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A TREATISE ON THE THEORY OF
INVARIANTS

OLIVER E. GLENN, PH.D.
PROFESSOR OF MATHEMATICS IN THE UNIVERSITY OF PENNSYLVANIA



PREFACE

The object of this book is, first, to present in a volume of medium size the
fundamental principles and processes and a few of the multitudinous appli-
cations of invariant theory, with emphasis upon both the nonsymbolical and
the symbolical method. Secondly, opportunity has been taken to emphasize a
logical development of this theory as a whole, and to amalgamate methods of
English mathematicians of the latter part of the nineteenth century-Boole, Cay-
ley, Sylvester, and their contemporaries—and methods of the continental school,
associated with the names of Aronhold, Clebsch, Gordan, and Hermite.

The original memoirs on the subject, comprising an exceedingly large and
classical division of pure mathematics, have been consulted extensively. I have
deemed it expedient, however, to give only a few references in the text. The
student in the subject is fortunate in having at his command two large and
meritorious bibliographical reports which give historical references with much
greater completeness than would be possible in footnotes in a book. These are
the article “Invariantentheorie” in the “Enzyklopadie der mathematischen Wis-
senschaften” (IB 2), and W. Fr. Meyer’s “Bericht tiber den gegenwértigen Stand
der Invarianten-theorie” in the “Jahresbericht der deutschen Mathematiker-
Vereinigung” for 1890-1891.

The first draft of the manuscript of the book was in the form of notes for
a course of lectures on the theory of invariants, which I have given for several
years in the Graduate School of the University of Pennsylvania.

The book contains several constructive simplifications of standard proofs
and, in connection with invariants of finite groups of transformations and the
algebraical theory of ternariants, formulations of fundamental algorithms which
may, it is hoped, be of aid to investigators.

While writing I have had at hand and have frequently consulted the following
texts:

e CLEBSCH, Theorie der bindren Formen (1872).
e CLEBSCH, LINDEMANN, Vorlesungen uher Geometrie (1875).
e DICKSON, Algebraic Invariants (1914).

e DICKSON, Madison Colloquium Lectures on Mathematics (1913). I. In-
variants and the Theory of lumbers.

e ELLIOTT, Algebra of Quantics (1895).

e FAA DI BRUNO, Theorie des formes binaires (1876).

o GORDAN, Vorlesungen iiber Invariantentheorie (1887).
e GRACE and YOUNG, Algebra of Invariants (1903).

e W. FR. MEYER, Allgemeine Formen und Invariantentheorie (1909).



e W. FR. MEYER, Apolaritét und rationale Curven (1883).

e SALMON, Lessons Introductory to Modern Higher Algebra (1859; 4th
ed., 1885).

e STUDY, Methoden zur Theorie der temaren Formen (1889).

O. E. GLENN
PHILADELPHIA, PA.
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Chapter 1

THE PRINCIPLES OF
INVARIANT THEORY

1.1 The nature of an invariant. Illustrations

We consider a definite entity or system of elements, as the totality of points
in a plane, and suppose that the system is subjected to a definite kind of a
transformation, like the transformation of the points in a plane by a linear
transformation of their coordinates. Invariant theory treats of the properties of
the system which persist, or its elements which remain unaltered, during the
changes which are imposed upon the system by the transformation.

By means of particular illustrations we can bring into clear relief several
defining properties of an invariant.

1.1.1 An invariant area.

Given a triangle ABC drawn in the Cartesian plane with a vertex at the origin.
Suppose that the coordinates of A are (x1,y;); those of B (x2,y2). Then the
area A is

1
A= 5(1‘1?42 — Z2y1),
or, in a convenient notation,

1
A= 5(5531)-

Let us transform the system, consisting of all points in the plane, by the
substitutions

z=M7 4+ my,y = Ao’ + poy’.

The area of the triangle into which A is then carried will be
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1 1
A= S (e - 2oyh) = 5(@'Y),
and by applying the transformations directly to A,

A= ()\1112 - )‘QMI)A/~ (1)

If we assume that the determinant of the transformation is unity,

D=(\p) =1,
then

A =A.

Thus the area A of the triangle ABC remains unchanged under a transfor-
mation of determinant unity and is an invariant of the transformation. The
triangle itself is not an invariant, but is carried into abC. The area A is called
an absolute invariant if D = 1. If D # [, all triangles having a vertex at the
origin will have their areas multiplied by the same number D~! under the trans-
formation. In such a case A is said to be a relative invariant. The adjoining
figure illustrates the transformation of A(5,6), B(4,6), C(0,0) by means of

r=a +vy,y=2"+2y.
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1.1.2 An invariant ratio.

In T the points (elements) of the transformed system are located by means of
two lines of reference, and consist of the totality of points in a plane. For a
second illustration we consider the system of all points on a line EF.

We locate a point C' on this line by referring it to two fixed points of reference
P, Q. Thus C will divide the segment PQ) in a definite ratio. This ratio,

PC/CQ,

is unique, being positive for points C' of internal division and negative for points
of external division. The point C' is said to have for coordinates any pair of
numbers (x1,x2) such that

T PC

AL = (2)

2 CQ
where A is a multiplier which is constant for a given pair of reference points
P, Q. Let the segment PC be positive and equal to p. Suppose that the point
C' is represented by the particular pair (p1,p2), and let D(¢1,g2) be any other
point. Then we can find a formula for the length of CD. For,

co_pC__PQ __ p
P2 AL Ap1+p2 ApL+pe)
and
b _ _nr
q2 Aq1 + g2
Consequently
CD=0Q=DQ= Miap) (3)

(Aq1 +q2)(Ap1 + p2)
Theorem. The anharmonic ratio {CDEF} of four points C(p2,p2), D(q1,92),

E(r1,r2), F(61,82), defined by

CD-EF
CF-ED’

18 an tnvariant under the general linear transformation

{CDEF} =

Tz = \z) + pazh, e = Aax) + paxh, (M) # 0. (31)
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In proof we have from (3)

_ (ap)(or)
tCPEEY = G ar)
But under the transformation (cf. (1)),
(gp) = (M) (d'p"), (4)

and so on. Also, C, D, E, F are transformed into the points
C'(p1,pa), D' (41, 43), E' (1, m3), F' (51, 85),
respectively. Hence

(cppry = W) WP _ gy,

(sp)(gr)  (s'p')(q'7")

and therefore the anharmonic ratio is an absolute invariant.

1.1.3 An invariant discriminant.

A homogeneous quadratic polynomial,
f = apx? + 2a12179 + a3,

when equated to zero, is an equation having two roots which are values of
the ratio x1/x9. According to II we may represent these two ratios by two
points C(p1,p2), D(q1,g2) on the line EF. Thus we may speak of the roots
(p1,p2), (q1,g2) of f.
These two points coincide if the discriminant of f vanishes, and conversely;
that is if
D = 4(apas — a?) =0

If f be transformed by T, the result is a quadratic polynomial in z, 2%, or

' = apa’? + 2a\ 2 ahy + abal,

Now if the points C, D coincide, then the two transformed points C’, D’ also
coincide. For if CD =0, (3) gives (¢p) = 0. Then (4) gives (¢'p’) = 0, since by
hypothesis (Au) # 0. Hence, as stated, C'D’ = 0.

It follows that the discriminant D’ of f’ must vanish as a consequence of the
vanishing of D. Hence

D' =KD.

The constant K may be determined by selecting in place of f the particular
quadratic f; = 2zjxy for which D = —4. Transforming f; by T we have

fi =2 1 Aex] 4+ 2( A2 + Aopr ) T120 + 2411 f1273;
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and the discriminant of f{ is D’ = —4(Au)?. Then the substitution of these
particular discriminants gives

—4(\p)? = —4K,
K = (\p)

We may also determine K by applying the transformation T" to f and com-
puting the explicit form of f’. We obtain

ag = a())\% + 2&1)\1)\2 + a2>\§,
ay = apAipin + ar(Aipe + Xopir) + azdopia, (5)
ahy = aopi + 2a1 i po + aspis,

and hence by actual computation,

4(agay — af?) = 4(A)* (agaz — a?),

or, as above,

D' = (\u)?D.

Therefore the discriminant of f is a relative invariant of T' (Lagrange 1773); and,
in fact, the discriminant of f’ is always equal to the discriminant of f multiplied
by the square of the determinant of the transformation..

Preliminary Geometrical Definition.

If there is associated with a geometric figure a quantity which is left unchanged
by a set of transformations of the figure, then this quantity is called an absolute
invariant of the set (Halphen). In I the set of transformations consists of all
linear transformations for which (Au) = 1. In IT and III the set consists of all
for which (Ap) # 0.

1.1.4 An Invariant Geometrical Relation.
Let the roots of the quadratic polynomial f be represented by the points (p1,p2), (r1,72),
and let ¢ be a second polynomial,

¢ = bol‘% + 2b1x120 + ngg,

whose roots are represented by (¢i1,q2), (s1,82), or, in a briefer notation, by
(¢), (s). Assume that the anharmonic ratio of the four points (p), (¢), (r), (s),
equals minus one,

e | (6)
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The point pairs f = 0,¢ = 0 are then said to be harmonic conjugates. We have
from (6)

2h = 2parasiqr + 2pirisaqe — (p172 + par1)(qis2 + g2s1) = 0.

But

= (371172 - $2p1)($17"2 - 3327"1)7

f
¢ = (x192 — x2q1) (@152 — T251).

Hence

ap =p2, 2a1 =—(per1 +pire), a2 =piri,

bo = q2s2, 2b1 = —(q2s1 +q182), b2 =qis1,
and by substitution in (2h) we obtain

h = aobg — 2@1[)1 + QQbO =0. (7)

That h is a relative invariant under T is evident from (6): for under the trans-
formation f, ¢ become, respectively,

f'= (@hpy — 2opy) (@hry — wyry),

¢' = (2hds — w5q1) (285 — x5s)),

where
P = pop1 — D2, Py = —Aap1 + Aipe,
TL = fioT1 — paT2,  Th = —Agr1 + AiTg,
Hence
(q'P)(s'T") + (') (') = (Aw)?[(qp) (s7) + (sp)(qr)].
That is,

b = (Au)h.

Therefore the bilinear function h of the coefficients of two quadratic polyno-
mials, representing the condition that their root pairs be harmonic conjugates,
s a relative invariant of the transformation T. It is sometimes called a joint
invariant, or simultaneous invariant of the two polynomials under the transfor-
mation.
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1.1.5 An invariant polynomial.

To the pair of polynomials f, ¢, let a third quadratic polynomial be adjoined,

P = cox% + 2¢c1x2T0 + ch§
= (iL’l’UQ — fﬂQUl)(Zl’Ug — 302’1)1).

Let the points (uy,us) (v1,v2), be harmonic conjugate to the pair (p), (r); and
also to the pair (¢), (s). Then

coas — 2c1aq1 — coag =0,
Cob2 - 261b1 - CQbo :0,

com% + 2ci1T170 + c2x§ =0.
Elimination of the ¢ coefficients gives

aop aq a9
C = |bo by ba| =0 (8)

x% —T1T2 JJ%

This polynomial,
C= (a0b1 — albo)l‘f + (aobg — a2b0)$1$2 + (a1b2 — agbl)ﬂfg,

is the one existent quadratic polynomial whose roots form a common harmonic
conjugate pair, to each of the pairs f, ¢.

We can prove readily that C' is an invariant of the transformation 7. For we
have in addition to the equations (5),

0 = boAT 4+ 2b1 A1 Aa + b A2,
by = boAipn + bi(Arpiz + Aapir) + badopa, (9)
by = bopt + 2b1pu1p2 + by

Also if we solve the transformation equations T for z7, x4 in terms of x1, 2o we
obtain

2y = (An) " (pawy — pws),

!
1
b= ()" H(=Aemy + Mizo), (10)

T

Hence when f, ¢ are transformed by 7', C' becomes

o (11)
{(aoA? + 2a1 M1 A2 4+ a23)[bo A1 pr + bi(A1po + Aopir) + baopo]

—(boAT + 2b1 A1 Ao + baA3[ao A1 p1 + ar (A1 + Aapin) + agAopo]}

X (M) 72 (p2ar — paaz)? + -
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When this expression is multiplied out and rearranged as a polynomial in xq,
xa, it is found to be (Ap)C. That is,

C'=(\)C

and therefore C' is an invariant.

