.3 Tvo SecoiuL CoppatatJ.on:>

The- equations utilized In the 2 second co:iiputation interval are selected by

the logic on Figure 3-2Y called the "Executive Bivnch". The selection of equations

depends primrily upon switch S,j( which bus the following settings.

Initialization Complete

Initinli'/e IM and CSM via Downlink

Initialise IM via DKDA

ia.lî e CSM via DEDA

If the switch setting for S ^ is cither 0 or 3 the equations utilized in the 2

second computations are those beginning on Figure 3-12. This is the usual mode of

operation. If however, 3,^ is 1 or 2 then only the equations tĥ .t appear on Figures

3-10 and 3-11 &re solved in the 2 second cycle. In other v.'ords no guidance com-

putations are done in the 2 second computation interval vhen S.. . is either 1 or 2.

Prior to discussing the initialization, equations it is appropriate to explain

the navigation techniques for the CSM and IM,

6 .• 3 - 1

The CSM position and velocity at any time is determined by utilization of a

subroutine called the "Ellipse Predictor". This subroutine (explained in math-

ematical detail in Section J.k.2 of this report) has the capability of accepting

position "and velocity of a vehicle at any tiine, say t , and determining the position

and velocity of the vehicle at any other time, say t + T . Here T. can be either

a positive or negative number. The prediction of position and. velocity is based
o

upon the assumption that the acceleration due to gravity is of the form k/r where

k is a constant and r is the distance from the center of the attracting body. This

form of the gravity model will hereafter be called "spherical". For the CSM, _

ephemeris information in the form of r , V_, and t is stored in the computer. Here
—- hi — iii ~ i'j

rT, is the CSM position vector at the epoch time t and V,.. is the CSM velocity vector
— £1 " fj "~i'j

at the epoch time tL1. Thus, if it is desired to know the position and velocity
Jj

of the CSM at say the present time t then the CSM position rv and velocity Vl? are
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input to the "ellipse prec'Jetoi f i subroutine a"'or>^ \/ith the tlhie interval

t =? t - t . The out pat of the ellipse predictor is thrii called r and V , the
U l!j " - • ~C •—C

position and velocity of the CSM at tirrj t* Note that the epoch point is not up-

dated to the present time tut rather that the original values of r_. V_ and tT,... • —E' -E K
are maintained. The only tir^e the epoch point for the CSM is changed is when new

ephercsris data is obtained via dovnlink or DEDA or vhen the epoch point is greater

than 1 orbit old. In that cc.cc the epoch position and velocity is updated (hoot-

strapped; Figure 3'13) one full orbital period. This is done so that the quantity

time does not exeeed the computer scaling.

6.3*2 TM Navigation

The ''ellipse predictor" subroutine as discussed above does not take into

account any acceleration of the vehicle other than that due to "spherical" gravity.

Thus the technique used for CSM navigation'is not valid for LM navigation since

the LM vehicle goes through various thrusting phases. LM navigation is done by

integrating the equations of motion of the vehicle in a central force field. In

this way external accelerations (other than gravity) can be entered when appropriate.

The only time the ellipse predictor subroutine is used for 114 navigation is vhen

new LM ephemerls data is obtained and this data must be updated to the present

time. Of course for the updating to be valid no LM thrust acceleration can occur

"betveen the time of the ephemaris point and. the present time.

6.3*3 Ncivigat ion Init ie lizat ion

Reference is made to Figure 3.10. If S ̂  is 1 then a CSM and IM ephemeris

update is to be performed utilizing information obtained from the LGC downlink

via DSKi" command. Th5s information is converted to the correct format and stored

in the DEDA cells. The quantity t, (to be discussed below) is set to zero. If

S,i( -- 2 then the IM epherr.eris is to be updated via DSDA inputs in the form of

constants 1J1 thru 1J7« No nc'.r CSM data is obtained at this time".

S,i is autoifiatically set to y.cro so that in the next 2 second computing in-

crement the normal guidance equations \?ill be utilized- Also the present time,

t, is incremented by 2 seconds. The follovring quantities are' obtained for the LM
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orbit from the "orbit parameters fAi.broutjno" thit appears on Figure 3.15. This

subroutine computes orb Hal elei,:;uts fio^ equations described in Appendix A of this

document.

r - distance of I-M ivou1. the center of moon

iff - semi major axis of I.M orbit

i "H - IM mean orbital rate

; C - product of LM eccentricity and coi-ino of eccentric enoir.aly

S - product of IM eccentricity end sine of eccentric anoinaly

Definition of these tenns is contained in Appendix A.

Figure 3-H indicates hov the IM epliemcris data is updated to the present time.

First the quantity T is calculated vhich is the tihvj increment from when the

data was valid to the present time. If the vehicle is on the lunar surface (6 = l)

then.the position vector is updated simply as

l r = r + V '}'--o —o i

V -.= V—o —o

If, hovever, 6 is 0 then the present position and velocity of the IM is obtained

via the ellipse predictor as indicated previously. Following these updating cal-

culations several quantities arc calculated for use in the next 2 sec competing

Increment.

This completes the initialization,, routine and no additional computations are

done in the present 2 sec computing Increment.

If S... is neither 1 nor 2 then the tvo second computations begin on Figure 3.12.

The purpose of the equations on this page is to obtain the LM position and velocity

based upon the sensed acceleror^eter AV's and attitude, accumulated during the 20
*

msec computation cycles,

If the IM is on the lunar surface (6 *= l) the- accumulated velocities (V,)

and the gravity integral AlG are set equal to zero c.n-d the "navigation update"

equations entered. If no I on th~: luiuu- surf('.'C.n; thrust acceleration Is

Obtained by differencing accumulated velocity along the X body axis this cycle

vrith. that 2 seconds ago and dividing by 2. As explained above"V is

the accuinulated thrust velocity along the X "bo-dy axis valid at the



present tirce find V is that valid 2 seconds in thf: pur.t.
2

Or, is checked against constant *iK32 (--1- f'ps"). If o. - J!--C35j the ullage counter

is increased by l. If v < Ji-K35 the u!1p;;o counter (pro) is cot to aero. Avg is the
j. O o

sura of the absolute values of the components of senocd velocity during the 2 sec

computation interval and is checked rgronr-t the constant 1K35- £f AV# < 1X35 it
ij

is assumed that no thrusting has occurred me] the acciUi.alMicu Denned velocities

-
D

~

(accelerometer biases) arc set to zero. Mureovoi' V, ir; sot ecjual to V-
The first equation in the group of equations riTked "Navigation Update" on

Figure 3-12 psrtains only to the "external AV" guidatice mode of operation and vill

te discussed completely belov. Suffice it here to note that Ar^. is the accumulated

thrust velocity in inerLial coordinates and the equation updates the value every 2

seconds t V is set equal to V, for use in the calculation of e,n in the next 2 sec
—1) " —a. i

computing Increment. Kexfc the T>M velocity vector is vpdated to the present time "by

the relation

V « V + AIG -:- AV0

where again AV is the accumulated sensed velocity in inertial coordinates over the

last tvo seconds and the term AIG takes into account the effect of gravity on

velocity* AJG IE equal to 2 (since 2 sec is the computing increment) times the

average value of acceleration due to gravity in the previous computing cycle which

is assumed to be the value of acceleration one second ago. Pictorially

Acceleration
due to

gravity G

KBUific to be average vali'C

n-1

n~]

-—\r--
2 cec

n 11 0'-

1 oec
x/—

2 i;cc
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Thus> the average value of G ic couputed to bo G -: --- (a - G _ ) |. When this is
L""U d ~ii "ll-J, J

multiplied by 2 sec to obtain velocity the expression

AIG = 30 ~ C .------- -n -n-1

is obtained. The vector velue of C-:- is obtained by the e;-:pres;;lo?i

3 'r
r

vhere U, is the radial unit vector — of the LM.-1 r
The value of the IM position vector- ia updated by taking the old position vector

and adding to it 2 tiroes the cwera^o value of the velocity vector during the previous

tvo seconds. ITius

V •!- Vf V t ¥ -j —r-n -n ~l „ ._
r = r + 2 -- p ------- - r -:- V + V
-- L ^ J • — n —ll-J.

*

Following these computations r is calculated for later guldfuice purposes and h is

calculated for display purposes. In addition time is incremented' by 2 seconds.

The logic flov then proceeds to "Figure 3*13 vhere the CSM orbit parameters are

computed from the ephemeris date,.

6-3-5 CSM Ox-bit Parameters

Recall that if S ^ ~ 3 a new CSM ephemeris point is to be input via the DEDA.

At the top of Figure 3-13 a check on S , is made a^dnst- 3- If it is 3 the new *

information is entered and the quantities t and S,< are zeroed. The same orbit

parameters as determined for the IM on Figure 3.10 are not obtained for the CSM

from the "Orbit Parameter Subroutine" on Figure 3*15* Next the CSM epoch bootstrap

Is accomplished if required. As indicated previously if the time since the CSM

epoch, i.e.

t, = t - t,,b K - -

is greater than 1 CSM orbital period then the epoch tii;i? is increased by 1 orbit.

This is

period.

This is accomplished at the bottom of Figure 3-13 where '!'„ is the CSM orbital
v^Ol"!
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The logic flow then proceeds to I'l̂ uro: 3^-);- vfcorc thr. calculations are done

to call the "ellipse prediction subroutine" and obtain the GSM position and vel-

ocity (i\ and y ) value at the present time, These quantities are then used for
~~C ""C

the radar filter, Figure 3-3-6.

6.3.6 Rada r_ Fi 1t or

Prior to discussing the equation flow logic of the radar filter a general
I

description of the r?dar operation procedure is discussed. First, it must be

understood that the radar und the AEA are separate equipment units and in no way

can radar information be accepted automatically by the AKA. Angle information ic

obtained In the computer by "saving" the '/., body axis direction cosines (&._,., aop?

a _ _ ) at the time that the radar gimbal angles are zero. This time is indicated to

the computer when S is set to 1. At this cnme time the astronaut must read the

range tape meter and vitnin 3° seconds enter radar range via the DEDA. This is

entered as manual constant J1-". Explicitly then the procedure is as follows:

.(l) The astronaut sets Soo & 2. This commands the Z. body axis of the LM

to be pointed in the estimated direction of the GSM.

(2) The astronaut sets the mode control switch to "attitude hold" (p. -- 0)

- and by means of the "hand control" the astronaut orients the LM until

the radar gimbal angle on his at.titude display are zeroed. At this time

the Z body axis is pointing toward the CSM. When the "hand control" is

taken out of its detent and pj - 0, the ACS computer automatically enters

- the "follow-up" mode (0 =--• l).

(3) When the gimbal angles have been zeroed the astronaut enters via the DEDA

the appropriate code that sets S - 1.

(h} "Kadar Range" is read from the tape meters and entered as Ĵ -° via the DEDA.

This entry should be made vithin '^0 seconds after taking the radar point.

The radar filter (Figure 3-l6) is a simplified Kalman filter. Derivation of the

equations are contained in Section 7-3-2 of this report. Briefly* the filter operates

by assuming that knowledge of the CSM position and velocity is perfect. LM position

and velocity is then updated based upon the navigation estimate of LM present position

and velocity, the radar measurement, and the relative "credibility" of these two

quantities. This "credibility" is expressed in the equations by the terms P , *%?'

P and a . Definition of these terms are:

P. - navigation position error vari ance

P12
P22
2
c
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To see hOvr the equation logic vorka reference is i;n.do to Figure 3<-l&". In the

first bloc!: of computations the relative range vector R between the CSM and 12-1 is

competed along with its magnitude* The desired Z "body axis direction (Zvn) is also

computed. 'In addition relative range rate, R, is commuted for use in the range rate
' •

filter (described belov) and for display purposes. Bypass the check on R**- for the
/

moment and proceed to the check on 6,^« &,,, is normally zero except vhen radar data
, 12 12

is being taken. That is, when S is set to 1 (direction cosines are to be stored)
'

(the radar range measurement) is set to zero. The logic flow then proceeds to point

E) on Figure 3-17°

Assume, however, that a radar measurement is to be made. Assuiiie also that the

astronaut has lined up the 7, body axis of the LM pointing toward the CSM and he

enters the code setting S --- 1* At this time he notes the radar range on the tape

meter. 6 is set to 1 automatically and S -- 1. Following the flow diagrams it

is seen that a quantity At is computed. This quantity is the time elapsed since the

previous radar pointe Assume this to be the first radar point taken. Then t is

zero and At is some large number. The calculations of P -,, P.? and P have no meaning

since they have never been initialized. In this case At overflows (in the check

following the P. 1, PICJ, P,̂ -, calculations) and the quantities P.. -,, P, p and P are
J--*- _L.£_ £I£. J--L JrC-* £- CT

initialized. If this vas not the first radar point then the calculations of

P,,, P,pj P^p -would be valid. These calculations propagate the error covariance from

the time of the previous radar point to the present time. In this case, assuming

the time since the last radar measurement is not unduly large (less than 2 seconds),

no overflow occurs and the block at the bottom center of the figure is entered,

Here the weighting is determined (w, and V ) based upon range and the magnitude of P,

and PIP- In addition the time of the raxlar measurement is saved as t (for use in the

calculation of At at the next time a measurement Jr. taken) and S-,^ is set to zero. For

later purposes the relative range vector R is stored as R';;- and W, is stored as
"""~* **" -L

W1. This completes the radar computations this 2 second cycle and the logic flow

as previously proceeds to the block where I\--» is set equal to zero. Note that the
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«

navigation v.pcU'/be based upon the i^clar ineasurers'SHt has not IK.CH performed yet. This
-i Q

is done in the 2 second computer cycle that the a:-;tro;iaut enters rodar range as J""

into the DRDA.