It is customary to employ the term invariant to signify a function of the co-
efficients of a polynomial, which is left unchanged, save possibly for a numerical
multiple, when the polynomial is transformed by 7. If the invariant function
involves the variables also, it is ordinarily called a covariant. Thus D in Il is a
relative invariant, whereas C' is a relative covariant.

The Inverse of a Linear Transformation.

The process (11) of proving by direct computation the invariancy of a function
we shall call verifying the invariant or covariant. The set of transformations
(10) used in such a verification is called the inverse of T and is denoted by T~*.

1.1.6 An invariant of three lines.

Instead of the Cartesian cooérdinates employed in I we may introduce homoge-
neous variables (z1, %2, 23) to represent a point P in a plane. These variables
may be regarded as the respective distances of N from the three sides of a
triangle of reference. Then the equations of three lines in the plane may be
written

a1171 + a12x2 + ajzrs = 0,
(2171 + a3 + ag3w3 = 0,

a3171 + asaxs + aszrs = 0.

The eliminant of these,

ail a2 @13

D =\az a2 a3,

az1 az2 ass
evidently represents the condition that the lines be concurrent. For the lines are
concurrent if D = 0. Hence we infer from the geometry that D is an invariant,
inasmuch as the transformed lines of three concurrent lines by the following
transformations, S, are concurrent:

x1 = M) + pxh + vak,
Stoxg = Noxh + pozh + ozl (Auv) #0. (12)
1 = A3} + pszh + vaxh.

To verify algebraically that D is an invariant we note that the transformed of

a;1x1 + aipTa + aizxs (1 =1,2,3),
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by S is

(a1 + aipdotaisAs)x] + (ainpn + aiops + aizps)zy + (a0
“+a;ov9 + (17;3’03)1'3 (Z = ].7 2, 3) (13)

Thus the transformed of D is

a11A1 + a12A2 + ai3A3  aripn + aiape +aizps  aivr + aale + aisvs

!
D" = |az1 A1 + ageAa + ag3A3  agipi1 + agopia + aggpiz  a1v1 + azalz + asvs
az1 A1 + 322 + aszA3  asip1 + asapio + assps G311+ azala + assvs

= (Aw)D. (14)

The latter equality holds by virtue of the ordinary law of the product of two
determinants of the third order. Hence D is an invariant.

1.1.7 A Differential Invariant.

In previous illustrations the transformations introduced have been of the linear
homogeneous type. Let us next consider a type of transformation which is
not linear, and an invariant which represents the differential of the arc of a
plane curve or simply the distance between two consecutive points (z,y) and
(z +dx,y + dy) in the (z,y) plane.

We assume the transformation to be given by

' =X(z,y,0), ¥ =Y(z,y,0),

where the functions X, Y are two independent continuous functions of x, y and
the parameter a. We assume (a) that the partial derivatives of these functions
exist, and (b) that these are continuous. Also (¢) we define X, Y to be such
that when a = ag

X(xvyaGO) =, Y(l‘.y,ao) =Y.

Then let an increment da be added to ag and expand each function as a power
series in da by Taylor’s theorem. This gives

¥ = X(z,y,a0) + 0X(z,y, a0) y’ao)éa +...,
6&0
oY (z,y,
y =Y (x,y,a0) + %&H—.... (15)

Since it may happen that some of the partial derivatives of X, Y may vanish for
a = ap, assume that the lowest power of da in (15) which has a non-vanishing
coefficient is (da)¥, and write (§a)* = 6t. Then the transformation, which is
infinitesimal, becomes
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I ' = x + &6t
"y =y + nit.

where £, n are continuous functions of x, y. The effect of operating I upon the
coordinates of a point P is to add infinitesimal increments to those coordinates,
viz.

dx = &6t
oy = not. (16)

Repeated operations with I produce a continuous motion of the point P along a
definite path in the plane. Such a motion may be called a stationary streaming
in the plane (Lie).

Let us now determine the functions &, 7, so that

o = dz? + dy?

shall be an invariant under I.
By means of I, o receives an infinitesimal increment do. In order that o
may be an absolute invariant, we must have

1
550 = dzddx + dyddy = 0,
or, since differential and variation symbols are permutable,
dxddx + dyddy = dxd€ + dydn = 0.

Hence
(€xdx + &§ydy)dx + (nedx + n,dy)dy = 0.

Thus since dz and dy are independent differentials
§o =1y =0, & +n.=0.
That is, £ is free from = and 7 from y. Moreover
Coy = Naa = &yy = 0.
Hence £ is linear in y, and 7 is linear in x; and also from

fy = Nz,
E=ay+p, n=—ax+ny. (17)

Thus the most general infinitesimal transformation leaving o invariant is
Iid' =2+ (ay+B)ot, v =y+ (—az+7)dt. (18)
Now there is one point in the plane which is left invariant, viz.

t=7/a, y=—Bfa.
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The only exception to this is when o = 0. But the transformation is then
completely defined by

o' =z +pot, Yy =yt

and is an infinitesimal translation parallel to the coérdinate axes. Assuming
then that « # 0, we transform coordinate axes so that the origin is moved to
the invariant point. This transformation,

r=z+v/a, y=y-—pB/a,
leaves ¢ unaltered, and I becomes
¥ =x+ayst, y =y— azit. (19)

But (19) is simply an infinitesimal rotation around the origin. We may add
that the case o = 0 does not require to be treated as an exception since an
infinitesimal translation may be regarded as a rotation around the point at
infinity. Thus,

Theorem. The most general infinitesimal transformation which leaves o =
dx? +dy? invariant is an infinitesimal rotation around a definite invariant point
in the plane.

We may readily interpret this theorem geometrically by noting that if o is
invariant the motion is that of a rigid figure. As is well known, any infinitesimal
motion of a plane rigid figure in a plane is equivalent to a rotation around a
unique point in the plane, called the instantaneous center. The invariant point
of I is therefore the instantaneous center of the infinitesimal rotation.

The adjoining figure shows the invariant point (C') when the moving figure
is a rigid rod R one end of which slides on a circle S, and the other along a
straight line L. This point is the intersection of the radius produced through
one end of the rod with the perpendicular to L at the other end.

1.1.8 An Arithmetical Invariant.

Finally let us introduce a transformation of the linear type like
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. _ / / . / !/
Tz = May + pixy, T2 = Aaxy + pay,

but one in which the coefficients A, i are positive integral residues of a prime
number p. Call this transformation 7},. We note first that 7}, may be generated
by combining the following three particular transformations:

(a) 1 = 2} + tah, zo = 2,
(b) x1 = 2!, 3 = A}, (20)

(¢) &1 =y, @y = —2a,
where ¢, A are any integers reduced modulo p. For (a) repeated gives
T = () + tah) + tal = 2 + 2tz xo = 7.
Repeated r times (a) gives, when rt = u (mod p),
(d) x1 = 2 +uxhy, xo = .
Then (¢) combined with (d) becomes
(e) 11 = —uz! + 2}, 1o = —2.

Proceeding in this way 7T}, may be built up.
Let
f = apx? + 2a11179 + a3,

where the coefficients are arbitrary variables; and
g = apx} + ay (2320 + 2123) + aga), (21)

and assume p = 3. Then we can prove that g is an arithmetical covariant; in
other words a covariant modulo 3. This is accomplished by showing that if f be
transformed by T3 then ¢’ will be identically congruent to g modulo 3. When f
is transformed by (c) we have

[ = agx? — 2ay2 7l + apx’y.

That is,
! !/ !/
aO = ag, al = —aq, a2 = agp.

The inverse of (¢) is x4 = x1, 2] = —x2. Hence
/ 4 3, .3 4
9 = a2x5 + ar(x125 + x7T2) + G0T] = 9,

and g is invariant, under (c).
Next we may transform f by (a); and we obtain

/ / / 2
ag = ap, a3 = agt + ai, ay = aot” + 2a1t + asz.
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The inverse of (a) is
Th = T9, T =11 — tas.
Therefore we must have

g/ = ao(l'l — t$2)4 + ((Lot + al) [(.’El — t(EQ)?’fEQ + (1’1 - tl’g).’b%]

+ (aot?® + 2a1t + az)zs (22)

= apx] + a1 (z3xy + 2123) + axxl (mod 3)

But this congruence follows immediately from the following case of Fermat’s
theorem:

t3 = t(mod 3).
Likewise ¢ is invariant with reference to (b). Hence g is a formal modular
covariant of f under T3.

1.2 Terminology and Definitions. Transforma-
tions

We proceed to formulate some definitions upon which immediate developments
depend.

1.2.1 An invariant.

Suppose that a function of n variables, f, is subjected to a definite set of trans-
formations upon those variables. Let there be associated with f some definite
quantity ¢ such that when the corresponding quantity ¢’ is constructed for the
transformed function f’ the equality
¢’ =M¢

holds. Suppose that M depends only upon the transformations, that is, is free
from any relationship with f. Then ¢ is called an invariant of f under the
transformations of the set.

The most extensive subdivision of the theory of invariants in its present
state of development is the theory of invariants of algebraical polynomials under
linear transformations. Other important fields are differential invariants and
number-theoretic invariant theories. In this book we treat, for the most part,
the algebraical invariants.

1.2.2 Quantics or forms.

A homogeneous polynomial in n variables x1,xo,...,x, of order m in those
variables is called a quantic, or form, of order m. Illustrations are

3 2 2 3
f(z1,x2) = apxy + 3ar1xiwe + 3asz125 + asws,

2 2 2
f(x1, 2, x3) = ag002] + 2a11021T2 + a020%5 + 201012123 + 2a011T223 + Q00223
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With reference to the number of variables in a quantic it is called binary, ternary;
and if there are n variables, n-ary. Thus f(x1,z2) is a binary cubic form;
f(z1,x2,23) a ternary quadratic form. In algebraic invariant theories of binary
forms it is usually most convenient to introduce with each coefficient a; the
binomial multiplier (T) as in f(x1,x2). When these multipliers are present, a
common notation for a binary form of order m is (Cayley)

flz1,22) = (@0, a1, ,am § z1,22)" = apx" + mawi”’lxz + -

If the coefficients are written without the binomial numbers, we abbreviate

flx1,22) = (ag, a1, ,am () x1,22)™ = aga" +a1x’1"*1x2 4+

The most common notation for a ternary form of order m is the generalized
form of f(x1,x2,x3) above. This is

flx1,m0,23) = Z mapqrxfxgxg,
p,q,7=0

where p, g, take all positive integral values for which p 4+ ¢ +r = m. It will
be observed that the multipliers associated with the coefficients are in this case
multinomial numbers. Unless the contrary is stated, we shall in all cases con-
sider the coefficients a of a form to be arbitrary variables. As to coordinate
representations we may assume (x1,x2,3), in a ternary form for instance, to
be homogenous cooérdinates of a point in a plane, and its coefficients a,q, to
be homogenous coordinates of planes in M-space, where M + 1 is the number
of the a’s. Thus the ternary form is represented by a point in M dimensional
space and by a curve in a plane.

1.2.3 Linear Transformations.

The transformations to which the variables in an n-ary form will ordinarily be
subjected are the following linear transformations called collineations:

xr1 = Alx,1+u156/2++0'1$/n
T = )\2.%‘/1 + MQJ?IQ + ...+ O'QI; (23)

! / /
Tp = Ap@7 + fn®y + ... + onx,.

In algebraical theories the only restriction to which these transformations will
be subjected is that the inverse transformation shall exist. That is, that it be
possible to solve for the primed variables in terms of the un-primed variables
(cf. (10)). We have seen in Section 1, V (11), and VIII (22) that the verification
of a covariant and indeed the very existence of a covariant depends upon the
existence of this inverse transformation.
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Theorem. A necessary and sufficient condition in order that the inverse of
(23) may exist is that the determinant or modulus of the transformation,

>\17 MH1, Vi, ... 01

A27 2, V2, ... 02
M=Mw...0c)=] . . ) ;

Any Hny, VUny ... Op

shall be different from zero.

In proof of this theorem we observe that the minor of any element, as of u;,

of M equals % Hence, solving for a variable as x}, we obtain

i

x/—M—l(xW+xW+ +x W)
2 18,LL1 QaﬂZ na‘u” ’

and this is a defined result in all instances except when M = 0, when it is
undefined. Hence we must have M # 0.

1.2.4 A theorem on the transformed polynomial.

Let f be a polynomial in x1, x5 of order m,
m m—1 m m—2 2 m
flz1,22) = aox" + marx]"™ "z2 + <2>a2x1 x5+ ...+ anry'.
Let f be transformed into f' by T (cf. 31)
/ ! m rom—1_/ m ! Jdm—r I ! Im
f=agx{" + majzy x2+-~-+(r>a,,m1 Ty + -+ a,xy.

We now prove a theorem which gives a short method of constructing the
coefficients a. in terms of the coefficients aq, ..., Gn,.

Theorem. The coefficients a.. of the transformed form f' are given by the
formulas

p_(m=nt( 0 0\ B
G =T <M13A1+u28/\2 f(A,x2) (r=0,...,m). (231)

In proof of this theorem we note that one form of fis f(A12] +p1ah, Aoz +
paxh). But since f’ is homogeneous this may be written

fr=a" (O + paxy /2, Ao + powy/2h).

We now expand the right-hand member of this equality by Taylor’s theorem,
regarding z, /) as a parameter,
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F=at [ 102+ 22 ai) FOnho)
2

) (1) 1

=2 (A1, X2)

,1 )\ 1, N2
/7“ a)

=2 — ) f\, ) },
a)<a b

2\ 0, 0
Fax) = \Maox, " ox,

1/ 0\
f/:f(/\lv)\2)$/1m+"'+r'(,u> f()\l,)\g) rm= TxIQT+...

where

oA

1 o\
+ ml <Ma/\) F(A1, A2)zy

Comparison of this result with the above form of f’ involving the coefficients a!.
gives (231).
An illustration of this result may be obtained from (5). Here m = 2, and

afy = ao\? + 2a1 M Mg + ax)\d = f(A1, A2) = fo,

1 0
ay = agAip + a1 (Aipz + Aop) + agdopg = ( 8)\> F(A1, A2), (24)

1/ 9
ay = aopi + 2a1v1po + azps = ( 8)\> F(A1, A2).

1.2.5 A group of transformations.

If we combine two transformations, as T" and

! 1 1

T xy = &1@f +may,
. 1 1

= &oxh + maxy,

there results

T = (A& + o)y + (A + pane)as,

= (A2&1 + p2&2)xy + (Aomn + pame)asy,
This is again a linear transformation and is called the product of T and T".
If now we consider Ai, A9, i1, 2 in T to be independent continuous variables
assuming, say, all real values, then the number of linear transformations is
infinite, i.e. they form an infinite set, but such that the product of any two
transformations of the set is a third transformation of the set. Such a set of
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transformations is said to form a group. The complete abstract definition of a
group is the following:

Given any set of distinct operations T, 7", 7", - -, finite or infinite in num-
ber and such that:

() The result of performing successively any two operations of the set is
another definite operation of the set which depends only upon the component
operations and the sequence in which they are carried out:

(8) The inverse of every operation T exists in the set; that is, another op-
eration T~! such that 77! is the identity or an operation which produces no
effect.

This set of operations then forms a group.

The set described above therefore forms an infinite group. If the transforma-
tions of this set have only integral coefficients consisting of the positive residues
of a prime number p, it will consist of only a finite number of operations and so
will form a finite group.

1.2.6 The induced group.

The equalities (24) constitute a set of linear transformations on the variables
ap, a1, as. Likewise in the case of formulas (231). These transformations are said
to be induced by the transformations T. If T carries f into f’ and T" carries
f/ into f”, then

m \Toe
(m—r)! 0\ == 1 2\° 9
=— (1= — | p= A1, A)ETTTES. (24
m! 7785 ;S! :U’a)\ f( 1 2) 1 52 ( 1)
(r=0,1,---,m).
This is a set of linear transformations connecting the a!’ directly with ag, - - , ap,.

The transformations are induced by applying T, T" in succession to f. Now the
induced transformations (231) form a group; for the transformations induced by
applying T and T” in succession is identical with the transformation induced by
the product T7T”. This is capable of formal proof. For by (281) the result of
transforming f by TT" is

— )
a, = WATJC(M& + 1162, Ao&1 + p2ba),

where

) 0
A=) e e T Ilr + &)
(Aa + ““72)8(A1§1 + p1é2)  Qam + MWQ)a()‘Zfl + p262)
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But
s+ paz) I\ + pée)
_ 0 (A& + piée)
TG T mE) 06
N 0 O(M& + u1és)
" (A& + piée) 06
9 9
= 7718751 + 772(97{2‘
Hence

0 0
A=(n= —
(v3¢) * (73¢)
and by the method of (IV) combined with this value of A

' T m

m—r)! 0 2\°
a) = (mi') <778§> Z% (Ma)\> F(A1, A2)E7" 785

0

But this is identical with (24;). Hence the induced transformations form a
group, as stated. This group will be called the induced group.

Definition.

A quantic or form, as for instance a binary cubic f, is a function of two distinct
sets of variables, e.g. the variables x1, x2, and the coefficients ag,...,a3. It is
thus quaternary in the coefficients and binary in the variables x1, x2. We call it
a quaternary-binary function. In general, if a function F' is homogeneous and of
degree 7 in one set of variables and of order w in a second set, and if the first set
contains m variables and the second set n, then F' is said to be an m-ary-n-ary

function of degree-order (i,w). If the first set of variables is aq, . .., a,, and the
second and the second z1,...,x,, we frequently employ the notation
F=(ag,...,am)(x1,...,2,)".

1.2.7 Cogrediency.

In many invariant theory problems two sets of variables are brought under con-
sideration simultaneously. If these sets (x1, 29, ,&y), (Y1,Y2," - ,Yn) are sub-
ject to the same scheme of transformations, as (23), they are said to be cogre-
dient sets of variables.
As an illustration of cogredient sets we first take the modular binary trans-
formations,
Ty w1 = M) + pixh, xo = Aot + pioxh,

where the coefficients A, u are integers reduced modulo p as in Section 1, VIII.
We can prove that with reference to T}, the quantities ¥, 25, are cogredient to



1.2. TERMINOLOGY AND DEFINITIONS. TRANSFORMATIONS 27

’Z.’), where p is a prime, are divisible by p

except (g) and (g). Hence, raising the equations of T}, to the pth power, we
have

r1,x2. For all binomial numbers (

2 = NP+ ba? b = Noa'P + pbalf (mod p).
But by Fermat’s theorem,
X0= A i = i (mod p) (i = 1,2).
Therefore
o} = Nt + mad, af = Naa + pazy,

and the cogrediency of z, 28 with x1, x5 under T}, is proved.

1.2.8 Theorem on the roots of a polynomial.

Theorem. The roots (7“51), rél)), (1"52), Tém), ey ((rﬁm),ré’”)) of a binary form
f=apz" + malx’ln_lxg + ...+ apzy’,

are cogredient to the variables.

To prove this we write
f=0Pa —rPe) Do —rPag) - (V2 — ™M),

and transform f by T'. There results
=11 {(Téi)M — ) + (8 — i )t |
i=1
Therefore A A _ ‘ A A
3 3 K3 /(2 3 3
7“'2( ) — ré ))\1 — r% )/\2; 7"1( ) — —(ré ),ul — rg ),ug).

Solving these we have

()\LL)Tgi) = Alrll(i) + er;(i),
()\u)réi) = )\grll(i) + ugr;(i).

Thus the r’s undergo the same transformation as the z’s (save for a common
multiplier (Ap)), and hence are cogredient to x1, zo as stated.

1.2.9 Fundamental postulate.

We may state as a fundamental postulate of the invariant theory of quantics
subject to linear transformations the following: Any covariant of a quantic
or system of quantics, i.e. any invariant formation containing the variables
Z1,%2,... will keep its invariant property unaffected when the set of elements
Z1,%2,... is replaced by any cogredient set.
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This postulate asserts, in effect, that the notation for the variables may be
changed in an invariant formation provided the elements introduced in place of
the old variables are subject to the same transformation as the old variables.

Since invariants may often be regarded as special cases of covariants, it is
desirable to have a term which includes both types of invariant formations. We
shall employ the word concomitant in this connection.

BINARY CONCOMITANTS

Since many chapters of this book treat mainly the concomitants of binary forms,
we now introduce several definitions which appertain in the first instance to the
binary case.

1.2.10 Empirical definition.

Let
1
f=aopxT +maz oy + Qm(m — Daga™ 222 + - + apal,
be a binary form of order m. Suppose f is transformed by T into
f' = apr™ + may a4 - 4 al, ahm

We construct a polynomial ¢ in the variables and coefficients of f. If this
function ¢ is such that it needs at most to be multiplied by a power of the
determinant or modulus of the transformation (Au), to be made equal to the
same function of the variables and coefficients of f’, then ¢ is a concomitant
of f under T. If the order of ¢ in the variables x1, =2 is zero, ¢ is an invari-
ant. Otherwise it is a covariant. An example is the discriminant of the binary
quadratic, in Paragraph III of Section 1.

If ¢ is a similar invariant formation of the coefficients of two or more binary
forms and of the variables x1, 2, it is called a simultaneous concomitant. Illus-
trations are h in Paragraph IV of Section 1, and the simultaneous covariant C'
in Paragraph V of Section 1.

We may express the fact of the invariancy of ¢ in all these cases by an
equation

k
¢\ = (\)" ¢,
in which ¢’ is understood to mean the same function of the coefficients ag, af,
.., and of z}, x4 that ¢ is of ag, a1, ..., and x1, 7. Or we may write more
15 L2 y
explicitly

k

dlag, ay,...;2h,xh) = (W) o(ao, ar, - . . ; 21, T2). (25)

We need only to replace T by (23) and (Ap) by M = (Ap---0) in the above
to obtain an empirical definition of a concomitant of an n-ary form f under
(23). The corresponding equation showing the concomitant relation is

pa'; 2, ahy,. .. 2l) = MEp(a; a1, 20, ..., 2). (26)
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An equation such as (25) will be called the invariant relation corresponding to
the invariant ¢.

1.2.11 Analytical definition.

1 We shall give a proof in Chapter II that no essential particularization of the
above definition of an invariant ¢ of a binary form f is imposed by assuming
that ¢ is homogeneous both in the a’s and in the z’s. Assuming this, we define
a concomitant ¢ of f as follows:

(1) Let ¢ be a function of the coefficients and variables of f, and ¢’ the same
function of the coefficients and variables of f’. Assume that it is a function such
that

lolod o’ 09’ d¢9'
'ula)q +u28/\2 B +)\28,u2 =

(2) Assume that ¢’ is homogeneous in the sets A1, Ag; u1, pe and of order k
in each.

Then ¢ is called a concomitant of f.

We proceed to prove that this definition is equivalent to the empirical defi-
nition above.