Kach succeeding t^ro second computing increment (until the- navigation update is

made) the logic path followed after entering at the top of the p?ge is that or

navigation update is not being performed at the time of taking the radar measure-

ment. If the range measurement has not been entered then the logic flow leaves the

radar filter page as described above. In the cycle that the radar measurement, R-**,

is entered to the computer, R-"^ is greater than zero and the computations at the

right center of the pjge are performed. This is where the navigation updating occurs

The quantity 6r is computed vhich is the difference between the estimated relative

range vector at the time the radar measurement was taken and the actual radar

measurement. This quantity is then used in conjunction vith the filter weights W,

and W,, to update the present estimate of LM position and velocity. This is done
iL

by the equations

r ~ VL 6r -i- r
*— j_-^—- •*--

V = W 6r -i- V

Note that, the radar measurement taken at some prior point in time is being used to

update the present LM position and velocity. Of course the accuracy of this

technique' diminishes as the time between taking the radar measurement and performing

the update increases. Studies are presently being conducted on the maximum allowable

duration between these two events. Until these results are obtained a time limit of

30 seconds has been pHaced on this procedure. After the updating ha,s occurred the

magnitude of the error covariances are decreased since the estimate of position and

velocity has been improved. Moreover 6 , is set to zero so that the radar filter is

not entered again until another radar point is to be taken.

The astronaut also has the capability of entering into the computer the radar

range rate obtained from a tape meter. This entry does not need to be associated
•

with the range measurement discusnod above. When l\*';- is entered the LM velocity

vector V is updated, in the logic path folloved when R**- ̂  0. The logic flow then

leaves the radar filter computations as visual.
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6-3»7 ____
After leaving the r?_d?.r filter pri^c:, the lo^lc ilo." proceeds to Figaro

3«1? vhorc the actual Guidance equation CL-.lcuJUvtio-M b-.;:;\ln<

Entering at the top of l-'igvre 3 •••'-'/ fcovorr.! ct-.j cv."U tlonri are p^rforced

to obtain parameters of the- IM orbit. Specifically, X-M ljor:l^o:uti..l velocity

V, s seini-latus roctua p end eccentricity aqu^e-d (c-C) are coi'iputed. From

the quantities e and p, thy quantity q IK computed vLich-ii; the pericynthion
5of the LM orbit c This quantity later hi-s the value of mean lunar radius. J ,

i P
subtracted froui it. q then is uwcd for display pu-:~po;ieG. If e." is greatei-

-6 , . . , . ' . . ' J- -
than 2 , the calculation of o can exceed it-s scaling in the computer so

20
that q is merely cet to the ve.iuy 2

Immediately folioiTing this cevor-v,! unit vcct.orn arc generated. Eased

upon the present position of the LM (U_ •--• r/|r!) and the .unit vector, W ,
J V—,1 UHP/ |^,l f*

parallel to the angular momentum vector of the CSM, the horizontal vector

V., paredlcl to the CSM orbit plo.ua is gerjercrtcd. Fro;a U and V then the third
™~J- X ~*~J_

unit vector W for the LM ir, calculated. The CS1 and C3JH nirneuver are both

"in-plane" maneuvers so the quantities V and y are .net equal to zero. These

quantities are calculated vherc needed 5n the other iir.meuvcrc. A dUFiDiy variable

r. is set equal to r (present V-l altitude rate) and the flag 6 is set to
n JLw

zero. Tills flag controls the logic flow J ater in the equations and IB to be

zero in all guidance modeo except "orbit insertion" vherc it ID set to the

value 1. An angle, P,f is computed for display purposes vhicli IE the angle

between the Z body axis and tlie LM local UoriKontt-.l plane.

Following these computations, a scries of checks are nis.de on S _ to

determine the .guidance raode of operation. The various modes of S _ are as

follows:

0 orbit insertion

1 CSI

2 CDU

3jl! direct trcnr;fcr (TPI, ICC).

5 exterm.l Ay

The firct check, on 3 ie r.̂ ain.vt the value 5, If S ly !5, the external

Ay mode of operation in entered,

S10
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(2) ThrucJLins *£ith ^l^L^P^i^iy0,^ ^oc^LAx:^i !l' the^)irection_ of the

Ba s i

In this mode 3,
_L\

orient itself to point in the correct direction. No extra entry (on the

can bo used.

In the "external AY" mode "the desired maneuver is characterized by the values

of the input constants 2&T1, 2&J2 a;id 28j'3» A value of 2&J1 characterizes the

velocity-to-be-gained in the LM local horizontal diieetion parallel to the C3M orbit

plane with a positive value indicating a posigrade maneuver. 28J2 characterizes the

velocity-to-be -gained in the horizontal out of CSM p3ene direction with a positive

value indicating a direction opposite to the angular momentum vector. 2&VJ3

Characterizes the velocity-to-be-gained In the T.M Iocs 3. radial direction with a

positive value indicating thrusting toward the moon.

These components of velocity-to-be-gained are resolved into inertial coordinates

and fixed once the maneuver starts, yielding an initial velocity-to-be-gained, vector

AV. ^q,qj the accumulated ve3.ocity gained in inertia.!, coordinates is set equal to

zero until the maneuver starts at which time the initialization block is bypassed

and the velocity to be gained vector is computed &s

Vn « AV - Aq
"vT ~~~ — ""' L>

or in words, "the velocity-to-be-gained equals the original velocity-to-be-gained

minus that already gained". The magnitude of Vn is then obtained and 6 set to
—\j XI

zero. 611 is another logic routing flsv (used in the CSI calculation) that must be

zero the first time the CSI calculations are performed. The logic flow then proceeds

to [Bj\ on Figure 3,26. Here, v.ntll the velocity-to-be-gained is less than 5K26,

the desired pointing direction is compiited to be in the direction of the velocity-

to-be -gained . . . .

When V_ becomes less than 5K26 the desired X body axis direction is not updated because
IT

of 'the large attitude maneuvers that may cnnue from the indetermtnate calculations

of V« /,. . The velocity-to-bc-raincd along each body axis (v,, , Vr , V_ ) is then— xi/ v- '' ~' (jx uy \j7,
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that, if the vehic le is in "at.titu.dr: hold" all the quantit ies (V- > V_ , V_ ) couldux uy hz

will orient itself such that \' ----- V^ and \V, - v -• 0, The discussion just com-
Gx G Gy Gz

pleted concerning the lower portion of Figure 3-26 in common to all guidance modes

and will not be discussed in the fol loving subsections.

6.3.7.2 OrM t_J n s e rt i o n.

Returning the Figure 3-17 follow the logic flow dovn the left hand side of the

page. Assume that S 1 and note that 6 is set to zer

I is entered 6,,

Again this is so

must be zero. Assume also

that S - f 2 but rather that S,,, equals zero vrhich means the guidance equations are

in the orbit Insertion mode of operations.

Thin guidance mode has been designed to drive the LM vehicle to a pi-escribed

altitude above the moon with specified values of altitude rate e,n<l horizontal velocity.

In addition, steering in this mode ic such that the LM is driven into the CSM orbit

plane at engine cutoff with an out of plane velocity component of zero. Of course, in

some abo^t situations all these conditions cannot be achieved. Comments on these

situations are contained in the following discussion.

At the bottom of Figure 3-1? several quantities are established. First 6 _ is

set to 1 trt control the logic flow later. The desired final value of horizontal

velocity V is set to the value of the input constant 2hj. The present out of

plane component of position (y) and velocity (V ) are computed and the desired

final value of radial rate (T~_) is established. A detailed discussion of this

computation is considered belov. Next the in-plane component of horizontal

velocity, V , is computed and the logic flow proceeds to (p6) on Figure 3-25- At
11. L X̂P̂ -̂

this point the magnitude of the veloc Lty-to--be-gained is computed from the following

equation

v «r~rv
G L hf

final inrlane
horizontal
velocity

present
inplane
horizontal

h/v

final value of
radial rate

present value ^-present value
of radial rate of out-of-plane

velocity
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The quantity £ is computed to determine if the thrall maneuver is to be poslgrade

or retrograde-. Since S r ~ 0 the time- to bru-n 'P., it; computed. Derivation of this
J. U b

equation is contained in Sod;, ion 7-^*3 c».r thin report..

FollO'.ring the calculation of T,. the dc-t.ired valuer; of the derivative" of radialTJ
rate and the derivative of out of plane velocity are computed. In addition, the

predicted value of final radial position ana ou!, of plane position are computed.
I

Then since 6 Q equals 1 the desired valuer; of th^ second derivative of radial rate

based upon the orbit insert;! on guidance- lov vhlch is such us to maintain r, and y,
d ''d

of this report. Fol Loving these computt.l,5.ons tho value of r. Is modified to

account for vehicle motion about a spherical body. The resulting value of 5* is
- d

proceeds to point fL)on Figure 3.2b. Note on Figure 3.25 that F and y, are set
-̂~--̂  cl . d

to zero when & equals ;'.ero= This occurs in all guidance modes except orbit

insertion „

The purpose of the equations of Figure 3-26 i^ to generate the desired pointing

direction of the vehicle X body axis and to obtain the velocity-to-be-gained along

each body axis.

i(f is defined as the sine of desired pitch angle and |- as the sine of the

desired yaw angle. In general, these quantities are computed as the desired value

of radial acceleration divided by thrust acceleration and desired value of out of

plane acceleration divided by thrust acceleration respectively. Kovever, when the

LM lifts from the lunar surface or if an abort- occurs "near touchdown it is more

desirable to thi-ust vertically than to follow the computed pitch profile. This is*
accomplished by setting i[- equal to 1 and i|i -• to 0. Then the desired pointing

r t7

vector X is merely U, , the imiL vector in the laclial direction.
oD ' —1

The logic at the top of Figure 3-2o is used to determine if the thrust vector

should be in the radial direction or not. The f j rst check is that of LM altitude

above the luilar 'landing site (r->l) against the constant 21J (25,000 ft). If the

altitude is less than 21J e. check is r^^cie of altitude rate (r) against the constant

22J (50 fps). If r is greater than 22J the desired pitch profile is flown. If not

then the vehicle is cor^.r-uided to thruufc vertically. Tills last check act\'?J J.y con-

trols the time at vhich the U-l starts p.ilcii.l;;3 over after tho vertical rise fro;a

the luaar surface. For no;ainyl wis.-;ioris lliif. ocourc appro.xi;'.-.ately 12 seconds into

the powered flight.
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Following calculation of the desired pointing vector X, „ the; various couiponcntc- ou
of velocity-to-"be-gained are computed r.s discii^jcd ir. t'sctions 6.2.1 and 6.3»7»1-

These components are meaningful only near cutoff. Tid.!< then completes the orbit

insertion calculations for tny 2 second coiiip'utlr)^ cycle1.
i

Two Ideas above have been glossed over o.ncl E.IZ considered hero in sora^vhst

more detail. The first is the Cc:lc\'l;vblon. o.C r r^nd th;.- t;ccoud ir; the calculation.

and limiting of r", and y\ .

The value of i- is obtaincc1 from the ecv.r,tlon, . . . . . . . . , . .

and then limited between the values of 2J and -.R follovs

0

Then r_ r.c a function of final altitude appearn as follows (for the Di-CP trajectory)

80

ff (fpg)

£0000 'i-COOO 60000

\
Injection

Fir,:! rltitv:1e (rf - J5) (f t)
FIGUil::! 2,7

ALTITUDE RATE VS, FI1IAL ALTITUDE

The reason for this type of fiiriet^on is as follows: V?"hen the predicted final value

of altitude is near the desired burnout altitude the altitude rate should be the

desired value (j ;-^). Hovever Eo;uO abort situation r,:?.y arise vhere -it is impossible

for the desired, final altitude to be achieved. For ex&niple the low fast abort that

vas discussed in Section '{,^'.- of K;,-Terence 3-
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In this type case, the object is to be on a rising (r > 0) trajectory at

the time of engine cutoff so that at a later time approprj' ate modifications can

yields this condition.

The calculation of r and y, are contained on Figure 3-26. The equation

for r". contains the term J*-*3 vhich Is the desired final altitude at the time of
a

and zero. These values are chosen EO as to limit the maneuvers of the vehicle.

When r lies outside either of the limits, the- effect is that the equations give

up trying to drive the final altitude of the LM to the desired altitude but j\ist

make a limited correction. The orb't insertion maneuver will continue, however,

until the desired velocity is obtained.