Since ¢’ is homogeneous in the way stated, we have by Euler’s theorem and
(1) above

=0, At 0. (27)

9¢' ¢’ / 9\
1 3>\1 + A2 3)\2 ¢ ) Ma)\ (b ) ( )
where k is the order of ¢’ in A1, A2. Solving these,
o9’ _, 09 _
= kpad’ M) ™Y, A = —kme' ()
8)\1 M2¢ ( /1’) ? 8)\2 ILle) ( /‘l‘)
Hence o' o'
d¢/ = ——d\ dha = (M)~ k¢ (HadAi — prd)s).
¢ o 1+8>\2 2 = (M) k' (p2dA1 — prdAz2)
Separating the variables and integrating we have
dgb, d(/\M) / k
— =k———, ¢ =C(A\p)",
o (An) =00

where C' is the constant of integration. To determine C, let T' be particularized
to

T =1}, Ty = .
Then a; = a;(i = 0,1,2,---,m), and ¢ = ¢. Also (Au) = 1. Hence by
substitution

¢' = ()’

IThe idea of an analytical definition of invariants is due to Cayley. Introductory Memoir
upon Quantics. Works, Vol. II.
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and this is the same as (25). If we proceed from

0 / 0 / /
(a) ¢ =0 () # =0’

we arrive at the same result. Hence the two definitions are equivalent.

1.2.12 Annihilators.

We shall now need to refer back to Paragraph IV (23;) and Section 1 (10) and
observe that

0 0 0
(15 ) ot = = s gy ) ot =0, (s b ==t (20

Hence the operator (ua%) applied to ¢’, regarded as a function of A1, Ao, p1, o,
has precisely the same effect as some other linear differential operator involving
only af(i =0,--- ,m) and =}, x5, which would have the effect (29) when applied
to ¢’ regarded as a function of af, 2, z} alone. Such an operator exists. In fact
we can see by empirical considerations that

0 0

/
-
Oz},

9
+ (m—1)ay= +--+a,

O — 2 a
1 / 7 m /
Oay, Oa} Oa,, 4

— !/
= mal

(291)
ol !

is such an operator. We can also derive this operator by an easy analytical
procedure. For,

0N ,_0¢" [ Dday\ 0¢" [ daj o’ da,,\  0¢' [ Oxy\
(”ax) = dap (” o ) Taa \Fax )t T aa \Fan ) Taan \Fan ) =

or, by (29)

0
11

In the same manner we can derive fro ()\a%)qﬁ’ =0,

0 0 0 0 0
<Q’ —x;ax,1> ¢ = <a66a’1 —|—2a'18—a,2 +e —i—ma;n_l@ — xé@xﬁ) ¢ = 0.
(292)
The operators (291), (292) are called annihilators (Sylvester). Since ¢ is the
same function of a;,x1x9, that ¢’ is of a, 2} x}, we have, by dropping primes,
the result:

Theorem. A set of necessary and sufficient conditions that a homogeneous
function, ¢, of the coefficients and variables of a binary form f should be a

concomitant s
0 0
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In the case of invariants these conditions reduce to O¢ = 0, Q¢ = 0. These
operators are here written again, for reference, and in the un-primed variables:

0
1 — 4+ ...
O = may . —I—(m )ag . + + apm

Q=a i+2a i+ + ma 9
= 9a, Y 9ay "1 9a,,

aam,fl ’

A simple illustration is obtainable in connection with the invariant
Dy = apag — a? (Section 1, TIT).

Here m = 2:

0 0 0 0
Q= Cl(]aial +2a187a2, 0= 20’187040 +01287al.

QD1 = —2aga; + 2apa1 =0, ODy = 2a1a2 — 2a1as = 0.
It will be noted that this method furnishes a convenient means of checking the
work of computing any invariant.

1.3 Special Invariant Formations

We now prove the invariancy of certain types of functions of frequent occurrence
in the algebraic theory of quantics.

1.3.1 Jacobians.

Let f1, fo, -+, fn be n homogeneous forms in n variables x1,x2, -+ ,z,. The
determinant,
flxla flxga Tty flxn
J = f2zla f2z2a ) f29cn (30)
fnmy fnmw R fnxn

in which fi,, = g—ﬁ, etc., is the functional determinant, or Jacobian of the n
forms. We prove that J is invariant when the forms f; are transformed by (23),
i.e. by

= Nx) + piwy + -+ o (1 =1,2,--- ). (31)

To do this we construct the Jacobian J’ of the transformed quantic f]’ We have
from (31),

o, _ofon 0on  0fiom,
oxly 0wy Ozl = Oxg Ol Oz, Ozl

But by virtue of the transformations (31) we have in all cases, identically,

f]{:fj(jzlvz"'?n)' (32)
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Hence of!
/ of; Of; of;
J . 201 IV T n J , 33
A R R (33)
and we obtain similar formulas for the derivatives of fj’- with respect to the other
variables. Therefore

)\lflxl + >\2f112 +-- 4+ )\nflzn7 ,uflflxl +N2f112 + - +,U/nf1:12na
J =
)\lfnzl + >\2fn12 +--- 4+ /\nfnxnv /J/lfnzl +M2fnm2 + - +,unfnwna

(1.1)
But this form of .J’ corresponds exactly with the formula for the product of
two nth order determinants, one of which is J and the other the modulus M.

Hence

J=p--0)d,
and J is a concomitant. It will be observed that the covariant C' in Paragraph
V of Section 1 is the Jacobian of f and ¢.

1.3.2 Hessians.

If f is an n-ary form, the determinant

fm1m17 fr1rc27 M) fmrn
H— fmz':clv fIg.Izv Ml fIgIn (34)
fxnxlv fﬂcnxm ) fﬁfnﬂcn

is called the Hessian of f. That H possesses the invariant property we may
prove as follows: Multiply H by M = (Auv---0), and make use of (33). This
gives

9 Of a9 Of 9 Oof

Al J751 .. 01 oz’ Oz’ oxly dx? ") ox!, Oz

3 o o' of o of 9" o)

MH = -2 M2 ... 2 H— Oz Oz’ oxl, .612 [ Ox! Oxa
A ... O o 9f o of 5 of

n fn n oz 0z, Ozl dxzy,’ ~°°7 Ox! Odxn

Replacing f by f’ as in (32) and writing
o of 0 of

M?H =

— = — etc.
Oy Oxy 0wy Oz 7
we have, after multiplying again by M,
/ ! !
Totatr Jagat 0 o

/ ’
foro s forw s oon) ' g
T, THTy, TnThn
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that is to say,
H' = (Muv---0)*H,

and H is a concomitant of f.

It is customary, and avoids extraneous numerical factors, to define the Hes-
sian as the above determinant divided by £m™ x (m — 1)". Thus the Hessian
covariant of the binary cubic form

3 2 2 3
f = aox] + 3a12722 + 3asx125 + azxs,

apr1 + a1x + 2,a1x1 + asxs
a121 + G222, a2x1 + a3T2

A:

)

=2(apas — a2)x? + 2(agas — araz)r122 + 2(araz — a3)ra. (35)

1.3.3 Binary resultants.

Let f, ¢ be two binary forms of respective orders, m, n;

f = aox’ln + ma1x§n71$2 + -+ amx;n = H(Tgl)xl - Tg )$2)
i=1
¢ = box} + nbray” Yoo 4+ -+ + bpxh = H(sgj)xl - ng)mg).
j=1
It will be well known to students of the higher algebra that the following sym-

metric function of the roots (rg ), ré )), (sg ), sé])), R(f, ¢) is called the resultant
of f and ¢. Its vanishing is a necessary and sufficient condition in order that f
and ¢ should have a common root.

o=

To prove that R is a simultaneous invariant of f and ¢ it will be sufficient to
recall that the roots (r1,72), (s1,s2) are cogredient to x1, x5. Hence when f, ¢
are each transformed by 7', R undergoes the transformation

—rgsi)). (36)

u::]g

()\N) = >\1T1 + ,U17”2 (AM)TQ = )‘27”1 g + pary 3 )

(/\u) =\ s )+ M1S ()\,u) 0) = /\28 )+ H2Sy 9

in which, owing to homogeneity the factors (Au) on the left may be disregarded.
But under these substitutions,

RONO N ONO RS TR ONC B ONON

2Throughout this book the notation for particular algebraical concomitants is that of Cleb-
sch.
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Hence
R(f,¢") = ()™ R(f,9),

which proves the invariancy of the resultant.

The most familiar and elegant method of expressing the resultant of two
forms f, ¢ in terms of the coefficients of the forms is by Sylvester’s dialytic
method of elimination. We multiply f by the n quantities 27, x?72x27 ey h Tt

in succession, and obtain

aox’f””*l + malx;’”"*%cg + ...+ amx?flxgn,
aoxi'””*?acg + ...+ mam,lx?fzxg”l + am:v?flxg”, (37)
aox?’xg_l + ...+ mam_lscl:c;"+"_2 + am:ch'"_l.
Likewise if we multiply ¢ by the succession 27"~ !, 27" %2, ...,z "', we have

the array

—1 2 1
box?”" + nblx’anr" T+ ... + bpa]' " ah,

Doz L + ... + nbp_yz12 T2 4 byl (38)

The eliminant of these two arrays is the resultant of f and ¢, viz.

ag maq A, 0 0 0
" Tows 0 ag mai MGp—1 A 0 0
0 0 0 a
R(f,¢) = by b "
m rows bo b
0 0 0 ... ... .. ... ... by

A particular case of a resultant is shown in the next paragraph. The degree of
R(f, ¢) in the coefficients of the two forms is evidently m + n.

1.3.4 Discriminant of a binary form.

The discriminant D of a binary form f is that function of its coefficients which
when equated to zero furnishes a necessary and sufficient condition in order that
f =0 may have a double root. Let

-1
[ = f(z1,22) = aox" + marz" 22 + - - + apmay’,

and let fy, (z1,22) = g—gfl, fuo(21,22) = 8‘%. Then, as is well known, a common
root of f =0, % = ( is a double root of f = 0 and conversely. Also
_ af of
1 _ 97\ _ 9],
T2 (mf e 8131 ) 8$2 ’
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hence a double root of f = 0 is a common root of f = 0, gfl =0, gm’; =0,

and conversely; or D is equal either to the eliminant of f and 83:1’ or to that
of f and 887]; Let the roots of fy, (x1,22) = 0 be (sg),s2 Yi=1,---,m—1),
those of fr(zl,xg) =0, (t(li),tgi))(i =1,---,m — 1), and those of f = 0 be
(ri),réj))(j—l 2,---,m). Then

aoD = f(s (1))f($(12)7 (2)) . f(ng_1)7 ng_l)%
amD = f(tgl)7t(1))f(t§2)’t;2)) . f(tgm_l),tém_l)).

Now Of(x1,22) = xla‘%, Qf (z1,22) = xgg—gfl, where 0 and Q are the annihila-
tors of Section 2, XII. Hence

0D ="tV fu, () ) (D 43 - p™ 5y =0,
0D =37 58 fu (517, 550 (517, 57) - £, 87T =0,

Thus the discriminant satisfies the two differential equations OD = O, QD =0
and is an invariant. Its degree is 2(m — 1).
An example of a dlscriminant is the following for the binary cubic f, taken
as the resultant of -2 az , g—f:
1 T2
ag 2a1 azx O
1 . 0 aon 2@1 as
_iR - aq 2&2 as 0 (39)
0 aq 2(12 as

= (apaz — a1a2)2 — 4(agag — a%)(alag — a%).

1.3.5 Universal covariants.

Corresponding to a given group of linear transformations there is a class of
invariant formations which involve the variables only. These are called universal
covariants of the group. If the group is the infinite group generated by the
transformations 7" in the binary case, a universal covariant is

d= (my) = T1Y2 — X2Y1,

where (y) is cogredient to (x). This follows from

Ay + b, e + ,u2x2
= ’ A 40
Myr+ 1y, A2yt + pays = Q). (40)

If the group is the finite group modulo p, given by the transformations 7},, then
since zf, 2} are cogredient to 1, z2, we have immediately, from the above result
for d, the fact that

L =alzy — x5 (41)
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is a universal covariant of this modular group.?