The equation for y is similar to that of r,. In this Instance, the predicted

final value of out-of-plane position error is used in the calculation. This

quantity is desired to be driven to zero. Again, y is limited to the value

jr_ K|/-. If the computed value of y is outside the limits, the equations give

\ip trying to drive the T,M into the CSM orbit plane at engine cutoff but just

make a limit correction. The philosophy used in the simulations made to this

date has been to steer out approximately 1/2° out-of-plane error if the abort

occurs at liftoff. If the abort occurs later disring orbit insertion, only a

smaller out-of"plane position error is removed. Since the CSI and CDH maneuvers

are done parallel to the CSM orbit plane, any additional out--of-plane error is

removed at the TPI maneuver. For quantitative purposes, tvo simulation runs vere

made vrith the LM 2° out of the CSM orbit plane at liftoff (sec Reference 3), -

Section 7.2. In the first run constant K^ van set to steer out 1/2° of this

error during orbit insertion and the remainder during the direct transfer phase

(TPI maneuver). Total AV expended to effect rendezvous in thin situation was

6388 fps. In the second air.-iulation run, the constant K.̂ V vas set so that all 2°

vere eliminated during orbit insertion. In this situation, the total velocity

required to rendezvous vas 6576 fps. These results indicate the desirability

of the selected orbit insertion philosophy.
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6.3-7-3 CSlJRouyn^

The guidance routine under discussion in thin section is the CS'i routine which

is initiated on Figure 3*1-7. Shortly after the orbit insertion nianexiver is completed,

the astronaut switches S , from zero to 1 rud esnertaiiu; that the following targeting

constants have been entered:

t. f absolute time at vluc.b the CST maneuver is to be performed
igA

J" absolute time at which, the TPi maneuver is to be performed

.-';•• f-
The purpose of the CSI calculation is to determine the magnitude of the horizontal

burn to be performed parallel to the CSM orbit piano at CSI time (t ) such that
J.grv p

following the coellip'cic maneuver (CDH maneuver) the desired line-of-sight angle (j )

between LM and CSM will be achieved at time J". By definition, coelliptic means that:

(l) the product of semi-mnjor c-.xis and eccentricity of the LM trajectory equals the

same product of the CSM oi^blt, and ( 2 ) the line of apsides of the two orbits are

aligned. For calculation of these quantl t ieSj the senti-majot* axis of the LM orbit

is obtained as the semi-major axis "of the CSM trajectory minus Ar, where Ar is the

distance between the two orbits on the radial line passing through the LM at the time

of the CDH maneuver.

The'solution of this problem is solved, by an iteration technique. In each two-

second computing increment, three trial values of horizontal velocity magnitude

increments, V , are selected and an a p j r o p r J a t e error function evaluated for each.
H

The magnitude of the successive velocity increments d i f f e r by the quantity A^.

The value of the error function associated with each trial value of horizontal

velocity increment is examined and the solution corresponding to the minimum value

of error retained.

The horizontal veloci ty magrn'tud.e corresponding to the iiiinin.um value of error is

used as the second of the three trial va lues in the next 2-seconcl computing increment.

To cause the iteration to converge to the correct value, the-following rule is used

to modify A... If either the first or third trial value of horizontal velocity

increment yielded the minimum cost,, increase the value of A,- (up to a limit) by a

factor 1.5. If the middle (second) trirl valxu: of hoi i/.on'cal velocity increment
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Error
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The iraxlmum tlms observed to date for the Itcif.tii .ou routine to convene to

\rlthin 1/k fps has been 3^ iJCConcU;, This aitv--\tion vo.s obtained under adverse

conditions. Usxu\lly it take-fr aboni- 2U seconds to obtain the- desired solution.

In order to simplify the discussion of the eqvM-ion flo-,r logic, derivation

of many of/ the equations h^vu been placed in IVrt 11 of this report. The dis-

cussion begins with mission ti;ae sometime after cubit insertion and prior to CS1.

The first 'time the logic; follows the path S in « 1, the quantity 6,, equals zero.
i 1O ' • J.I

This is shown on Figure 3.17, This; initializes the quantity A^ end V . 6,, is

then set to 1 and this block is no longer entered. The flow logic now proceeds to

remaining until the time of the CSJ maneuver which it: used in the ellipse predictor

routine to obtain the predicted position arid velocity of the LM at the time of the

CSI maneuver. This predicted position and velocity is denoted by r and V res-

pectively. T is then set to T for later xise and the horizontal unit vector

parallel to the CSM orbit plane, V1A/ is computed. The velocity increment added
• -1A

at CSI time vill be in this direction.

The next group of equations set up the iteration routine for the present

two-second computing increment. This block is entered only once per two-second

computing increment. The various quantities are:

i - The variable used to index the three trial values of horizontal

••velocity increment. This parameter assumes the values -1, 0, +1.

The horizontal velocity increment associated vith ti.e index i - 0 is

greater than that associated with the index i =- -1 and less than that

associated with the index i - •!-].. This indexing then makes it easy

to control A,- In the next computing increment because if the index

associated vita the Jidnim\ini error this cycle (denoted by i ) equalsv • o

value was chosen as best. If not, then A,- should be increased.

C - This quantity is the ninimura value of error each two-second computing
•3

increment, vhich is originally set to the maximum value 2 . Even

though the best solution of the three trials per two-second computing

increment is saved for use in the next two-second computing increment

the value of error associated, with this solution is not saved. Thus,

the three values of error are compared ag^lnr.l each other and not with

any from previous co.Anting cycles .
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V -> This quantity is the trial, velocity incrci.iont rnd is first computed a:

V -•• V - V - A,H bo h 6.

whore

V is the previously determined (from preceding computer cycles) best

value of horizontal velocity increment obtained plus the LM horizontal

|velocity in that computing increment. The formulation has been'done

in this way to make the solution valid after the maneuver begins.

jV is the present value of horizontal velocity

'A,- is the difference between trial horizontal velocity magnitudes.

To understand what is taking place assume that the CSX calculations are

'being done for the first time. Then V = V from the initialization on

Figure 3.17 and A- = 21C5- The quantity V0 ~ V^ - A, =- v. - Vu - A, = -2IQ.0 6 J' H ho o h h o
Thus the first horizontal velocity increment used is -2K5. As will be seen

below the second trial horizontal ve.ocity increment is obtained from the

first by the equation

V - V -!• A-VK VH ' b

or in this case

V =: -2IC5 H- 2KS - 0
H

Similarly, the third trial value of V.r is obtained by adding A,- to V .n O rl
Thus, the first 2 second computing increment in which the C3I calculations

are done, the trial velocity increments are -2K5> Q* +2K^ indexed by

1 = -1, 0, -i-l respectively. The best of the three values of V is selected
* fi

and denoted by V and the quantity V, used in the next 2.second computing
o " ho

increment is obtained as

V -•- V H- V
ho h o

Also A^ is "modified as described above. Tlu;s \rhen the calculation for V. tl
increment it assumes the value

/ - A, a V 1 + V - V - A,
h b h, n~l o h, n D' ' n

where n and n-1 have been used to de-note present valves and values valid

2 seconds previously. Asnume for the moment that V ;-: V,
. h, n-1 h; n
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then

V * V - A ,H o 6

/the third by VV ̂  V -t- A, ,
/ H H b
best hori zontal vei ocit.y i ncrement from the previous two-second
J
computing increment, it is seen th;.:.t in the present computing incre-

ment the search is made around the previous,best value. The process

continues in this vay until the bent value of VH has been determined.

This is characterized by A- shrinking to a preset value. It is not

apparent in the above discussion why the values of V have been \ised.

The reason is that once the maneuver starts ve desire the iteration

routine to follow tiv; effects of the maneuver (maintain the correct

answer). This is done by effectively decreasing the value of Vtr bya
the horizontal velocity gained or approximately by V, , - V, .

' ' h, n-1 h
rr - predicted value of LM altitude rate at CSI time.

r - predicted value of LM altitude rate at CDH time. This quantity is

set to zero because the CDH maneuver is programmed to occur at either

-;' apocynthion or- pericynthion.. The CSI calculations assume the CDH

maneuver is made impulsively. During the CDH maneuver Itself, however,

the assumption of zero r. is not made because the actual burn Is of

finite duration and also n.ay not occur- precisely at the line of

apsides.

The next group of equations beginning with the calculation of V _ to the
-55

calculation of T are done to determine the time from the CS'C maneuver to the

CDH maneuver for the trial value of horizontal velocity increment under con-

sideration. This desired time is T . The equation for Vr(:. is the first equation

to be solved three times per computing increment. That, is, later in the flow logic,

directions will be given to return to rFAJ on this page. The time of the CDH
\*_x

.maneuver is designated as either- the first, or second crossing of the line of

apsides after the CSI maneuver and is controlled by svitcb S /-. If S /- ~ 0, the
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When rr Is close to zero either one of two possibilities exist

(1) The LM Is on a near circular orbit in which case quantities such as

first and second crossing begin to lose their meaning

(2) The LM is either near apogee or perigee in which case the CDH maneuver

is to occur either at lOO° away or 360° away.

In either of the situations the switch S, „ should be set to 1 and S,/- set to 0 for
1? lo

CDH to occur at l80° or S set to 1 and S /- set to 1 for CDH to occur at 360°.

For (l) above it is obvious why this is necessary. The reason why it is necessary

in (2) is now presented. Assume the CSI maneuver begins just prior to say peri-

cynthion and It is desired to perform the maneuver at apocynthlon and thus on the

2nd crossing of the line of apsides. Norm-ally then 8 ,, would be set to 0 and S /-

set to 1. If the duration of the maneuver is sufficiently long for the LM to pass

through pericynthion then this configuration of switch settings would cause a dis-

continuity in the solution because now the second crossing occurs at pericynthion.

For this reason it is suggested that if |r ] is small then S „ should be switched

to 1.

At the bottom, of Figure 3.38 the time- Tfi U; use;! to predict the value of LM-' A
position and velocity r/-, Vs at the time oT the CM maneuver.- The logic flow

/**-<
then proceeds to (zB/ on Figure 3-19- The calculations on thlr. page are used to

obtain several quantities required in the error function mid. to compute the various
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components of velocity required to perform tba CDJI nrnci'.vei". The first computations

on Figure 3*19 compute the CSM position and velocity rt the tin:.; of the CDK maneuver.

eventually caved as r , & is Ket to aero HIT;rely to control the following logic

flow, r is then calculated ;-.r,cl stored iu r, < £„ ift then set to 1. The purposec B ( t i •

of the calculations on the lover right of Figure j.19 is to obtain the value of

Ar which is defined as the distance difference "between the CSM and LM orbits as

measured on the radial line passing thru the LM at the time of the CDH maneuver.

Thus to obtain this, the distance of the CSM must be determined at the position

in the orbit specified. Since the LM can be out of the CSM orbit plf.ne the pro-

cedure used in to project the LM at CDJI time onto the- CSM orbit plane and the

compute the central angle between this projection c.nd the CSM- This angle is

denoted by Q and division of 6f by the mean CSM orbital rate yields the app-

propagated to be on the desired radial line. This propagation is done in the

ellipse predictor and the output" is again denoted by rv,, Vv. From this then the
™" ( i

distance of the CSM fror^i the center of the rnoon can be determined along with radial

rate. This is done at the top right h.vrid side of the page. Then since 67 has

been set to 1 the logic flow is to the left and the calculations performed to

obtain the following quantities. " .

Ar" definition above

0V semi major axis of desired LM orbit equals semi major axis of
LJ

CSM orbit minus Ar

V . LM horizontal, velocity at time of CDH maneuver

nr mean orbital rate of desired LM trajectory
Jj

r desired altitude rale of LM a'c CPU time -

V desired value of LM velocity at C'OH time

v. , desired horizontal velocity at CD'!" time
hi

After these calculations logic flow proceeds to (]>'>) on Figure 3.?5 where the
V^X

velocity-to-be-gained dur ing the CDU maneuver is calculated as Y . Then since S _



equals 1 the logic flo-.r returns to (p9) on Figure 3 -?0*

The equation.11; on Figure 3-20 evaluate the error function., 5; to re the best

solution, generate the "best va.lue oL' the tiiui: of CD IT maneuver and control the iter-

ation. At the top of Figure 3*20 the quantity b- is ca lcula ted , b^ in defined

report. The remainder of the iteration log Tc operates as follows. Assume the

first of three trial -values of horizontal velocity magnitiule (indexed by i - -l)

is being considered. The check of C against C will be Jess than zero because

C was set to its maximum value at the beginning of the two second computer cycle

(see Figure 3-lQ). This solution then is stored, in the block to the right of the
i

(C-C ) check and i is set to !„ Then since i equals -1, V is incremented by A-

as explained above and i is increased to 0. The logic flow then goes back to rFAj

on Figure 3-1$ arid a new trial solution is obtained. Back on Figure 3-20 if the

error value for this trial is less than the previous value of error then the new

solution is stored and i set to 0, If (C-C ) is greater than zero no new solutiono v o
is stored. Again i is checked and since i. •-- 0, V a.nd i are again incremented and

the logic flow again returns to HfVu on Figure 3.18. Back again on Figure 3.20

the same procedure is followed. This time, however, vheri the check on i is made

the flow is to the right. The direction to point the LM X body axis is obtained

from the sign of V and used as previously stated, r is set equal to f. for
o i "' A

later purposes and the iuagnltu.dc of vclocity-to- be-gained during the CSI maneuver

is obtained an the mgnitu.de of V . The best time of GDI! maneuver t. _ is then
O i igB

computed as t, , * T.̂  where T is the best value of T. . Then, if i (the index
igA AO AO A . o

of the best solution) is zero, A^

s-
u
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The purpose of goihig to Figure 3*2:,> 1& to iu,e equations that have

already ."been programmed. In this luodc (as in r,.".ll voiles except oi'blt

insertion) 6.-. is 0 so that 'f. and '•§* are zcio<
'10 d d

these are (the only equations of .tuterect- on this pege, Tlie logic flow

then follows exactly as in the cubit insertion j-10:10 through Figure "3*26.

pointing: 'direction :ls established to "be nlon^ the unit vector V in a

direction determined by v (the sigi.1 of the hov:ixontal velocity increment)

! 6.3.7.'*-

After the OPT Maneuver has "been eKecn.tedj the astronaut inserts

the setting S = E. Tnen, during the 2 second cornnutatxons, Figure

mode the CDH maneuver is computod as it' the burn is to be done immediately.