Another group of linear transformations, which is of consequence in geome-
try, is given by the well-known transformations of codrdinate axes from a pair
inclined at an angle w to a pair inclined at an angle w’' = 8 — «, viz.

sin(w — ) o sin(w — 0) ,

Tr1 = 3 1 . Tg,
sinw sinw
sina sin
To = ——a) + —ﬂx; (42)
sinw sinw
Under this group the quadratic,
T3 + 221 w9c08W + T (43)

is a universal covariant.*

3Dickson, Transactions Amer. Math. Society, vol. 12 (1911)
4Study, Leipz. Ber. vol. 40 (1897).



Chapter 2

PROPERTIES OF
INVARIANTS

2.1 Homogeneity of a Binary Concomitant

2.1.1 Homogeneity.
A binary form of order m

f=aoxT +marx tag 4+ -+ amal,
is an (m+ 1)-ary-binary function, of degree-order (1,m). A concomitant of f is
an (m + 1)-ary-binary function of degree-order (i,w). Thus the Hessian of the
binary cubic (Chap. I, §3, II),

A = 2(agay — a?)x? + 2(apas — araz)r1Ts + 2(araz — al)r, (44)

is a quaternary-binary function of degree-order (2, 2). Likewise f + A is
quaternary-binary of degree-order (2, 3), but non-homogeneous.

An invariant function of degree-order (i, 0) is an invariant of f. If the degree-
order is (0,w), the function is a universal covariant (Chap. I, §3, V). Thus
asas — a? of degree-order (2, 0) is an invariant of the binary quadratic under T,
whereas 27zo — z128 of degree-order (0,p + 1) is a universal modular covariant

of Tp.

Theorem. IfC = (ag,ay, -+ ,an) (71, 12) is a concomitant of f = (ag, -+ ,am)(x1,22)™,
its theory as an invariant function loses no generality if we assume that it is
homogeneous both as regards the variables x1,x2 and the variables ag,- -+ , Q.

Assume for instance that it is non-homogeneous as to x1,z2. Then it must
equal a sum of functions which are separately homogeneous in 1, 2. Suppose

C=C+Co+ - +Ci,

37
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where C; = (ag,a1,- - ,am)i' (z1,22)w; (j =1,2,---,5) ¢/ < i. Suppose now
that we wish to verify the covariancy of C, directly. We will have

¢ = (a67 allv T 7a;n)i(m/17xl2)w = ()‘:u)kcv (45)
in which relation we have an identity if a; is expressed as the appropriate linear
expression in ag, - - - , a;, and the 2 as the linear expression in z1, x2, of Chapter
I, Section 1 (10). But we can have

SO =Y,
j=1 j=1

identically in z1, x2 only provided
OJI = ()‘/‘)ij (G=1--,9).

Hence Cj is itself a concomitant, and since it is homogeneous as to z1, %2, no
generality will be lost by assuming all invariant functions C' homogeneous in
T1,T2.
Next assume C' to be homogeneous in x1, z2 but not in the variables ag, aq, - - -
Then
C=T1+T2+-+T,,

where I'; is homogeneous both in the a’s and in the x’s. Then the above process
of verification leads to the fact that

I = ()T,

and hence C' may be assumed homogeneous both as to the a’s and the z’s; which
was to be proved. The proof applies equally well to the cases of invariants,
covariants, and universal covariants.

2.2 Index, Order, Degree, Weight

In a covariant relation such as (45) above, k, the power of the modulus in the
relation, shall be called the index of the concomitant. The numbers i,w are
respectively the degree and the order of C.

2.2.1 Definition.

Let 7 = afjajal - - - a¥ a5~ " be any monomial expression in the coefficients and

variables of a binary m-ic f. The degree of 7 is of course i = p+qg+7r+---+v.
The number
w=q+2r+3s+---+mv+pu (46)

is called the weight of 7. It equals the sum of all of the subscripts of the letters
forming factors of 7 excluding the factors wy. Thus as is of weight 3; agalay of
weight 6; ajasx?z3 of weight 9. Any polynomial whose terms are of the type

7aM'
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7 and all of the same weight is said to be an isobaric polynomial. We can, by
a method now to be described, prove a series of facts concerning the numbers
w, i, k,w.

Consider the form f and a corresponding concomitant relation

¢ = (a67 a/17 T ’a;n)i(‘r/la m/Z)w = ()‘M)k(a()’ a, - ’am)i(xla $2)w' (47)
This relation holds true when f is transformed by any linear transformation

! /

CT1 =A@+ s,
. ! /
To = Ao + pazh.

It will, therefore, certainly hold true when f is transformed by any particular
case of T. It is by means of such particular transformations that a number of
facts will now be proved.

2.2.2 Theorem on the index.

Theorem. The index k, order w, and degree i of C' satisfy the relation

k= %(zm —w). (48)

And this relation is true of invariants, i.e. (48) holds true when w = 0.
To prove this we transform
f=aoxl +marx tag + -+ amal,
by the following special case of T":
1 = A\x], T = \7h
The modulus is now A2, and aj = A"a;j(j=0,---,m). Hence from (47),

()\ma/O? )\ma17 Y ATnaﬂn)i()\_lml) A_le)w = )\2k(a0) ai, .-, am)i(xla mQ)w'
(49)
But the concomitant C' is homogeneous. Hence, since the degree-order is (7, w),

A,”n_w(a/Oa e 7a'm)i(x1a '/EQ)W = )\2k(a0) e aam)i(x:l) 1‘2)40
Hence
2K =im — w.
2.2.3 Theorem on weight.

Theorem. Every concomitant C' of f is isobaric and the weight is given by

1
w = i(zm +w), (50)

where (i,w) is the degree-order of C, and m the order of f. The relation is true
for invariants, i.e. if w = 0.
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In proof we transform f by the special transformation
T =T, 19 = \Th. (51)
Then the modulus is A, and aj = Na;(j=0,2,---,m). Let

— 4Pa9q" H W=
T = QpQ]Qg - T| Ty

be any term of C' and 7/ the corresponding term of C”, the transformed of C' by
(51). Then by (47),

7= NP2 w g bad gl kT = AP

Thus )
w—w=k= i(imfw),
or
1.
w= §(zm + w).
COROLLARY 1. The weight of an invariant equals its index,
1
w=k= iim.

COROLLARY 2. The degree-order (i,w) of a concomitant C' cannot consist
of an even number and an odd number except when m is even. Then ¢ may be
odd and w even. But if m is even w cannot be odd.

These corollaries follow directly from (48), (50).

As an illustration, if C' is the Hessian of a cubic, (44), we have

t=2,w=2,m=3,

1
w=5(2:3+2) =4,

1
S 2
These facts are otherwise evident (cf. (44), and Chap. I, Section 3, II).
COROLLARY 3. The index k of any concomitant of f is a positive integer.
For we have

k=-(2-3-2)=2.

w—w=k,

and evidently the integer w is positive and w < w.

2.3 Simultaneous Concomitants

We have verified the invariancy of two simultaneous concomitants. These are
the bilinear invariants of two quadratics (Chap. I, Section 1, IV),
¥ = apz?y + 2012172 + axx’s,
¢ = box?1 + 2b171 29 + boz?s,
viz. h = agby — 2a1b1 + asbg,
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and the Jacobian C of 9 and ¢ (cf. (8)). For another illustration we may
introduce the Jacobian of ¢ and the Hessian, A, of a binary cubic f. This is
(cf. (44))

J¢)A = [bo(aoag, — alag) — 2b1 (aoag — a21)]x21
=+ 2[b0(a1a3 — a22) — bg(aoag — CL21)]£E1.’E2

+  [2b1(aras — a®) — ba(agas — ayaz)]a’s,
and it may be verified as a concomitant of ¢ and
f=aox® + ...

The degree-order of J is (3, 2). This might be written (1 + 2, 2), where by the
sum 1 + 2 we indicate that J is of partial degree 1 in the coefficients of the first
form ¢ and of partial degree 2 in the coefficients of the second form f.

2.3.1 Theorem on index and weight.

Theorem. Let f,¢,,--- be a set of binary forms of respective orders my, mo, mg, - - - .
Let C be a simultaneous concomitant of these forms of degree-order

(i1+i2+i3+"' ,w)

Then the index and the weight of C' are connected with the numbers m,i,w by
the relations

k:%(Zilml—w>7w:%<2i1m1+w), (52)

and these relations hold true for invariants (i.e. when w =10).

The method of proof is similar to that employed in the proofs of the theorems
in Section 2. We shall prove in detail the second formula only. Let

f:aox;n1_|_...’ ¢:b0x71n2+~-- ; wZCOx?w_,'_._. e
Then a term of C' will be of the form
T=al'al a5t - bFOI2052 -y T

Let the forms be transformed by x1 = #{,72 = Avj. Then a} = /\jaj,b;- =
Mbj, -+ (5 =0,--+,m;), and if 7/ is the term corresponding to 7 in the trans-

formed of C' by this particular transformation, we have
7./ — /\7’1+2S1+~~+r2+252+~-+,u—w7_ _ )\kT.

Hence
w—w=Fk=

(Z 11mq — w) ,

DN =
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which proves the theorem.
We have for the three simultaneous concomitants mentioned above; from
formulas (52)
h C J
k=2 k=1 k=3
w=2 w=3 w=5

2.4 Symmetry. Fundamental Existence Theo-
rem

We have shown that the binary cubic form has an invariant, its discriminant, of
degree 4, and weight 6. This is (cf. (39))

1
5t = —(a0as — a102)” + 4(agaz — af) (ara3 — a3).

2.4.1 Symmetry.

We may note concerning it that it is unaltered by the substitution (aga;)(ajaz).
This fact is a case of a general property of concomitants of a binary form of order
m. Let f = apx"+---; and let C be a concomitant, the invariant relation being

C' = (ah,d),...,a.)) (zh, 25) = \w)¥(ag, ..., am) (x1,22)%.
Let the transformation T of f be particularized to
T =Th, 1y = ).
The modulus is —1. Then a} = a;,—;, and

C" = (Am, A1, -+, 00) (2, 21)° = (=1)*(ag, ..., am) (x1,22)*. (53)

That is; any concomitant of even index is unchanged when the interchanges
(apam)(a1am—1) - - - (x122) are made, and if the index be odd, the concomitant
changes only in sign. On account of this property a concomitant of odd index is
called a skew concomitant. There exist no skew invariants for forms of the first
four orders 1, 2, 3, 4. Indeed the simplest skew invariant of the quintic is quite
complicated, it being of degree 18 and weight 45 ! (Hermite). The simplest
skew covariant of a lower form is the covariant T of a quartic of (125) (Chap.
IV, §1).

We shall now close this chapter by proving a theorem that shows that the
number of concomitants of a form is infinite. We state this fundamental exis-
tence theorem of the subject as follows:

Theorem. FEvery concomitant K of a covariant C' of a binary form f is a
concomitant of f.

1Faa di Bruno, Walter. Theorie der Biniren Formen, p. 320.
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That this theorem establishes the existence of an infinite number of con-
comitants of f is clear. In fact if f is a binary quartic, its Hessian covariant
H (Chap. I, §3) is also a quartic. The Hessian of H is again a quartic, and is
a concomitant of f by the present theorem. Thus, simply by taking successive
Hessians we can obtain an infinite number of covariants of f, all of the fourth
order. Similar considerations hold true for other forms.

In proof of the theorem we have

f:aox;'L_A'_...’
i w w w—1
C = (ao, ,am)" (z1,22)" = coxf{ +wera{ " wa+ -+,
where ¢; is of degree i in ag, - , G-

Now let f be transformed by 7. Then we can show that this operation
induces a linear transformation of C, and precisely 7. In other words when f
is transformed, then C' is transformed by the same transformation. For when f
is transformed into f’, C' goes into

C' = M\w)*(cony +weraytag +---).