The equations to do this have already been discussed in the preceding

section.

When S- - ?.} several quantities are established j?or succeeding

calculations. Both T and T are set to zero because the calculations

are being done as if the maneuver were to occur immediately. The

quantity T, (time until. CDH) is commuted as t. „ - t. Moreover, ivA '- igB J —6
and V/- are set equal to £ and V respectively. The logic flow then

proceeds to(ZB)on Figure 3-19 where the CDH maneuver is calculated, as in

the CSI computations. Leaving Figure 3--19 the logic flow proceeds tonpSJ

on Figure 3-25 where the velocity to be gained is computed. Note that

since S is not equal to 1; all the CSI function and iteration logic

is bypassed. The logic flow proceeds immediately to the calculations
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IV. - x*.f A
and r « —r;- — as calculated on Figure 3*25* Tijcm the- logic flov proceeds

B '
«»
r

to Figure 3-2o C.G previously t'nd A Is £;;t s-ero end t - — v/hich is approximately

/r - i- *
equal to -—^—-—™ . The remainder of tho equations t-.rc exactly the EUVJS as'

VG "
previously.

Note that prior to the maneuver the o.c^ij-ecl attitude of the IJM is not fixed in

inertio.l space but actually rotates vith the- 111 vehicle. This is the sains situa-

tion that occurs prior to the CSI loneuvor.

6.3.7.2 Direct T^innfer (TPl)

All possible logic paths on Fi^ui'o 3-17 have been diecusscd \rith the exception
/^N

of the path going to (Z^ at the bottom of the prge. This path is used when Snrt
V,,̂  . 10

is either 3 or ^, the direct trc.nGfcr iv.odes.

The direct transfer mode is used in the coelliptic rendezvous scheme folioving

the CDH maneuver. The t^ro previous irsuicuvers (CSI and CDIi) i;ore porforriied such

that at the desired TPl time (j ") the proper phasing exists betveen the IM and

GSM so that the desired line of sight angle is achieved. For each line of sight

angle at TPI time there is a corresponding "best time until rendezvous. The

values used in the simulations to date have been:

desired, line of sight angle ( j" ' ) . 26.6°

time of TPI to rendezvous 2380 sec

2830 seconds corresponds to l^O1"1 centr?.! angle of the CSM in an 80 nm circular

orbit.

Because of errors in the system (sensors, navigation, maneuver execution, etc.)

the desired line of sight vill not "be achieved at exactly the targeted TPI time but

should occur within soiv.e relatively siiiall tih:e period near t?ie nominal TPI time.

For this reason a guidance option har, been inc.1ud.ed where the astronaut can deter-

mine when the desired line of sight vill he r.clo'eved and pi-rfor/'i the maneuver at

this time if so desired. In this mode also, the r.slrouaut could determine total

velocity required to rendezvous at various tijii:;^ and perform the TPI maneuver based

upon this quantity.
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The astronaut introduces t.n increment of tiir./:-; T., ahead ox the present

tirr.2 t'.t vliich he wishes to look at the rendezvous solution. The tiice

at vhich the TPX j ryneuver it: to occur is alvj.ys moving ahead 2 sees par 2

second because the tir,;2 of ln.1..tir,tlo:i of the burn t. equals t + TA . T
& A

in a fixocl. r.uiaber and t increjr:Cntr- ts /o seconds psr 2 second. When the

solution i5 satisfactory - based upun Dl-IOA uonitorinr; of the line of sight

£113 le or total velocity required -to rendezvous •• S.., can be set equal to k

- 3 is ur;od for a form of "mission planning"

the mode S Q = k is used in general for the rr-?,n.euver itself. If the desired

rendezvous solution is found with ?>..„ ~ 3 and then S.n is set to U no ad-

entr^' of t . need be inserted, in the computer since this is done
}-K^

automatically. If guidance n.ode S ~ 3 is not used then v?hen S = h a

value of TFI time (t, _ ) must be inserted. Many different values could be
igC

tried if the astronaut desired to do some "mission planning" in this ir.ode

and did nob ca.re to use the alternate i:-ode. After a value of t, „ is in-igC
serted a solution is found in one computing increment.

Assuming the value of t has been selected "(and S ^ U) then the quantity
1 Q 0 -L w

T. is the tirr.e to go until the maneuver. This quantity could be used to set

the events tinier. - -

Following the logic on' Figure 3-21 it is observed that vhcn S = 3 the input

quantity is T. and t. _n is computed vhereas when S,n = U t ̂  is the input quantity
& iSkj -*-̂ ' J-Ŝ '

and T. is computed. The remainder of the logic is the same for both modes. T is theA ' -' r
time to rendezvous. If T, is greater than zero (meaning the burn has not been initiatec

A • ^
yet) then the position rr and velocity Vr of the IM at the tinro of the maneuver is es-

~2 ^
certained from the ellipse predictor. If T, is less than zero it is set to zero for
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In order to determine the transfer trajectory to rendezvous,, the position and velocity

of the CSM Mist be determined at the desirud time of rendezvous. This is done by up-
-3

dating the CSM through a time T. from the CSM epoch po5nt where (assume J ~ 0)
•

t- -~ t -i- 'I1Ij , \j, i I.i b r

where t is the time from the CSM epoch point to the present time. The CSM position

at rendezvous is denoted by r,f, and the velocity by V, * In preparation for use of the

p iterator two other quantities are calculated, T and p. T is the time from present

to rendezvous if t > t. or the time from the TPI Eiancuver to rendezvous if

t < t, _. p is an initial guess of the vv.lue of the semi latus rectum for use in

time, if t > t. „, or that of the LM at the time TPI if t- < t . . The logic flow
j -*-B̂ / -l-Ci"

than leads directly to Figure 3.22, the first page of calculations of the p iterator

The p iterator equations contained in Figures 3-22, 3.23 and 3.2̂  are used

to answer the following questions. What, trajectory passes between two specified

points in a given time T? When at the first point, on a present trajectory what

velocity must be added to achieve the desired trajectory? What velocity is re-

quired at the second point to be on the CSM trajectory? Of course, the first point

mentioned is either the present position if t > t . or the position at the TPI

maneuver time if t < t . _,. The second point is the rendezvous point.
3.gC

The actual details of the p iterator are contained "jn Part II of this report.

Here only the limitations imposed by the p iterator are considered and the desired

outputs noted. The first restriction due to the p iterator equations is that the

stable member XZ plane should be vithln 80 degrees of the I,M orbit plane. This re-

striction comes about because of the calculation (on Figure 3*22)

sgu c,, - sgn (y yc)

where y, and y are the components along the y inerlial axis of W and W respectively
C *~"J. """ L*



The term cgn ( y y.) is an approximat ion to the ex^ci: e.vpj e^nlon sgri (W, • W ). The
c —J_ —c

constraint of ± 00° imposes no proMc-ms ou tho planned orbital alignment procedures.

In the case of lunar alignment the stable member >:-/, plane essentially coincides with

the LM orbit plane.

The next restriction Imposed, by the p Iterator enupt io r<r> is the: central angle

through which rendezvous is to occur. Theoretically, a p iterator yields no

solution to the problem vhen the central angle hotv:ocn the first and second points

discussed above is any multiple of IT orbits. This is evidenced by several equations

in the p Iterator vhioh con Lain divisions by the quantity c0 which is the sine of the

central angle and is zero at these points. Because of the computer word size a

region of increasing inaccuracy oecin-s near these singularities. For lunar missions

these regions are ± 10C" and for ca<-lh missions the constrained region is 1 20°.

In the p iterator, eight trial trajectories aro considered each 2 second computing

increment. If any of these trial trajectories has an eccentricity greater than 0.5

the p iterator vlll not determine the solut ion to the problem. A check is made in

the p iterator to detoir.iinc if after the 8 trial trajectories have been tried,

the final trajectory is su f f i c ien t ly close to the desired trajectory. This is done

by comparing the tine it takes to get from the first point to the second point on

the chosen trajectory with the desired tlii;e for the transfer to occur. If these

numbers d i f fe r by more than t
ji\20 seconds (2 seconds) then the p iterator will

not yield a solution, A uay to check the p iterator to sec if a solution has been

obtained is to examine the quantity Vr, vhich is essentially the sum of the magnitudes

of the 2 velocities to be gained (initial and f inal ) . If the value of V equals 2K11

(8000) then the p iterator has not obtained a solution;

The outputs of the p iterator needed to perform the first maneuver (both for

the actual radial rate at the time the ir.-uieuvei-- is porfonir'd. Then the output of

the p ite

performed
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7.0 INTRODUCTION

In this part of the report derivations of ir.^tiy of the important equations

are px^esented and discussed. There are three: general Cc>.tc£,or5.er. considered.

These categories and the subjections contained vrithiu the^ are:

Body Axib Align

IMU Align

Lunar Align

Gyro Inflight Calibration

Acceleromstei- Inflight Calibration

Gyro lunar Calibration

MVIGATTON

Bii'ection Cosine Up:lo.tin£; Algorithm

Derivation of Radar Filter Equations

GUIDANCE

Attitude Error CoiivuvancTs

Ellipse Predictor Subroutine

Steering Equations for Orbit Tuneici

Derivation of Cost Function for CS1 Calculations

Derivation of the Equations to Obtain Coelliptic Orbits

Derivation of p-itcrator Equations
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7-1

The alignment of a ^trar/lova syste.o IE; e^senutnl ly the computation of the

correct direction coniney which relate the vehicle "body axes to the desired
I

inert ial coordinate axes, This alignment F;-.\y be accomplished in many different

ways, three of which aie mechanised in tin'; I-M abort guidance system-

17-1.1 Body Axis Alien (S = 5)

In this alignment mode of the ACS, the direction cosines are set equal to

a unit matrix. This is equivalent to ;<lign Jng to an inertia], coordinate system

which coincides with the vehicle body axes at the instant the alignment is

performed.

7.1.2 IMU Align ( = 3)

In the II-U alignment mode, the AGS direction cosines- are set equal to the

alignment method is in error due to the quantization of the KJNCS Euler angles

(UO seconds of arc), the FGffCS alignment error, and also by the amount the FGNCS

inertial platform has dr i f ted since it was aligned. The equations for computing

the desired (PGNCS) direction cosines are shown belov, (Equation 7.1.2) and are

based on the gimbal order of the }."OK"OS system as expressed in Equation 7-1-1-

INHJ aligniiient is performed prior to the inflight gyro calibration, before the

descent of the LM vehicle to the lunar suifacc, and on the lunar surface if the

KJNCS is still operating after the lunar landing has occurred.

t°«3 -
l 0 0

0 C0 £0

0 »Sji C0 0

0

0

L

CO

0

PO

0 .

1

0

-so

0

cl
where Cp » COE p and S.B ^ sin
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_ „
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" COP A COU Q
*

£lu

13

v'p

s ii sin

tt » Bin 0psin ^p co, Qp CO j 53in 0
P P

(7.1-2)

a^^ - cos d) eoc 0 - sin oj eir, •(; oiu 6
,33 ^P p ^P Yp P

Since the other three direction cocineu imy be computed from "the

direction cosines, o.nd since these three direction cosines arc- computed in this

manner in the direction cosine update computations, the other three direction

cosines are computed c,s chovn in Equation (7*1«3)*

n tj r n
" -

n
' (7.1.3)

C, r-2 F1, !"!, — r, fi
23 12 31 11 32

Equation (7»3.-3) ifi easily derived a
'11



Prior to the descr-nt of tho LM to the lunar surface, th;- X. . >* . Z,L 'vehicle
D J b' b

axes are aligned to a GelenGex-rntrlc coordinate-systew vith the X axis through

the intended landing sjrht at the no^ir*- '] t:a:e of ^ndi^ positive outvard

from the lunar center , Vho 7. axis is defined a?; tho ci-oso product of a unit

vector alon^ the angular Lio^ontu;- vector of the OSM orbit .with a unit vector
I

along the X axis. Thur%, Uu: irix^'oial coordinate' r.ystei.1 u:;od fox* the descent

phase has !the X and the /. inort.lal axes in the CS;-i croit plans.

When the LM landi; on. the lx.u•-.:,/.' sui-face } the vehicle a?,ii;uith with respect

to the CSM orolt plane iti det;erj;.rined hy sco-vin;;, upon cornrrand of the DEDA,

th£ ACS az-iiriuth reference as defined by the appropriate elemento of the trans-

fonuation matrix [A" . This aKiu.uth rcfei-ciice 6- is defined, to "be the angle

betveen the Y inertial axis and the projection of the Z body axis on the

Y - Z inertial plane, iries-sured positive: in the right-hand rotational direction

about the X inertia! axis. (See Figaro 7- l ) - From this fi^iire, the direction

cosines vhich •

\
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define the Z "body axis location vith resect to the X, Y, 7, inertial axes

maybe determined, and arc presented in Equation (7-l«M«

a •- Z • X « sin 0,

i t'-op :" ?•, * Y = cos 0 cos 6U

a,,., - Z, * Z •••- cos 8.. sin 6,
33 T> 1 u.

2 i 2 2 2Since a~, •- sin 8., 3- - t, - cos 9», the cosine and sine of the landing

azimuth 6^ as mechanized in the AGS are computed as shown in Equation (7-1-5)

These equations

sin

0L - -p =̂ 5 / *
[i - a] 1/^ (7-1-5)

are valid only vhen |8,| < 9̂  degrees. Since the liiaxlTiaim vehicle tilt angle

Is expected to be 30 degrees, and the I.M is expected, to 3 and within 1 degree

from the nominal landing site, the equations used to define 6L are valid as

defined.

After the lunar landing, the AGS is aligned to another selenocentric

coordinate system with the inert Inl x axis through the intended launch site

at the time of launch, positive outvard from the lunar center. The inertial

Z axis direction is defined conceptually by the cross product of a unit vector

along the CSM angular momentum vector vith a unit vector along the inertial X

axis. That is, the 7, inertial axis is parallel to the CSM orbit plane.
«

In the lunar align equations, the direction cosines which relate the

vehicle body axes to the local level lunar centered coordinate system described

above are computed vith a lov gain filter. This f i l t e r uses the accelerometer

outputs to obtain the estirr,iite of the vehicle leveling errors, and an azimuth

reference constant 6. to corvnute the estimate of the azimuth error. 6. is the
A A
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updated value of the landing azimuth reference constant 6 L A where 6 - 6L - A, .

A, is computed on the earth, and corrects for CSM orbit changes and the lunar

rotation during the LM's stay on the lunar surface. Since the updated value

for the azimuth reference constant is defined by the difference of two angles,
/

the sine and cosine of the updated azimuth reference constant 6 may be computed
/

from Equation (7- 1.6). Using this

cos (of - P) * cos ct cos 0 + sin ex sin P

sin (<y - R) = sin a cos B - cos or sin 0 (7.1.6)

equation, :and small angle approximations for A,, the equations for the sine

and cosine of 6 are
f\

cos (6 ) = cos 6L + A sin 6U

sin (6 ) = sin 6t - A& cos 6t (7.1-7)

Since the IM ACS is being aligned to a coordinate system .with the X

inertial axis vertical, the lunar gravity vector gL = gu X, where X is a

unit vector along the x inertial axis and gL is the magnitude of the lunar

gravity. Thus, the components of lunar gravity along the X, Y, Z body axes are

gx - g, au

gy - St
 a
2i

••
gz " ««. a31 (7-1.8)

and the outputs of the hody mounted- accelerometers are

an dt ** Si- At an *
= JgL a21 dt ̂ gL At agl

a31 dt ̂  gL ̂  a31 (7.1.9)
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The estimates of the leveling errors may be obtained by comparing the output

of the Y and Z accelerometers with Equation (7»l-9)*

A8 - ~AT [AV - g, At a-J
y guAt z e> 31J

•
»

AS = -̂ rr [-AV - g. At a0J (7-1.10)
z gL«t

 l> y °v 21 .

The estimates of the azimuth errors are computed from the sine and cosine of

6 in the following steps. First the desired values for a_ and a 0 are
A. Je* 3J)

computed, based on the assumption that a,,., is equal to the sin 9, as described

in Figure 7.1. These equations are

= (l - â

equivalent to Equations (7-1-5) used to compute the sine and cosine of

the landing azimuth constant. The computation of a and a,-, assumes that

the leveling error in a ^ is small. ' The estimate of the azimuth error is

then computed by taking the dot. product between the desired orientation of

the .Z body axis defined by a-, , a-oPr,>
 a r̂) and *̂ e AI^S orientation of the Y

j-*- jtU jj*-*
body axis defined by a , , a p and ap̂ '

49 - (&3la21 + &32Da22 + a33D&23) (7-1.12)

The approximations in Equation (7-1-12) are that A9 is a small angle, the
-A*

difference between a^, and a is very srr&ll, and the integral of the lunar

gravity times a direction cosine is equal to gL At a . Since a is not a

function of the azimuth angle 6 , and is only a function of the leveling angle,
A " ~ •" .

a,., may be used in place of a^1 without any degradation of accuracy. However,

the azimuth alignment will not converge until the leveling errors of the lunar

align become small. The approximation of J a., gL by a (T) gL T should cause•j -i-j -i-j
a negligible error as the direction cosines will be changing at a very slow

rate.
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The equations mechanized in the IM AGS for the lunar alignment of the

transformation matrix are presented in'Equation (7.1.13).

toyA= ^7

vrhere

(AVy,

Ao? , &Q- , to are the alignment correction increments :
XA J" ?->»

in radians. .

a are the present AGS direction cosines.
. J

a,,n are the desired direction cosines specified in

(Equation (7.1.11)
!

I *26' ^27* ^8 are aliSmiient gains.

In the lunar align equations, the gains presently used are
'

K^6 = 0.007.

K^7 - 0.0^35

K^Q - 0.00926^595 . (7-l.lU)
Bi

The quantity gL At for a UO-msecond alignment cycle is ^ and is equal to

0.00926^595. Thus, the effective alignment gains in the hardwired portion

of the lunar align equations is 0.007 for azimuth and O.'00926^595 for

leveling. After leaving the hardwired lunar align equations, the leveling

angle increments are shifted to the right 2 bits reducing the leveling gains

to 0.00231615.
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?'2 jff AGS Calibration
The AGS has the capability of performing three calibrations; prelaunch

gyro calibration, inflight gyro and accelerometer calibration (during free

fall), and-lunar gyro calibration.

n.2.1 Gyro Inflight_Calibration ,

Any departure of the IM AGS direction cosines from their correct values

may be construed as being due to gyro drift. Since the PGNCS Euler angles,

which are used to compute the reference direction cosines, are quantized to

40 seconds of arc, the departure of the AGS direction cosines is a combination

of the gyro drift errors and R5MCS Euler angle quantization noise errors.

Due to this measurement noise, the inflight gyro calibration requires the use

of a filter to achieve the desired accuracy of 0.1 degrees per hour.

A general linear system as represented by a vector state difference

equation is shown below in Equation (7.2.1), where X is a column

i'XC -

X , = 0 , X + a U ,_ ,t . \-fl+1 n+1, n _ ~ n n -n (7.2.1;

vector representing the state of the system, 0 -, is the transition matrixn+-L, ri
from state X to X ,, U is a general noise vector and a is the corresponding

"̂ Tl *̂ *TT r _L """it ll

distribution matrix. In the calibration problem considered here, X represents

the coordinate misalignments and instrument error sources which are to be

determined. The noise vector U corresponds to the gyro noise. In this case,

the observables Y are assumed to be related to X by the linear relationship.
—n. n "

Y = M X + 6 Y (7-2.2)—n n—n —n . J

with 6 Y representing observation noise such as quant-ixation errors. Letting
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the estimate of the state vector at t be denoted "by X . the general unbiased
.n • J -tr /\

linear estimate of X is V "2
-n _ * - - > ^ AA *

X = X' + b [Y - Y ] ^ "'-n n n u-n n

"
where X is the predicted (extrapolated) value of X 1•"** ' — n — -L

V ?
f f^

(7-2.3)v i - _•/

and

and U , is given by—n-1

X' = 0 , X— n,n-l -i

Y - M X—n n ™n

U , = U . = 0—n-1 —n-1

+ a , U ,n-1 —n-1

(Z = ensemble average of Z)

(7.2.10

(7.2-5)

(7.2.6)

In the case of the gyro calibration filter, several simplifying assumptions

were made at the outset.- The first is that the attitude errors E , E , E aboutx' y' z
the IM body axes are the-integrals of the total gyro drift rates e , e , ex y z
about the corresponding axes. Thus, Equation (7-2.1) becomes

Ej (n+l3

e (n+1)

— J —

M

1 it

0 1

EJ ;w

!j (n^ (7.2.7)
vhere j = X, Y, or Z.

The observable in thi:

respect to the FGNCS. Thus, Equation (7-2.2) becomes

The observable in this case is simply the attitude error E (n+l) measured with
J

[E (n)] = [1 0] + 6 Ej(n)
(7-2.8)

vhere j = X, Y, or 2.
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If a linear filter such as (7-2.3) is used for updating the estimate of gyro

drift rate and attitude error, we have

[E (n+1) - E (n) - Ate (n)]
J J J

EJ (ri+i;
A

e, (n+l),. J „

=
1 At

0 1

~«j (n)" Qi
(7-2.9)

For the IM ACS inflight gyro calibration, the first step performed is to
j

compute the TGNC3 direction cosines from the PGNCS Euler angles 9 , 0 , * as

shown in Equation (7-2.10)

ailD = COS

an__. = - cos13D

_1T,31D
- sn

a
32D

 = " Sin

sin 9
p p

sin * cos 9 + cos 0 sin 0
p p 'p p

COS *

sin s n cos
33D p p p (7,2.10)

These 6 direction cosines define the position of the X and Z body axes in the

JONGS, and will be used to compute the attitude errors for the gyro calibration,

except during the first cycle through the calibration equations. During this

cycle, the ACS direction cosines are set equal to the PGNCS direction cosines

with IMQ align equations.

During each subsequent cycle through the calibration equations, the vehicle

attitude errors are computed from the AGS and B3NCS direction cosines as shown

in Equation (7-2.ll). These attitude errors " -

Ex "C- Yb

E ^
z

'23 33D

31 11D

L21allD

32

â â (7.2.11)
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as computed are the sines of the negative angle drifted about each axis.

Since these drift angles are small, the compensation corrections are updated

as shown in Equation (7.2.12).

where

E6

(7-2.12)

KT, K£, K7.. are the X, Y, Z gyro compensation constants.

T._KT. is the compensation correction gain, and equals

2 x 10"5.

Small alignment corrections are also computed "based on the attitude errors and

are the following equations:

where

„) to *>xA.' yA*

= K

»zA

33

are alignment corrections about the

X, Y, Z body axes.

(7-2.13)

K-^ is the attitude correction constant, and at present has the value of 0.08.

The calibration at present is performed at a 2-second cycle rate. The
-̂  -1 1effective gains for the calibration are 10 J for. 1C, and 0.03 for 1C as the

alignment corrections are applied once each calibration cycle, and the com-

pensation corrections are applied each 20 mseconds.

The transient response for this filter is shovn in Figure 7.2, and con-

verges to the desired value in approximately 200 seconds. However, this
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transient response curve does not include the KJNCS quantization noise or the

AGS quantization errors which cause a delay in the calibration response as

well as an oscillatory type of error in the steady state value,

7 • 2 - 2 Accelerometer Inflight Calibration

The AGS accelerometers are calibrated during free fall conditions for

bias errors. That is, the outputs of the accelerometers are accumulated for

76 seconds, and are divided by the time interval to obtain the acceleromoter

bias error. Since the accelerometer bias corrections are used every 20 mseconds

in feet per second, the accelerometer bias corrections K7 , K7 , and K " are

computed using the gain shown below in Equat'ion (7-2.1*0. This gain constant

is 0.020/76 which converts the accumulated velocities to the amount of feet

per second error the accelerometer bias will cause in 20 mseconds.

» K^9 + 2.63158 x 1QJ|> SAVx

= K21 + 2'63158 x 10" SAVy

43 = 43+-2*63158 x l O A S A V z (7.

where

KT , Kp,, 1C. are the X, Y, Z accelerometer compensation

values

SAV . S&V , SAV are the X. Y, Z accelerometer outputsx y i
accumulated for j6 seconds.

7-2.3 Gyro binar Calibration

The equations mechanized for the lunar calibration are exactly the same

as the equations previously described in Section 7.2.1. The only difference

between the two calibrations is that angular increments which compensate for



05952-6076-TOOQ
Page 72

the lunar rotation rate are included in the transformation matrix update

computations. These equations are approximate corrections, and are shown

in Equation (7.2.15)-
1

/ x rem ~ ' x rem " 56 12

1
AT = Ac* - K /- a

-y rem y rem 5° 22

Ac* = Arc Kls a-- /„ _ ,r\| I z rem z rem 5° 32 • (7-2.15;

whe re

I Kir- is the product of the lunar rotation rate and

20 msecond compute cycle period A At (Radians)

a,p, a , a are the U-l AGS direction cosines which

define the inertial Y axis with respect

to the X , Y, , Zu body axes.

th
Aor is the angle increment rotated about the gg rem ° °

body axis. This variable has a range of

± 2 radians vith a quantization of 2

radians, and is used to accumulate small angular

Increments to increase the accuracy of the LM AGS

direction cosines. These angle Increments are

only used when they exceed 2 radians.