But when C is transformed directly by T, it goes into a form which equals C
itself by virtue of the equations of transformation. Hence the form C, induced by
transforming f, is identical with that obtained by transforming C by T directly,
save for the factor (Au)*. Thus by transformation of either f or C,

bl + w4 o = )eoat +w(n)erst lop ko (54)
is an equality holding true by virtue of the equations of transformation. Now
an invariant relation for K is formed by forming an invariant function from
the coeflicients and variables of the left-hand side of (54) and placing it equal
to (Ap)¥ times the same function of the coefficients and the variables of the
right-hand side,

K' = (cpy,...,c,) (), xh)°

= (WS (()Feo, ., () ) (a1, )"

But K’ is homogeneous and of degree-order (¢, €). Hence

K' = (cy,...,c ) (2}, 25) = ) 5 (co, ..., cn) (21, 22)¢ (55)
— ()\M)Lk—i-ch.
Now ¢ is the same function of the ay,...,al, that ¢; is of ag,...,am. When

the ¢’s and ¢’s in (55) are replaced by their values in terms of the a’s, we have

K' =lap,...,al )" (2, 25)¢ = (M) [ag, . . ., am]™ (21, 22)° (56)
_ ()\,U,)LkJrHK.
where, of course, [ag, ..., am]"(z1,22)¢ considered as a function, is different

from (ag,...,am)"(z1,22)¢. But (56) is a covariant relation for a covariant of
f. This proves the theorem.



44 CHAPTER 2. PROPERTIES OF INVARIANTS

The proof holds true mutatis mutandis for concomitants of an n-ary form
and for simultaneous concomitants.
The indezx of K is

1 1
p:Loi(imfw)Jri(wae)
1
= §(iLm —€),
and its weight,
1
w = i(um + €).
Hllustration. If f is a binary cubic,
f= aox‘;’ + 3@1.’17%1’2 + 3a2x1x§ + agacg,
then its Hessian,
A = 2[(agag — a)x3 + (agaz — ayas)w179 + (araz — a3)x3],

is a covariant of f. The Hessian 2R of A is the discriminant of A, and it is also
twice the discriminant of f,

2R = 4[—(apas — a1a2)2 + 4(agas — a%)(alag — a%)}.



Chapter 3

THE PROCESSES OF
INVARIANT THEORY

3.1 Invariant Operators

We have proved in Chapter II that the system of invariants and covariants of
a form or set of forms is infinite. But up to the present we have demonstrated
no methods whereby the members of such a system may be found. The only
methods of this nature which we have established are those given in Section
3 of Chapter I on special invariant formations, and these are of very limited
application. We shall treat in this chapter the standard known processes for
finding the most important concomitants of a system of quantics.

3.1.1 Polars.

In Section 2 of Chapter I some use was made of the operations A\; 8%“—1—)\2%, 141 ai/\l—i—

,UQ%. Such operators may be extensively employed in the construction of in-
variant formations. They are called polar operators.

Theorem. Let f = apz* +--- be an n-ary quantic in the variables x1,--- ,x,
and ¢ a concomitant of f, the corresponding invariant relation being

(b/ = (af)v T )l(‘r/lv T 7w41)w
:()\,uo')k(ao’)l([ph amn)wZMkd) (57)
Then if y1,y2,-+ ,Yn are cogredient to x1,xa,- - , Ty, the function

DNy (e DY,
yax o yl(‘?xl y28x2 y"axn

is a concomitant of f.

45



46 CHAPTER 3. THE PROCESSES OF INVARIANT THEORY

It will be sufficient to prove that

0 0
(v ) & = (52 ) & (58)

the theorem will then follow directly by the definition of a covariant. On account
of cogrediency we have

/ / /
Tp = & + Wiy + -+ 0T,

Yi = Ny + payy + - F oy, (i =1, n). (59)
Hence
o _oom om0 om
ox 0wy Oz Ozo O O, 0z’
0 0 0 0
L R
oz, Moz, o, Fn e
R R
oz, Yoz, 20z o Oz
Therefore
Y g (Mgl + pgh + -+ 1) -
Lox "ozt ! 2 " 0xy,

0
o Oyt e+ oyl 5

T R
- ylaxl ynamn

Hence (58) follows immediately when we operate upon (57) by

() 2)

The function (y%w is called the first polar covariant of ¢, or simply the first
polar of ¢. It is convenient, however, and avoids adventitious numerical factors,
to define as the polar of ¢ the expression (y%)gﬁ times a numerical factor. We
give this more explicit definition in connection with polars of f itself without
loss of generality. Let f be of order m. Then

— 0 o \"
‘m r <y18++yn8 ) fEfy'r" (61)

|m ) Ty

the right-hand side being merely an abbreviation of the left-hand side, is called
the rth y-polar of f. It is an absolute covariant of f by (60).
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For illustration, the first polars of

3 2 2 3
f = aox] + 3a1x722 + 3azx125 + asxs,

2 2 2
g = a200%] + 20110172 + Go20Z5 + 201017173 + 200117273 + Ago273,
are, respectively,

fy= (aox% +2a1z129 + agxg)yl + (ale + 2a9x1x0 + agxg)yg,
gy = (a2001 + a110%2 + a10123)y1 + (11021 + 020T2 + A01123)Y2

+ (a10121 + ao11%2 + ago2T3)Ys.
Also,
fy2 = (aoy} + 2a1y192 + a2ys)z1 + (a1yF + 2a2y1y2 + azys)va.

If g = 0 is the conic C of the adjoining figure, and (y) = (y1,y2,ys) is the
point P, then g, = 0 is the chord of contact AB, and is called the polar line of
P and the conic. If P is within the conic, g, = 0 joins the imaginary points of
contact of the tangents to C from P.

We now restrict the discussion in the remainder of this chapter to binary
forms.

We note that if the variables (y) be replaced by the variables (z) in any polar
of a form f the result is f itself, i.e. the original polarized form. This follows
by Euler’s theorem on homogeneous functions, since

(vaz) e = (15 + 0 ) £ = . (©2

In connection with the theorem on the transformed form of Chapter I, Sec-
tion 2, we may observe that the coefficients of the transformed form are given
by the polar formulas

af) = f()\l, )\2) = fo.a/l = fou,aé = f0u27 ...,a;n = foum. (63)
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The rth y-polar of f is a doubly binary form in the sets (y1,y2), (z1,2z2) of
degree-order (r,m — r). We may however polarize a number of times as to (y)
and then a number of times as to another cogredient set (z);

o= (Y (2

This result is a function of three cogredient sets (), (y), (2).

Since the polar operator is a linear differential operator, it is evident that
the polar of a sum of a number of forms equals the sum of the polars of these
forms,

(ft oty = fyr + 0y +

3.1.2 The polar of a product.

We now develop a very important formula giving the polar of the product of
two binary forms in terms of polars of the two forms.

If F(x1,x2) is any binary form in x1,x2 of order M and (y) is cogredient to
(z), we have by Taylor’s theorem, k& being any parameter,

F(x1 + kyy, x2 + ky2)

_ 9 o O\'F [ O\ F
—F(wl,xz)+k<yax)F+k (yam> TR (yax> S+

M M M
:F+(1>Fyk+<2>Fyzk‘2+-~-+(T)Fyrkr+~-~. (65)

Let F' = f(x,x2)¢(x;, x2), the product of two binary forms of respective orders
m, n. Then the rth polar of this product will be the coefficient of £" in the
expansion of

fler +kyr, 2o + kya) X (a1 + kyr, z2 + kya),

divided by (" ™), by (65). But this expansion equals

[f+ (T)fykJr (2)fy2k2 T (T)fyrkmr...] [¢+ (?)ojyk
+ (Z)gbyzkz +... 4 (:)¢ykr+]

Hence by direct multiplication,

o, = o ()G )f% ()2 e (7))

or T
m n
yr r ) s=0 ( S ) (r — 5) fySQ/)yrfs (66)

) -
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This is the required formula.

The sum of the coefficients in the polar of a product is unity. This follows
from the fact (cf. (62)) that if (y) goes into () in the polar of a product it
becomes the original polarized form.

An illustration of formula (66) is the following:

Let f = aopx} + ..., ¢ = box? +.... Then

9,73 ) eyt () ()t () (o]

1 3 1
= gfy“b"' gfy%by + 5fy¢y3

3.1.3 Aronhold’s polars.

The coefficients of the transformed binary form are given by
al. = fur M, Xa) (r=0,...,m).

These are the linear transformations of the induced group (Chap. I, §2). Let ¢
be a second binary form of the same order as f,

¢ = b + mbix  ray ...
Let ¢ be transformed by T into ¢'. Then
b, = Gur (A Aa).

Hence the set by, b1, - -, by, is cogredient to the set ag, a1, - -+, am, under the
induced group. It follows immediately by the theory of Paragraph I that

(b’a) =b 0 +-+ 0

Oa’ ° Oy, ™ 0al,
0 0 0
_boam)+."+bm8am2<b%>' (67)

That is, (ba%) is an invariant operation. It is called the Aronhold operator but
was first discovered by Boole in 1841. Operated upon any concomitant of f it
gives a simultaneous concomitant of f and ¢. If m = 2, let

2
I =apaz —aj.

Then
0 0 0 0
(baa) 1= (boam)+bl(%¢1+b2(%¢2> I—a0b2—2a1b1 +a2b0.

This is h (Chap. I, §1). Also

262 2I—4(bb —b?)
aa - 002 1/
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the discriminant of ¢. In general, if ¥ is any concomitant of f,
wl = ((J,E), T 7a;n)l(x/17'r/2)w = (AM)N(Q(L te 7am)i(‘7"17x2)w7
then

oa’

are concomitants of f and ¢. When r = 4, the concomitant is

(v ) v = 0w (b3 ) vt =010 (68)

T = (b07 T 7bm)i(xlax2)w~

The other concomitants of the series, which we call a series of Aronhold’s polars
of 1, are said to be intermediate to 1) and x, and of the same type as . The
theory of types will be referred to in the sequel.
All concomitants of a series of Aronhold’s polars have the same index k.
Thus the following series has the index k = 2, as may be verified by applying
(52) of Section 3, Chapter II to each form (f = agx$ + -+ ;¢ = bz + --+):

H = (apaz — a%)x% + (agaz — araz)r1T2 + (@103 — a%)x%,

0
<b6a) H = (aobg — 2&11)1 + a2b0)$% + (aobg + agbo — a1b2 — agbl)Ilﬂjg

+ (a1b3 — 20,2()2 + agbl)dig,

1/ 0\
5 <baa> H = (bon — b?)l‘% + (bobg - b1b2)$1$2 + (b1b3 — b%)l‘%

3.1.4 Modular polars.

Under the group T},, we have shown, 2%, 2} are cogredient to z1, 2. Hence the

polar operation

0 0
6y = — B — 69
P x18$1+126x2’ (69)
applied to any algebraic form f, or covariant of f, gives a formal modular
concomitant of f. Thus if

2 2
f=aox] + 2012122 + agx5,

then,
1
553]‘ = apx + a1 (2329 + 2123) + a2,

This is a covariant of f modulo 3, as has been verified in Chapter I, Sec-
tion 1. Under the induced modular group af,z¥,---,a?, will be cogredient
to ag, a1, -+ ,am. Hence we have the modular Aronhold operator

0
p_- p_—
0 a0+ +am6am'
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If m =2, and
D = agas — a%,
then
d,D = abag — 2a8"" + agay  (mod p).

This is a formal modular invariant modulo p. It is not an algebraic invariant;
that is, not invariantive under the group generated by the transformations T
We may note in addition that the line

= apry1 + ai1xo + agT3
has among its covariants modulo 2, the line and the conic

2 2 2
dol = agz1 + ajz2 + aszxs,

2 2 2
02l = apzy + a125 + asxs.