When the IM is on the lunar surface, it is aligned to a selenocentric

coordinate system vith the X axis along the lunar local vertical positive

outward from the lunar center, and the Z axis obtained by crossing the unit

angular momentum vector of the CSM orbit vith a unit vector along the X axis."

The Y axis is also defined by Y - Z x X and is approximately aligned with

the unit angular momentum vector of the CSM orbit.

The equations used to compensate for the lunar rotation rate were designed

for the Y axis to be collinear vith the lunar rotation axis. However, since the

CSM orbit may be inclined, to the lunar equator by as much as 10 degrees, the lunar

rate compensation may be in error by 0.1 degrees per hour.
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7*3 Navigation

7•3•* Direction Cosine Updating Algorithm

In this section, the derivation of the algorithm used to update the

direction cosines (Figure 3.U, Reference l) is presented. The strapped dovn

system used in the IM/AGS consists of three gyros mounted on the "body of the

IM. These gyros measure the integral of the turning rate about the three

axes. Unit vectors along these three mutually orthogonal axes are denoted

by X., Y, , J, respectively. v_

The navigation equations operate in a selenocentric inertial coordinate

System with unit vectors X, Y, 2 respectively. In order to maintain know-

ledge of the LM attitude in the inertial coordinate system a matrix A of

direction cosines is maintained. Thus, A is defined as

A =

V • YA.

Ib * *

_5b '2

i -I *b ' *
Y, • Y Y, * Z.

•§b''X £ b - S _

M

"all al2 al3~

a21 a22 a23

a31 a32 a33 (7-3.1)

Rotations about the vehicle body axes must be reflected in a change in the

A matrix.

The'"derivative of A is given by "

A e= (7-3.2)

vhere

U) =

0

-m 0
z

0 (7.3.3)

and (i) , (n , 'i) are the rotation rates about the X, Y, and Z body axis respectively.
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Assume now that the matrix A Is known at the (n-l) computing interval,

Then A at the n 'computing interval can be obtained as the result of a
, ' i .' '''

Taylor series expansion about A . Thus, _ 'AVi -=• %:.L"W,.-. '-•"'-• )

A « A . + A . At + i A . At2 + i A . At3 + (7-3-^)n n-l n-l 2 n-l 6 n-l
i

Upon substituting 7-3'2 into 7-3-^ there results (up to third order)

f"~ 1 P P Af • * • * " " o "l
\ * I + uAt -I- 5- Afc (i + a) ) •*• -r- (to + 2iixu + ccoj •*• ar) 'A , (7.3-5)

b* " ' 47-3

vhere I is the Identity matrix
«•

1 ' ^ V» * 4* V^

At Is the time between the (n-l) and n computing points,

thThe gyro outputs at the n computing increment are

nAt

Ayi « j cuidt i = x, y, z

(n-l)At

(7-3-3) is integrated as in (7-3-6), there results the matrix

(7.3.6)

Ay,

o

-A* 0

(7-3-7)

Rov is expanded in a Taylor series (to third order) and

Ay = uAt + i JAt2 +

Substituting 7-3-8 and 7-3.7 into 7-3.5 yields

y - ~ "

^if terms on .the order of At and higher arc neglected

implementation in the guidance equations (Figure 3-^)

n-l

n-l

The algorithm used for

(7.3.6)

(7.3.9)

(7-3-10)
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;o that the error up to terms of fourth order in At is

(• -\ 3
iOXD - uw>l , cu („ v^ - (7 3.11)

To counter computer round-off, orthonormallty corrections are derived

as follows. Let a. = (a.,, a ,_ , a_ ) and a.. = (a.., a.,,, a _ _ ) . Because
. — 1 I I Id i^ — j 31 3^ 33

of computational errors, these vectors are not exactly of unit Length nor

orthogonal to each other. First compute first order corrections E and E

so that a arid a are normalized without a change in orientation; i.e.,
""•*•

(7-3.12)

Squaring both sides,

(1 + E^)2 a^ • RJ,

(7.3.13)

Likewise,

| (1 - a ' a_) (7.3-1^)£ —_^ »__j

To gain oi-thogonality, â  and a are rotated away from each other in their plane

through equal angles until they are perpendicular to each other.

A . 1
s Bin 0 ^ ~ an • a^ ^=::*" , — — -before adjustment

after adjustment
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Hence, the first order orthononaallty corrections to a and e. are:
I "~3

-,
—3

E

(7.3'J-5)

Vector a^ = (c01, a00, a00) Is then computed as a0 = a. x a,.
—C £lJ. ^<i tij —xd —j —X
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7-3.2 Derivation of the Fadar Filter Equations

ls section contains a derivation of the radar filter equations. Unless

indicated, the symbolism in the derivation does not correspond to that of the

flight equations.

FILTER EQUATIONS
Consider the vector difference equation vhlch represents the actual dynamics

,
of a system.

where

X , = U(t , « t ) X -f- g / « , -^ \
n-fl v n+1' n' n ^n (7.3.16)

X is the state of the system at time t
n n

U models the dynamics of the system

a is noise added to the system at time t with the properties

E[q ] = 0; E[q q ] = 0 for n i j; E[.Q q ] = Q

T signifies transpose and E the expected value operation.

If a measurement

^=MnXn+Sn (7-3.17)

where S is noise with the propertiesn

E[Sn] - 0; B[Sn8j] = 0 for n ^-J ;
^

is made at time n then the best, linear, unbiased estimate of X denoted by X

is given by
A

X = B y * + C X / - . /„ , , P xn njn n n/n-1 - (7-3.18)

where - „

n n n n n n . ,

Cn = I - BnMn - - (7.3.20)

Xn/n-l = U(tn' tn-l) Xn-l (7-3.21)

P = T-T P -, / 1 U T + Q t-7 O 00 \n n n-l/n-1 n n . (7-3.22;

P / = C P ' • : ; , ' • • ' • tr. 0 0-> \n/n n n - (7O.23J
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In vords, X / , is the value of the state at time n as obtained from the value? n/n-1
of the best estimate of the state at time n-1. X / .. is sometimes called then/n-1
"a priori" estimate of the state at time n. P . / is the value of the error co-

, n/n
variance matrix after the measurement and "a priori" estimate have been combined

*
to form the best estimate X and P is the value of P ,/ • , updated by then n n-l/n-1 L

dynamics through time.At = t - t
.

IM PILTEH'
In constructing the IM filter several assumptions are made. First, the

problem can be considered as a one dimensional problem vith the resultant filter

•weights applying to each of the three dimensions. Thus, denoting (in one

dimension) p for position and p for velocity, the difference equations of motion

for each vehicle (IM and CSM) can be expressed as

P* = P* At + ̂  a At2 n (7.3.2*0

n+1 a Atn

a is the acceleration due to gravity at time t .

Corresponding to Equation (7-3»l6)j the state vector is taken to be

X »

Pi. " P,

PL - (7-3-25.)

\rhere L , c designate IM and CSM respectively. It is assumed that p and p

are known exactly. Substituting (7.3.2*0 into (7-3-25) yields

n+1

"l At""

0 1
•" fXi

X + Atn

r / \ At -n(aL - a ) r=r-v L ,n c,n 2 «
.

a, - a— L , n c,n ^ (7.3.26)
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If it is assumed .that gravity acts the same on each vehicle, this equation reduces to

1 At

n+1

Corresponding to equation 7*3-^6 then

U(t , t ,) = U (At) =* ir n-1

0 1

1 At

0 1

X
n

(7-3.28)

Since gravity does not act the same on each vehicle q is taken as noise with

covariance matrix (in the nomenclature of the flight equations)

Q =n

29 0

(7.3̂ 29)

The term K7,, At is an experimentally determined term representing noise on

velocity and 2 is used to maintain the matrix P (see equation 7.3.22) positive
Q **

definite^ (2r is one quantum of the element P,, of P ). This essentially means that

P-,-. is rounded upward rather than downward. From equation 7-3-22 then, the terms of

P,, = P,, + 2 ?,„ At 4- I

P are given by

At2 + 29

P12 = P12

P22 c P22

(7.3.30)

The measurement used is that of relative position of -the IM and CSK only so that

and

= [1 0] X + SL n n

M = [1 0]

(7.3-31)
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It follows from Equation (7.3.19) that

B =n

nl11 n

__ 12

P., + ̂11 n

and from equation (7-3-20) that

C =n

1 - 11

„11 n

P12

n11 n

(7-3-32)

(7.3-33)

Following the nomenclature of the flight equations, let

(7.3.3̂ )

where R is the relative position of the CSM with respect to the LM.

Then

w =-
1 " a2 (7-3-3[0

12
2 =: 2a

The terms K^ and K^R1^ model the variances of the radar measurement errors."
3 3 2-
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Rearranging equation (7.3-18) yield

The term multiplying B is the difference between the actual measurement and what
/

the measurement was expected to be. This term is denoted here by 6r (a scalar).

It should' be noted here that even though a simplified model is used for the radar

filter, the term 6r is obtained as the difference between the radar measurement of
! / .

range and the navigation estimate of radar range (using the lunar spherical

gravitational model). Substitution of the terms in equation (7-3-37) yields

Since the same -weights are used in all dimensions (6r will be" three dimensional)

equation (7.3-38) is expanded to the vector flight equations.

£ = W,6r + £

V = Wg6r + V (7-3-39)

The updated value of the covariance matrix is obtained directly from equation

(7.3.32) and yields

P = P - W P22 22 2 12

P » P fl - W ^r w

In the radar filter, two different values of W1 (denoted by V^ and W-) are shown.

Ttie reason for this is because the radar information "is not used at the time it

is received, but rather at a time when the range measurement has been inserted

into the computer via the DEDA. Thus, the current values of position and velocity
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are being updated based upon radar information valid in the past. Therefore,

this radar information should not be weighted as much at the current time as

it would have been If used immediately. To see how this weighting is changed,

consider how the LM position vector is propagated assuming the filtering was done

at the time the radar measurement was taken. Denote filtered quantities of
A A

position and velocity by r and V respectively. These quantities are obtained

in equation (7-3-39)- Let the subscript, n, denote the n 2 second computing

increments. Two seconds (l computing Increment) later the estimated value of r

would be n *»
r = T + 2 V /—n+1 —n ~n ' (7*3

or (utilizing equation 7*3-39)

r , = W..6r + r + 2 V - + 2 V7_ 6r-n+1 1— —n —n 2 —-

-= r + 2 V +" (W1 + 2 W_) 6r (7-3-^2)—n *-n J. c. ——

If no filtering had been done, the value.of r would have been (approximately)

where the uncapped symbols denote unfiltered quantities.-

Therefore, letting W = V + 2 V/p it is seen that the filtering can be accomplished .

when the range measurement is entered if W, is updated every computing increment

and if equation (7*3-^2) is valid. This equation becomes invalid after a period

of time (not completely determined yet) and thus it has been recommended that the'

radar range be entered into the computer within 30 seconds of taking ' ; e radar

measurement.

It should be noted that if only 2 or 3 radar points are taken, the velocity

estimate of the IM may deteriorate. For this reason, it is also recommended that

at least 5 radar points be used. These restrictions are to be examined in a

future analysis.
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•J.h GUIDANCE

7-^.1 Att itude Error Commands

In this section the derivation of the attitude steering errors E , E , Ex y z
is presented for the rendezvous steering mode of operation and for the acquisition

i
steering mode of operation.

RENDEZVOUS STEERING " • . ' ' •.' '
i

The thrust direction is given "by - :-' '

h kThe constants K and KQ produce a prescribed- thrust offset with respect to the

X-body axis. Steering is accomplished by rotating the IM about an Instantaneous

axis given by X x 3C where X,, is the desired thrust direction. Note that the

magnitude of the cross product above t equals the angular error to be steered out.

The pitch and yaw errors, EL_ and E are computed by scalar multiplication of the
i x L

cross product with Y, and Z.,, respectively.
— o — D

Hence, \> ,;.

vhich yields

The above pitch and yav equations are used to steer the AFS. For the DPS
h k

or RCS, the K, and KO terms are dropped because these engines are assumed to

thrust along the I^i X-body axis.

The E command is ' ^
x . ---------

EY = - W : Z. - J (7-^-6)X — c -~b
k

When J Is zero, the LM Z-body axis is driven parallel to the CSM orbit plane.
kA positive numerical value of - W * Z., - J vlll rotate the vehicle in a right

hand sense about the + X-body axis. - "
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J is entered in degrees as the desired LM orientation about the X-body axis,

The DEDA conversion routine multiplies by the appropriate scale factor to convert

the angle to radians* The radian value used is the desired value that the Z-body

axis makes with the CSM orbit plane. The error in this approximation is given

in Table T.U.I.