3.1.5 Operators derived from the fundamental postulate.

The fundamental postulate on cogrediency (Chap. I, §2) enables us to replace
the variables in a concomitant by any set of elements cogredient to the variables,

without disturbing the property of invariance.
Theorem. Under the binary transformations T the differential operators -2 2

. . 812 T 81‘1
are cogredient to the variables.

From T we have

0 0 0
ol )\187351 + )\287902’
0 0 0

82} = Mlafxl + Mzafw-

Hence

0 0 o)
()\H)a?2 = /\187:#2 + <_8x’1> ;

0 0 0
—(Ap)=— = Ao - .
) Gy = Mg T2 ( 8z’1>
This proves the theorem.
It follows that if ¢ = (ao,...,am)"(z1,22)* is any invariant function, i.e. a
concomitant of a binary form f, then

(0 d \"“
6¢: (ao,...,am)l (8:1;2’_81'1> (70)

is an invariant operator (Boole). If this operator is operated upon any covariant
of f, it gives a concomitant of f, and if operated upon a covariant of any set
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of forms g, h, ..., it gives a simultaneous concomitant of f and the set. This
process is a remarkably prolific one and enables us to construct a great variety
of invariants and covariants of a form or a set of forms. We shall illustrate it by
means of several examples.
Let f be the binary quartic and let ¢ be the form f itself. Then
84 4 4 64

04
86 =0f = ap—L 4 6 —da—2 ta
9=0f=a oxs “ dx3011 0 Ox30x3 s Oz90x3 s oxt’

and 1
ﬂéf . f = 2(0,0@4 — 4a1a3 + 3(1%) =1.

This second degree invariant ¢ represents the condition that the four roots of
the quartic form a self-apolar range. If this process is applied in the case of a
form of odd order, the result vanishes identically.

If H is the Hessian of the quartic, then

L. o o
OH = (G/()ag — al)ailé — 2(@0@3 — alag)m
o o
2
+ (a0a4 + 20/10/3 — 3&2)W — 2(@1@4 — agag)W
64
J— 2 —_—
+ (azay a3)ax%.
And
1
E@H - f = 6(apazas + 2a1a0a3 — aoag —a3)=J. (701)

This third-degree invariant equated to zero gives the condition that the roots of
the quartic form a harmonic range.
If H is the Hessian of the binary cubic f and

g =boxs + ...,
then
1
gaH g = [bo(a1a3 — a%) —+ bl(alag — CLoCLg) —+ b2(a0a2 — a%)]xl
+ [bl (a1a3 — ag) —+ bg(alag — a0a3) —+ bg(aoag — a%)]xz;

a linear covariant of the two cubics.

Bilinear Invariants

If f=apx!™+--- is a binary form of order m and g = boz* + --- another of
the same order, then

1 X
jaf g = a’Obm - (m) albmfl +---+ (_1)7 <m> af’rbmfr +---+ (_1)mamb0
m! 1 r

()
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This, the bilinear invariant of f and g, is the simplest joint invariant of the
two forms. If it is equated to zero, it gives the condition that the two forms be
apolar. If m = 2, the apolarity condition is the same as the condition that the
two quadratics be harmonic conjugates (Chap. I, §1, IV).

3.1.6 The fundamental operation called transvection.

The most fundamental process of binary invariant theory is a differential oper-
ation called transvection. In fact it will subsequently appear that all invariants
and covariants of a form or a set of forms can be derived by this process. We
proceed to explain the nature of the process. We first prove that the following
operator () is an invariant:

9 9
0-|f % ™
Oy1’ Oy2

where (y) is cogredient to (x). In fact by (70),

Q= = (An)%,

9 9 9 9
ST I i
Myt Aoz Mgy TH2gy;

which proves the statement.
Evidently, to produce any result, {2 must be applied to a doubly binary
function. One such type of function is a y-polar of a binary form. But

Theorem. The result of operating Q) upon any y-polar of a binary form f is
zero.

For, if f =apx* + -+,

m! - o\"
Pt~ (va) 1

"\ .1 of - 8T'f>
+ et :
<1> i b2 8.1‘71‘7181‘2 Y2 ox}

. ar+1 . 6T+1
QP: (T)y;—l f +"'+7"y;_1 f

Hence

1 O0x 0z, O0x102}
=1 8T+1f I AR P 8T+1f
% Ox 0z 1)72 0102y’

and this vanishes by cancellation.

If © is operated upon another type of doubly binary form, not a polar, as
for instance upon fg, where f is a binary form in x7,x2 and g a binary form
in y1,y2, the result will generally be a doubly binary invariant formation, not
Z€ro.
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DEFINITION.

If f(z) = agai* + --- is a binary form in (x) of order m, and g(y) = boy} + - - -
a binary form in (y) of order n, then if y1,y> be changed to x1, zs respectively
in

(m—r)l(n—nr)! .

TQ f(@)g(y), (73)
after the differentiations have been performed, the result is called the rth
transvectant (Cayley, 1846) of f(x) and g(z). This will be abbreviated (f, g)",
following a well-established notation. We evidently have for a general formula

(f,g)TZ(m_T)IMZ(—DS(T) O f(x) ~ 0"g(x) (74)

In! r—89..5 s9,."—S"
mln! ~ 0) Ox7°0xs Oxfoxl

We give at present only a few illustrations. We note that the Jacobian of
two binary forms is their first transvectant. Also the Hessian of a form f is its
second transvectant. For

2 2
H = m(fﬁblzlfmzmz — xlmz)
m — 2)?
= W(fmm Saozs — 2.]03:21@:1 + faoowy Jorzy)
= (f, f)*
As an example of multiple transvection we may write the following covariant
of the cubic f:

Q = (f7 (fa f)2)1 = (a(2)a3 - 3&0&1@2 + 2@113).’113
+ 3(agaraz — 2apa3 + atag)rixy
— 3(apazas — 2a3az + ajal)rixs

— (apa3 — 3aiazaz + 2a3)xs (741)

If f and g are two forms of the same order m, then (f,g)™ is their bilinear
invariant. By forming multiple transvections, as was done to obtain ), we can
evidently obtain an unlimited number of concomitants of a single form or of a
set.

3.2 The Aronhold Symbolism. Symbolical In-
variant Processes

3.2.1 Symbolical Representation.

A binary form f, written in the notation of which
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3 2 2 3
f =aoxi] + 3a1xix2 + 3asx125 + asxs

is a particular case, bears a close formal resemblance to a power of linear form,
here the third power. This resemblance becomes the more noteworthy when
of

we observe that the derivative For bears the same formal resemblance to the

derivative of the third power of a linear form:

of

6])1 n
That is, it resembles three times the square of the linear form. When we study
the question of how far this formal resemblance may be extended we are led to a
completely new and strikingly concise formulation of the fundamental processes
of binary invariant theory. Although f = agx™ 4+ --- is not an exact power, we
assume the privilege of placing it equal to the mth power of a purely symbolical
linear form aqjx1 + aoxo which we abbreviate ay,.

3(a0x% + 2a1z120 + azxg).

f=(a1z1 + @)™ = ol = apgz™ +--- .

This may be done provided we assume that the only defined combinations of the
symbols a, asg, that is, the only combinations which have any definite meaning,
are the monomials of degree m in aq, as;

m m—1 m
Oél :ao,al a2:a0,~~~,a2 = Qm,

and linear combinations of these. Thus af* 4 2o~ 'a3 means ag + 2as. But of
o""?ayy is meaningless; an umbral expression (Sylvester). An expression of the
second degree like agag cannot then be represented in terms of a’s alone, since
- 3ad = o?™ 303 is undefined. To avoid this difficulty we give f a series
of symbolical representations,

f=a =030 =%",

wherein the symbols (a1, as2), (61, B2), (71, ¥2), ... are said to be equivalent
symbols as appertaining to the same form f. Then

m __ gm __ . m _ m—1 _ om—1 _ .m—1 _
o' = 61" =" =ag, 0" ag=0]"" Po=7" y2rr=ay .

Now agas becomes (a*37"~343) and this is a defined combination of symbols.

In general an expression of degree ¢ in the a’s will be represented by means
of ¢ equivalent symbol sets, the symbols of each set entering the symbolical
expressions only to the mth degree; moreover there will be a series of (equivalent)
symbolical representations of the same expression, as

_mmm—323 _ m_ _m—3_.3 _ gom_ _m—3_3 __
agaz = o' B1" "By = o' e =BT T =
Thus the discriminant of

2 2 2 2
f=a;=0;=...=a0z] + 2012122 + G275
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is

D = 4(agag — af) = 4(aif; — arasfi32)
2(a 33 — 2010931 B2 + a3 83),

or
D = 2(af)?,

a very concise representation of this invariant.
Conversely, if we wish to know what invariant a given symbolical expression
represents, we proceed thus. Let f be the quadratic above, and

qg= pi = 0'2 =...= bol‘% + 2bix129 —|—b2$§,

where p is not equivalent to ce. Then to find what J = (ap)ay p,, which evidently
contains the symbols in defined combinations only, represents in terms of the
actual coefficients of the forms, we multiply out and find
J = (a1p2 — aapr)(1m1 + agze)(p121 + par2)
= (aip1pa — arazp})zi + (aips — azpi)zizs + (ara2ph — abp1pa)rs,
= (a0b1 — alb()){L‘% + ((l()bg — agbo)l‘lxg + 9a1by — agbl)l‘%.

This is the Jacobian of f and g. Note the simple symbolical form

J = (ap)agps.

3.2.2 Symbolical polars.

We shall now investigate the forms which the standard invariant processes take
when expressed in terms of the above symbolism (Aronhold, 1858).
For polars we have, when f =o' =60' = ...,

m

1 0 0
fy=— (yax) f=op (yaw> (a1@1 + aawa) = o' oy,

Hence

Jyr = a7 Tas, (75)

The transformed form of f under T will be

[ = oMz + paah) + ag( Moy + poxy)|™
= [(a1 A1 + ao2)x] + agpr + agpug)xh]™

9
or
= (axa} + ayzs)™

m
! — 'm— / 4
=a¥a™ + ...+ <r ) ay"ap " ay + . 4 a g (76)
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In view of (75) we have here not only the symbolical representation of the
transformed form but a very concise proof of the fact, proved elsewhere (Chap.
I, (29)), that the transformed coefficients are polars of ay = f(A1, A2) = a}".

The formula (66) for the polar of a product becomes

m n _ 1 - m n m—s S an—r—+s Qr—s
o @nLr = Z:(:) (8) (Ts)am ol Bnregr, (77)

where the symbols «, 3 are not as a rule equivalent.

3.2.3 Symbolical transvectants.

Iff=al=al=...,9=0}=b) =..., then

xT

(f g)l — LQOzmﬁn — Ozm_lﬁn_l 82 _ 62 «a ﬁ }
’ mn =Ty y=x z 4 8:518312 a.fzayl Y y=x
(aB)ay 1By~

Hence the symbolical form for the rth transvectant is

(fr9)" = (afB) ai* "B " (78)

Several properties of transvectants follow easily from this. Suppose that g = f so
that oo and [ are equivalent symbols. Then obviously we can interchange a and
(B in any symbolical expression without changing the value of that expression.
Also we should remember that (o) is a determinant of the second order, and
formally

(af) = —(Ba).
Suppose now that r is odd, r = 2k + 1. Then

(f; f)2k+1 _ (aﬁ)2k+1agl_2k_1ﬁ"_2k_l — —(aﬂ)2k+1a;n_2k_1ﬁ£’_2k_l

Hence this transvectant, being equal to its own negative, vanishes. Every odd
transvectant of a form with itself vanishes.
If the symbols are not equivalent, evidently

(fvg)r = (_1)T(gvf)r' (79)

Also if C' is a constant,

(Cf9)" =C(f,9)" (80)

(crfi+eafo+ ... digs +daga+...)" = crdi(f1,91)" + crda(fi,92)" + ...
(81)
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3.2.4 Standard method of transvection.