. Table 7.4.1

Error in E Made by Using Radian Value
h X

of J as Desired Value of &

Error in E (Degrees)
A.

.4
1.6

3.8

11.0

32.7

4 . . j
Value of J (Degrees) |

20

30

40

50

57-3

u

Inputs such that the J radian niagnitude is greater than one would cause continual

rotation of the vehicle about the X-body axis. In practice J inputs should be less

than Uo° for the sake of accuracy and to preserve a safe margin of gain in the E
A

control loop. -

*

ACQUISITION STEERING

In this mode the Z-body axis is to be pointed in the direction of the CSM.

Steering is accomplished by rotating the VA about an instantaneous axis given by '

where £._ is the unit vector in the direction of the CSM. The attitude errors
—bD

E and E are determined by scalar multiplication of the cross product with X,
x y """D

and Y respectively. Thus

Ex -
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which yields

E

The E command is
z

x

E =y

Ez-~ ~c " 4 (7A.ll)

which orients the X axis parallel to the GSM orbit plane. If the CSM is ahead of

the IM the X-body axis will be above the local IM horizontal plane and if the CSM

is behind the IM the X-body axis will be below the local horizontal plane.
|

ELLIPSE PREDICTOR SUBROUTINE

The purpose of the ellipse predictor subroutine is to propagate a known

position r, and velocity V, around an elliptical orbit to obtain the position, r_,J. •—j. - —2
and velocity, V , T seconds later (or earlier).

To derive the ellipse predictor equations consider equations (A.12) and (A.13)

of Appendix A in the form

r_ = xpP + y_Q (7.
—~C. £-— C.~~

where

= a (cos E2 - e)

r2

i cos E

y -2
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To solve for JP and Q, utilization is made of these same equations valid at the point

1 where everything is knovn. i.e.

£1' .Yi' xi'

y,Q
O."~

(7.̂ .19)

are Then

P -
(7-̂ .20)

(7-̂ .21)

Siibst'ituting equation (7*U.20) and (7.̂ .21) into (7.̂ . 12).and (7.4.13) yields

V, = f r, + gV,
" X2yl

Y2 = Xlyl " ylxl

Xlyl - ylxl

y2Xl " X2yl
xiyl - yixU

-1 -1

V = f r + gV

(7-4.22)

(7.4.23)

Substituting equations (7-4.14), (7.4.15), (7.4.16), and (7.4.17) with appropriate

subscripts into (7.4.22) and (7.4.23) yields

f « ~- [cos AE - e cos E ]

.
+ -

3/2

/I*
(sin AE - AE)

(7-4.24)

(7-4.25)
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Cos AE - e cos E

(7^.27)

where AE = E_ - E and T is the time to go from point 1 to point 2. Quantities
i c. -L

such as cvi rn, e cos E.. are readily computed from the known quantities r_ and V...{ -L i . —1 —j.
•In the above equations there are two unknowi quantities AE and Ep. This can be

reduced to one unknown AE by the following:

Cos E0 ̂  Cos (E - En + E ) = Cos (AE + En)
I C, C. J- -J- 1

= Cos AE Cos En - Sin AE Sin E-.i 1 1
i .

Then f end g assume the form

• _ Sy. Sin AE
1 " r "" fT^~e Cos E. Cos AE 4- e Sin E, Sin™Al7 (7-U.28)/of r. j. x

Cos AE - e Cos E Cos AE + e Sin E Sin AE

g - i"rT~Cos~E^Cos AFTT'Sin E Sin AS ' (7-^.29)

Equations (7.4.2^), (7.^.25), (7-^.28), and (7.^.29) are the equations utilized

in the ellipse predictor subroutine on Figure 3*15 of Reference 1.

To obtain AS use is made of Keplers equation

T « i [Eg - E.. - e Sin Eg + e Sin E^ ^ (7-^-30)

Substituting for Sin E the terms Sin AE Cos E + Cos AE Sin E yields

nT s= M = AE - e Cos E., Sin AE - e Sin ft Cos AE + e Sin EI / ^ .. *
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or

M -"AE -h e Cos E Sin AE + e Sin E Cos AE - e Sin E = 0 (7-̂ .32)
^ -̂  i J-

This is a transcendental equation and is solved by using a Newton Kaphson

technique.; That is, if an initial guess is used for the AS (the unknown) and

substituted into equation (7.̂ -32) the equation will not equal zero but some other

value, say x,,. The next value tried for AE is obtained from the equation

AE = AE 4- ~ii

where ,
dx

= 1 - e Cos E Cos AE + e Sin E Sin AE (7-1-

The convergence of this iteration depends upon the eccentricity of the orbit and

the initial guess for AS. For the trajectories under consideration in" the UA

program and if the initial guess of AE is chosen to be M then a sufficiently

accurate answer for AE is obtained in two passes through the iterator.
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7 • **• • 3 £*i£ji Steering Equations for_ jrbitJCnsertion

A derivation of the constant r pitch steering lav is given bolov. A similar

derivation can be followed for the yaw steering.

The final radial position at orbit insertion, r-., can be expressed in terms

of the present radial position, r, and the time to burnout, T , as follows:

pf • '• * *A"B * KTB8 * I ?dTB3 (T-4'33)

where r is the stored value of the present IM velocity r,
«

Differentiating equation (?.')-. 35) with respect to T yields

Solving equation (7.^.36) for r, gives,

i ... p
)//TB

In equations (7-^»35) and (7.̂ .36), the only unknowns are r, and r

Solving equations (7-^-35) and (7.̂ .36) simultaneously for r yields

12
rd ~ IT Lrf + rA 2" "!" r ' rf

B

i
j

Taking the differential of equation (7-I*-.38) yields

- - fAr - A r ]

B -

In equation (7«^-39)> Ar == Ar. - Ar = 0

So,
12

But

B

Arf « rf - J -.J
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vherc

is the desired altitude above 'the lunar surface at .orbit insertion

So

J is the lunar radius at the liinding site

12 ,16

The expression for r, gives the desired total radial acceleration. The desired

radial thrust acceleration must compensate for gravity end centrifugal force.

Thus
K2 ' V2
1 h

rd * rd * ~2 " F"r
(7-̂ 3)

The computed value of r, (and also y,) is limited so that position control by

the ACS decreases as V_ decreases. This is desirable for two reasons:
Lr

(1) As VG -• 0, vehicle attitude vould otherwise siring rapidly near cutoff

in the vain attempt to null trivial altitude (and yav displacement)

errors

(2) The equations are specifically designed not to return to the nominal

trajectory in the event of highly perturbed aborts. The vehicle will

.- directly achieve the desired velocity without expending propellant

vhich would otherwise be required for the return to the nominal

trajectory. The desired value of r_ is computed as a function" of rf.

:f f

Unit J

^ K 0 (for lune.r

Function of r. ve. r

FIGURE 7.3
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The desired value of yaw velocity at burnout (component perpendicular to GSM orbit

plane) is zero,
21

When the AEA indicated altitude is less than J feet above the landing site
; 22

and the indicated altitude rate is less than J fps, then the AGS will command

vertical thrusting. (This logic provides for the vertical rise after lunar lift-

off and; also for emergency abort recovery to avoid impacting, the lunar terrain.)

Other-vise, the steering proceeds toward the desired "burnout velocity and position.

The

equation1

The derivation of the time to engine burnout T_ is based on the "rocket
J3

T

0 amdt = —rr- dtG T m - mt

where

V_, is the velccity-to-be-gained

a_ is the thrust acceleration

F is force exerted by the engine (assumed constant)

m is the initial fuel masso
m is the mass flow rate (assumed constant)

t.; is present time

T is the time at orbit insertion

The solution to equation (7.U.U4) is

V — ,, J.+-_m m - mt,
Cj i f O \

or

m - mT_ = (m - mt)exp | -
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Expanding the exponential term and dropping all terms higher than the cubic gives

.2.2 ^.^
V m V±m VJA3

- AT - (m - mt)
2F

Solving equation (?.4.U7) for Tf gives

/m - mt\
T - t + < - ° _ )v -f 11 G r G 6F3

But

Ifi.1

and
F

&T ~ m - rirt (7-^.50)

So equation (7.1i-.50) reduces to

TB = (1 - V • + V }B a,r G 25 G 6?2

4 - A
. — • r , i- — p-

3 6?2

T- * Ji (i + 4v + A 2)
tf a_ <^ Lr J ^ .

Notice that F/. =-- C*, the effective exhaust velocity of the LM engine. C^ is

related to engine I by the formulae C* = g I00 where g » 32. 17^ •t>i e or e
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T.lt.U Derivation of the Error Function for CSI Calculations

The purpose of the CSI calculations is to determine the appropriate CSI maneuver

such that the desired line of sight angle between the LM and CSM is achieved at

TPI time. . The "natural" error function to be minimized in the iteration is the .dif-
i

ference between the desired line of sight and the line of sight achieved if the

trial CSI -maneuver was performed. Computation of the predicted line of sight at

TPI time is expensive from the standpoint of the number of computer steps required
j

because in addition to the shuffling of information in and out of the ellipse

predictor subroutine a coordinate transformation would have to be performed. A

sliaple alternative solution has been developed based upon the trigonometric relation-

ship involving the desired line of sight, the semi major axis of the CSM trajectory,

the differential altitude (Ar) between CSM and LM orbits during the coelliptic coast

trajectory and the central angle between the LM and CSM vehicles at TPI time.

What is actually done is the following. Based upon the calculated value of Ar
2

and desired line of sight angle J at TPI time, the desired central angle between the

Ii-I and CSM at TPI time can be determined. Denote this angle by 8, for the moment.

Based upon the central angle between the" LM and CSM after the CDH maneuver and the

known time until the TPI maneuver, the actual central angle A8 between LM and CSM
. o

at TPi time can be determined. The error function is then computed, as the absolute

.value of ; the difference between 9̂  and A9. The first part of the derivation is the
•U

computation of 6̂  or -b~ in the nomenclature of the flight equations.

The angle b is the negative of the desired relative central angle" of the CSM

with respect to the LM at TPI. This angle is a function of Ar and the differential

altitude in the coelliptic orbits. The figure below shows the relative positions

of the 1M and CSM at TPI.

From the law of sines " "

sin (~ - J2 - 6 ) cosCl2 + 9 )L __ *__. . . . . . . D_ . ___ __ _ *L
« . /TT .2. "" ,2
K sin (T + J ; cos J
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FIGURE 7.U

TPI GEOMETRY

For an elliptical orbit (see Equation A.9 in Appendix A)

r = or (l - e cos E)

Substitution In equation (7-^-53) gives

cos
* tan f sin

where the subscript L refers to the IM and the subscript E to the CSM. Since

the orbits are coelliptic . ." • '

C°S CO

at TPI.

The differential altitude &r for the coelliptic orbits is given by
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The CSM orbit is very nearly circular so

e'E cos EE « 1

Also assume that

9D « 1 • (7^.59)

Substitution of equation (7»^-57) in equation (7»A-55)> expansion of the terms

(1 -- CE cos EE)" an

each series leads to

(l -- e^ cos E^)" and cos Q_. in series and retention of the first two terms of
Ci r* 1)

(1 . E) (i . SL cos EL + eE cos Eg)
E

1 - 9 - (tan J9) G (7. It. 60)

Assum

But

cos ECT - cos ET = - 2 sin (- 5—) sin (——5—-)
£» 1» c £-

Q

ft. - 2 sin (E.,)- sin (~)

Then 2'

or
• e ^Ar / „ \ _ T D /,1 .. _— „ ^e_ sin E J Gn «e 1 * ~5™ - ^tan

ffE ''

Solving equation (7.^.6^) for G leads to

6
-——^ _1_ -f- n n _T ~ * /̂ * c: "t TlTir̂ ^ i wCLll O *-^T-S *- -i-i*.

- sin .62)

(1 - ~) [1 - (e£ sin Eg) 9D] « 1 - ~~ - (tan J) 6D (7.^-63)
E
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For e-., < .05 and Ar < Uo nm. ignoring the e^ sin TiL, tens will cause a TPI timingh EJ hi
error of no greater than 100 seconds. For circular orbits, the terra has value zero.

Hence it is dropped from the computation of Q^..

A first order approximation for 6 is

.6D
Ar

nf tan J )

Hence 9 can be expressed as

of.

D Ar tan J
tan J

The approximation is usable because 8 « tan J .

Let

b, = tan J

b[- - - Ar/r

then equation (7.^.67) reduces to

(•M.66)

(7.^.69)

The next part of the derivation indicates how the relative central angle between LM

and CSM at TPI time is obtained from the relative central angle between LM and

CSM at time of CDH.

The true anomaly, 8, can be expressed as an infinite series in the mean

anomaly M (see Appendix A)

6 = M •}- £e sin M + higher order terms in e (7.̂ .70)
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The error function is defined as the difference between the desired relative

central angle 9 at TPI and the computed relative central angle, AG.

The relative central angle may be written as

where

LG + 6QL - 9BO - 68E

6L " 6LO (7.̂ -72)

8™? ©™ are respectively the LM and the GSM true anomalies at CDH. 6T , 9^JJj bu L E
are respectively the IM and the GSM true anomalies at TPI.

+ <"L - HI) + 2eL sin "L " 2eL sln

MgQ - 2e£ sin Mg + 2e£ sin Mg0 + .... (?Jf.73)

P
The terms in e and higher (not actually shown) are dropped. Since

"L -

"E - "EO =
it follows that

+ 2e sin J-L - 2eg sin I-L,

- £ sin K L + 2E sinKEO (7^-75)
jj

For circular CSH orbits, the terms containing e and e are zero. For non-

circular orbits the e.-, and e_. terms contribute significantly. In an early formul-

ation of the CSI equations^ all terms shovn in Equation (7-^-"75) were provided,

However, to accomodate other functions, later requested, it was agreed not to apply full

capability in the CSI equations for handling unexpectedly eccentric orbits and large
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c differential altitudes at the sair-e .time. To this end, the assumption is

now r,ade that at TPI, the angles M, and I-L, are essentially the same, as are the

eccentricities. This assumption is based on the fact that for IM/CSM LOS angles

greater than 20 degrees, the desired relative central angle at TPI is less than

5 degrees -when the coelliptic differential altitude is less than 0̂ nautical miles.

Thus, the terms 2e_ sin M and -2e« sin 1-L, are dropped. The angles K.^ and M o are

then approximated by the eccentric anomalies E . and E™*

A further approximation is made as follows:

Pr r PT i*
„. „ „ , _ EO BO - LO LO

2eE Sin EEO - 2eL Sin ELO

vhere
rT^j rr-n Glie respectively the radial distances of the UA and the GSM at CDH

UJ £iU

r__ , rEQ ai-e respectively the radial velocities of the IK and the C3M at CDH

KT" is the lunar gravitational constant

Q V > or™ &re respectively the semi-major axis of the LM orbit and the CSM orbiti.i ii>

The cost function is computed using equation (7.^.76)

Let

6LO ' 8EO = 0f - '
• •
rf ~ rLO
* •rE ' rEO ' (7-1*.'

and the desired relative central angle between the H-t and the CSM at TPI be -b,,,

then the cost, C, is * --~ \ .

C ~ |b + G + K o (r - r ) + (n - n ) T | ^- (7-^-
** jj _i

vhere

T is the difference in time between the CDH maneuver and the TPI jiianeuverc
targeted.
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o /W|J / ̂
where Kin is the nominal value of -2/—;j (Note tha t /— equals the CSM

circular velocity magnitude). y 1 ''

For nraltiple orbit rendezvous in eccentric orbits (say e = .03 arid Ar ?; ^0 nrn) j

the iCn term provides a correction which is not trivial* For eccentricities less

than .015^ the cost function is accurate for Ar magnitudes of 100 ran or less. If

the eccentricities becon:e larger, the allowable Ar magnitude should he decreased
' ,'accordingly.
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7.^.5 Derivation of the Equations tc^ Obtain CoelliptlcOrbits

At the coelliptic burn point (CDH), the LM orbit should be adjusted

such that the following conditions are true after the CDH burn.

or. - o« - AT I , (7X79)

vhere

cvE, e« are respectively and the semi-major axis and eccentricity

of the CSM orbit

Of^f eL are respectively the semi-major axis and eccentricity

of the LM orbit

Ar is the differential altitude between CSM orbit and LM orbit

measured along a radial line through the LM position at CDII

0, , 0,., are respectively the true anomalies of the LM and CSM orbits.w ti

If f, the radial rate of the LM, is chosen properly, then conditions

(7-̂ .79) and (7.̂ .80) are enough to satisfy (7-̂ .8l). To see this, let E

be the eccentric anomaly. For Keplerian orbits (See Appendix A)

•M

cos EL » —

(7^.83)

vhere

r̂ , rt are respectively the radial distances of the CSM and the LM

E , Ê  are respectively the eccentric anomalies of the CSM and the

LM orbits
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Substituting (?A.79) and (7.^.80) into (7.^83) and noting that

r, c iv, - Ar yields

<*L ' rL « ~ r " r
T?j-j)

H "C

where

or

Thus, if f, Is 'made to have the same sign as f,-,, then E, ̂  E«.u E fc E

The relationship between 0 and E is given by equation (A, 7)

. 0tan 5- «
t

Thus, for small values of e the true and eccentric anomalies are

essentially the same and hence the coelliptic maneuver aligns the IM's

orbital line of apsides with that of the CSM. O '. .'. ji T. "''•.' '•

At the CDH point, both rt and cyt are knovn, so the total desired

velocity, V-, can be obtained from the relation

KT is the lunar gravitational constant

The desired LM altitude rate is obtained by considering the equations

ftrt - K e sin

• f-i -' »r -"-i^-i-i V-T-I sm

Dividing equation (7.̂ .88) by equation (?'Ju89) yields

eL sin EL

*^~*E
(7.̂ .90)
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(7.^.92)

.(7.^93)

"L l$&

'E

The nean orbital angiilar rates are

(7.^-96)

It follows that:

/ v\
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7«^« Derivation of _p- Iterator ̂ Ŝ -

The purpose of the p-iterator routine is to determine the trajectory that

passes between two points (r̂ -, r̂ ) In a given time T, With this information

the Impulsive velocity required to achieve this trajectory when the IM reaches

the point; iv can be determined.

For this discussion, the initial point will be designated with the symbol i

and the final point with the letter f . The p-iterator function is to drive

the value of T in Kepler's equation (7.̂ . 98) to the desired value T.
P

t . - t, » T « i PE- - E. - e(sin E_ » sin E. f! (7A-x 1 p n |_ i i i 1 J

To compute T , the quantities ££ = K - E. , e sin Ef, e sin E and n must

be obtained . Several relations from the Appendix are rewritten for current

use*

•• r " cy(l - e cos E) (?.

p ** r(l + e cos E) (7.̂ .100)

1
sin E « - (1 - e2)'2^ sin 0 (7.̂ .101)

cos E « H (cos 0 t e) - (7̂ .103)
P

AS is computed in the following manner which yields a solution that Is

not indeterminate vhen e approaches zero

-1 sin AS , -1 T Eln ^Ef " V ", ,
tan __,_ B tan

sin E cos E, - cos E sin E

cos Ef COG E7~T~sin Sf sin E.
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Substituting (7^.101) and (7.U.103) into (7-^.10^) yields

•JLJ: f~ 2 r - ~\
p Vl-e jsiri (0 « 0.) + e sin 0f - e sin 0 |

—-i- -fcos (0^ - 0J ) + (e + e cos 0, + e cos ©„
p L f i i r

P 1
- c sin 0 sin 0 )K

vhere in /the notation or the flight equations
i i

sin (Of - ©._) - c2 (7.^-106)

e sin f

cos

e sin 0^^ = x (7-^.108)

(Or - 01) = C;L "(7.U.109)

e cos 0 = xx (7.U.110)
i

e .cos Of ^ x2 (7.
_ . i

Equations (7.!!-.110) and (7.t.lll) are obtained directly from equation

(7^-100)

Define r.
(7.^.112)

end

^2 " ̂ f (7.^.113)

Then

c "Jl - c. (7='



05952-6076-TOOO
Page 3-05

The sign of c is the sign of the component along the y inertial axis

of (W « H ) vhere

W ^ U x IL (7

and

W *= the GSM angular momentum unit vector

The folloving procedure io used to obtain x
*J

e cos 0,, c e COB (0,, - Q. + 0. ) « cos (0_ -0.) COB ©.i i l l i l l

- e sin (0. - 0. ) ein 0. (7
r 1 1

or

Thu , , , , . ,^x^ - x,̂
(7A.119)

x,, which is obtained in the same manner is given by .

*h = ca .

The quantities e sin E and e sin E are obtained by substitution

in equation (7A.101) and multiplication by e.

rf / 2$e sin E K — (1 - e ) e sin 0

Or • r
- (! - 5 xu • - (7.̂ .122)
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and . -r -
e cos E » — (1 - e2) e sin 0 (7̂ .123)

I A

ri
pI I

Thus
' : ' 1

T is made to apt roach T by iterating on the parameter pe Two velues

of p are used to obtain two values of T *. With this information, the

partial derivative of T with respect to p-is obtained* Succeeding

values for the parameter p are obtained using the Nevton-Raphson formula

The actual iteration control logic is shown near the bottom for

Figure 3'23 in Reference (l). y, counts the number of iterations

performed. When u ^ 2, two previous trial values of T are retained

as T end T . and the two previous trial values of p are retained asp , p'
p and p . These quantities are used to compute the derivative required

in the iteration scheme (equation 7A.126). If ̂  is less than 2KL7

(8 iterations), the iterations continue. If \i is 2, the quantity 5,,. is

computed. This means that in each computation cycle, the partial deri-

vative is computed at least once. As the trial solutions appro?ch the

desired solution; large errors can be obtained in the quantity S because
i i •*•

p approaches p end T approaches T . Thus, after the derivative has been

computed once (when n,,-^ 2), a check is made on |T - T I. If this number
o 3 P P

• is larger than KTo, the derivative ie computed. If not, the last value of

the derivative is used in the computation-of the increment for p. The

increment is computed as

AP « (T - T ) > >
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and &p Is limited to be less than 2 (52̂ 288 ft) in magnitude. This is done

for the following reason. When the iteration begins, the value of Ap could be

quite large "because these initial quantities were obtained with just a guess

of the ultimate solution. If p changes too much, it is possible for the

scaling in the computer to be exceeded. In this case, no solution would be

obtained when an actual solution may exist. Thus, the magnitude of Ap is

limited.

When 2K17 iterations have been performed, a check is made of the final

solution against the desired solution. The difference between T and T is

checked against the quantity 2IC20 (2 sec). If the difference is greater than

2K20, it is assumed the iteration has not converged. If less than 2K20, the

iteration has converged to the desired answer and the logic flov continues to -

Figure 3-£k vhere the initial and final velocities required to rendezvous are

computed.

Current design is to use eight iterations since there is ample time for this

number to be done in the 2-second computing interval. For the trajectories under

consideration in the 1M program, the minimum that should ever be used is five.
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APPENDIX A

GENERAL DISCUSSION OF ORBITAL MECHANICS

This section contains a summary of the more important equations of

orbital mechanics used, in the derivations in the preceding sections.

Derivation of these equations and detailed discussions can be found in

any of the books on Celestial Mechanics or Astrodynamics (e.g., References

5 and 6).

Consider Figure Al which depicts a vehicle in free flight above a

spherical attracting body which' for our purposes is the Moon. The vehicle

file's an elliptical trajectory with the position vector r and velocity
i

vector V both contained in the orbit plane. The vector normal to the

orbit plane defined by ,,.

h = T x v (A.I)

Is called the angular momentum vector and the magnitude of h is the

angular momentum per unit mass.- The center of the Moon occupies one

focus of the ellipse. The point of closest approach to the toon is

called pericynthion and l80 from pericynthion is apocynthion, the point

of greatest distance from the Moon. The central angle between the

position of the vehicle and pericynthion is called the -true anomaly

and is denoted by Q. The semi-latus rectum or parameter of the ellipse

is defined by . . .

2 .
p ̂  2- h r, |h| " . (A.2)

where ̂  is the gravitational constant. The velocity at any point

on the ellipse can be obtained from the relationship

V2.u(|-i) (A3)

vhe re

r " \L\
a is the semi-major axis of the ellipse

Eccentricity of the ellipse denoted by e is obtained from the relation

e2 » 1 - & "
or
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apocynthion

Vehicle

perlcynthlon

Moon's Center

a - E2nd.-tf3.Jor axis " p - Ssai-latus rectxun

e - Eccentricity h - Angular

E - Eccentric anomaly t

0 - True anomaly

P> Q, W - Unit vectors describing orientation of the ellipse in
inortial tipace

Univercal gravity constant
tlaeo toss of the Hoon

FIGURE Al

ELllpticta Free Flight Trajectory w.d As:broaync^iic notation
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Another parameter of major importance is the ££9^^jic._E^O£^-,Y. E

obtained from 0 and e by any of the relationships

sin E ̂  - (1 - e2) 2 sin 0 (A.5_)

cos E » — (cos 0 •!- e) r (A«6)

"e" Q f • %» "*"* f *** 4* a*** i ft *7 *"Cc^n T£" *•'" _ / *̂****>—•—*- tsJi 5^ i /i • / /2 V j. + e 2 \ * i /

and the quadrant of E is the same as that of 0 D From these quantities

the radius at any point on the trajectory can be obtained from either

2,
_ _

1 + e cos 0 1 + e cos 0

or

r « (y(l - e cos E) (A.9)

Note then that the pericynthion radius is given by

r
P

apocyntM on radiu.s by . •

S i « pi * * *JL ^ W

In the P, Q, Vf coordinate system shovm in Figure A!L, the position

and velocity vectors at any point 2 can be expressed as

2 ir̂  = cy(cos E2 - e) P + Q,(l - e ) 2 sin E Q (A.12)

sin Ep p p- cos E?
TT / ^ 7"3 . f * /•! ^ N . \ ™ 1 ^ f A T O l

These equations were utilized in the derivation of the ellipse

predictor equations.
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