We may derive transvectants from polars by a simple application of the funda-

mental postulate. For, as shown in section 1, if f = aoz* +... = al’,
(m—r)![of . (r\ _ 0F ., oOf .
r=—" _— .. . 82
Ty m! D vyt 1) 9 L0, Y Y2 ..o+ D Y2 (82)
Now (y) is cogredient to (x). Hence 8%2, —6—21 are cogredient to y1,ys. If we

replace the y’s by these derivative symbols and operate the result, which we
abbreviate as 0 fy, upon a second form g = b7}, we obtain

(n—r)!

n! Ofyr
::[a§b§~— (;)a€_1a2b£_1b14—...4—(—J)ragb{ am T
= (ab)"ay~"by " = (f,9)". (83)

When we compare the square bracket in (82) with o " times the square bracket
in (83), we see that they differ precisely in that y;,y> has been replaced by
by, —b1. Hence we enunciate the following standard method of transvection. Let
f be any symbolical form. It may be simple like f in this paragraph, or more
complicated like (78), or howsoever complicated. To obtain the rth transvectant
of f and ¢ = b} we polarize f r times, change yi1,y2 into by, —by respectively in
the result and multiply by bY~". In view of the formula (77) for the polar of a
product this is the most desirable method of finding transvectants.
For illustration, let F be a quartic, F' = a2 = b2, and f its Hessian,

f = (ab)*aZby.

Let
g:ai.
Then
(i) = (@)a2t2] | xa,
y2,y=a
(@) T2\ 2\ 2,0 (2)/(2 2\ 2\ 5.5
=% 0) o azby + 1)\ g0y by by + 2 )0 a, b y:axaw

(84)

= é(ab)Q(ba)zaiax + %(ab)z(aa)(ba)ambxax + %(ab)Q(aa)%iaz.

Since the symbols a, b are equivalent, this may be simplified by interchanging
a,b in the last term, which is then identical with the first,

(.9 = 5 (ab)*(ba) %0, + 2 (ab) (@) (be)asbocn
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By the fundamental existence theorem this is a joint covariant of F' and g.
Let f be as above and g = (a3)a23,, where o and 3 are not equivalent. To
find (f,g)?, say, in a case of this kind we first let

9= (af)azf, = o3,

introducing a new symbolism for the cubic g. Then we apply the method just
given, obtaining

(.0 = £ ab) (b0 %0 + 2 (ah)?(a0) (bo)asbso

We now examine this result term by term. We note that the first term could have
been obtained by polarizing g twice changing v, y2 into by, —b; and multiplying
the result by (ab)?a2. Thus

(@) (oY ao, = S(0p)ods,] | (ah)a?. (85)
y2y=>b

Consider next the second term. It could have been obtained by polarizing g once

with regard to y, and then the result once with regard to z; then changing vy, y2

into as, —ay, and z1, 29 into by, —by, and multiplying this result by (ab)2a,b,;
2 2
g(ab) (ac)(bo)azbyo,

_ g(aﬁ)aiﬂx] ] x (ab)%azbs.  (86)
Yy=a] z..=b

From (85),
5@ | (1) () s+ (3) (g) o] e
= 2 (@) @) (ab) (D) + g (ab)?(5) ()0
From (36),
2@ [(5) (1) + (3) () awen y_a] e,

= gai(ﬁa) + 3amﬁz(aa)} X (ab)2(aﬂ)ambx

z;2=b

= S (@ (aB) (@b (Ba)asasts + 5 (@) (aB)(aa) (@) fuab,

+ 2 (ab)? 0 () (aa)arsash
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Hence we have in this case

(.9 = labP(@B)(@b)()aa, + 5 () (af) (ahPa3,

+5()(0B) (@) (Ba)azaabe + o (@b (@B)(aa)(@b)fuasbs. (87

3.2.5 Formula for the rth transvectant.

The most general formulas for f, g respectively are

f= ag})af) e agm)7g - 551)5?52) . 'ﬂy(,n)v

in which

af) = al21 + 0wy, B = B{V21 + B>,

We can obtain a formula of complete generality for the transvectant (f,g)" by
applying the operator §2 directly to the product fg. We have

9? r
fg=>ai"8" o

o1 6y2 a;(cq)ﬁ@(f) >
o (@) qr) 19
P20 2 " ol 857

Subtracting these we obtain

(f, g)l _ (m —1Dl(n —1)! Z(a(q)ﬂ(T)) /g

mln! a;q)ﬂg(f) ‘
Repetitions of this process, made as follows:
y=x

lead to the conclusion that the rth transvectant of f and g, as well as the mere
result of applying the operator 2 to fg r times, is a sum of terms each one of
which contains the product of r determinant factors (a3), m —r factors «,, and
n — r factors B,. We can however write (f,¢g)" in a very simple explicit form.
Consider the special case

f=aa@a®, g= o082,
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Here, by the rule of (88),

(f.9)* = {(@V5WV)(a (2)6(2))61553 (a(”ﬂ(l))(a(?’)ﬁ@))af)

+ (@) (@ 5V)al) + (M 5) (P pV)al?

+ (M) (@ 2>>a§3> + (@?8M) (@5 )al? (89)
+(@?52)(@®M)al) + (@ 5*)(aV 50 )al?

+ (M) (W)@ 1 () W) (o2 52D
+(@5)(@MM)al + (@@ F)(a50)al) - 23,

in which occur only six distinct terms, there being a repetition of each term. Now
consider the general case, and the rth transvectant. In the first transvectant one

term contains t; = (a(l)ﬁ N ™. a;m)ﬁl(f) - 3(,”). In the second transvec-

tant there will be a term u; = (a(l)ﬁ(l))(a@)ﬁ(z))a?) . ~ﬂ3(/3) -+ arising from
Qtq1, and another term u; arising from Qts, where to = (a(2)6(2))ag1)a;3) e
Thus u1 (y = z) and likewise any selected term occurs just twice in (f, g)?. Again
the term vy = (a(l)ﬁ(l))(a@)ﬁ@))(a(g)ﬁ(:}))a;@ B ... will oceur in (f,9)°
as many times as there are ways of permuting the three superscripts 1,2,3 or
3! times. Finally in (f, g)", written by (88) in the form (89), each term will be
repeated r! times. We may therefore write (f,g)" as the following summation,
in which all terms are distinct and equal in number to (T) (:)T!Z

., 1 (a(l)g(l))(a@)g@)) L (a(r)g(r))
SO = T & o Y,

y=x

3.2.6 Special cases of operation by (2 upon a doubly binary
form, not a product.

In a subsequent chapter Gordan’s series will be developed. This series has to do
with operation by 2 upon a doubly binary form which is neither a polar nor a
simple product. In this paragraph we consider a few very special cases of such
a doubly binary form and in connection therewith some results of very frequent
application.

We can establish the following formula:

Q" (xy)" = constant = (r + 1)(r!)2. (91)

In proof (74),

, - AT o o
Q = z :(_1) < ) r—1i r—i’
. Ox |~ 0zl Oyt oy,

=0

and
-

(o = 3010 ()t ot

1=0

TR

-8



62 CHAPTER 3. THE PROCESSES OF INVARIANT THEORY

Hence it follows immediately that

O (xy)"

Il
5
/‘?
~__
[\v]
—
—
3
|
o~
N—
N
[ V)
—
o~
N/
()

I
—
3
=

[\v]
I
—
3
+
—_
—
—~
3
=
S

A similar doubly binary form is
F = (xy) &g

If the second factor of this is a polar of £7t"~2/ we may make use of the fact,
proved before, that € on a polar is zero. An easy differentiation gives

OF = j(m+n—j+ 1) (xy) " er7ep,
and repetitions of this formula give

7! (m+n—j+1)!

Q'F =
G- (m+n—j—i+1)

o YA (Rt
J—igm—jen—j g 1
(zy) e <:o if i >j) 1)

This formula holds true if m = n = j, that is, for Q% (zy)’.

3.2.7 Fundamental theorem of symbolical theory.

Theorem. Every monomial expression ¢ which consists entirely of symbolical
factors of two types, e.g. determinants of type (a3) and linear factors of the type
oy and which is a defined expression in terms of the coefficients and variables
of a set of forms f,g,... is a concomitant of those forms. Conversely, every
concomitant of the set is a linear combination of such monomials.

Examples of this theorem are given in (78), (84), (87).
In proof of the first part, let

¢ = (aB)P(ay)?...alBII ...,

where f = a'; and 3,7, ... may or may not be equivalent to o, depending upon
whether or not ¢ appertains to a single form f or to a set f,g,.... Transform
the form f, that is, the set, by 7. The transformed of f is (76)

[ = (e + auxs)™.
Hence on account of the equations of transformation,
¢ = (axBy — auBr)P(aryy — apyn)?...alB7 ...

But
a)\ﬁu - auﬁk = ()‘M)(aﬁ) (92)
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Hence
¢ = ()Pt g,

which proves the invariancy of ¢. Of course if all factors of the second type, ay,
are missing in ¢, the latter is an invariant.

To prove the converse of the theorem let ¢ be a concomitant of the set f, g, ...
and let the corresponding invariant relation be written

plah,dy,...;xh, ) = M) *é(ag, ar, . ..;x1,z2). (93)

Now af = aTﬁja{L(j = 0,1,...m). Hence if we substitute these symbolical
forms of the transformed coefficients, the left-hand side of (93) becomes a sum-
mation of the type

Z PQz, " b = W)k o(ao, ... ;x1,20) (w1 +ws = w), (94)

where P is a monomial expression consisting of factors of the type a;, only and
@ a monomial whose factors are of the one type a,. But the inverse of the
transformation T (cf. (10)) can be written

/ Eu o fA

ST 0w T Ow
where & = —x9,& = x1. Then (94) becomes
D (1) PQENE” = ()Mo (95)

We now operate on both sides of (95) by QF+«  where

0? 02

0= _ .
OMOpe  OX20py

We apply (90) to the left-hand side of the result and (91) to the right-hand
side. The left-hand side accordingly becomes a sum of terms each term of which
involves necessarily w + k determinants (af), (af). In fact, since the result
is evidently still of order w in x7, xo there will be in each term precisely w
determinant factors of type («€) and k of type (a3). There will be no factors of
type ay or &, remaining on the left since by (91) the right-hand side becomes
a constant times ¢, and ¢ does not involve A, u. We now replace, on the left,
(a€) by its equivalent o, (8E) by S, etc. Then (95) gives, after division by the
constant on the right,

¢ =Sa(af)?(ay)?...alB7 ..., (96)

where a is a constant; which was to be proved.

This theorem is sometimes called the fundamental theorem of the symboli-
cal theory since by it any binary invariant problem may be studied under the
Aronhold symbolical representation.
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3.3 Reducibility. Elementary Complete Irreducible
Systems

Illustrations of the fundamental theorem proved at the end of Section 2 will now
be given.

3.3.1 Illustrations.

It will be recalled that in (96) each symbolical letter occurs to the precise degree
equal to the order of the form to which it appertains. Note also that k& + w,
the index plus the order of the concomitant, used in the proof of the theorem,
equals the weight of the concomitant. This equals the number of symbolical
determinant factors of the type () plus the number of linear factors of the
type o, in any term of ¢. The order w of the concomitant equals the number of
symbolical factors of the type «, in any term of ¢. The degree of the concomi-
tant equals the number of distinct symbols «, g, ... occurring in its symbolical
representation.
Let
o = (af)P(ay)(By)" ...alps ...

be any concomitant formula for a set of forms f = o', g = 57, .... No generality
will be lost in the present discussion by assuming ¢ to be monomial, since each
separate term of a sum of such monomials is a concomitant. In order to write
down all monomial concomitants of the set of a given degree i we have only to
construct all symbolical products ¢ involving precisely ¢ symbols which fulfill
the laws

ptgt...+p=m,
p+r+...+0=n, (97)

where, as stated above, m is the order of f and equal therefore to the degree to
which « occurs in ¢, n, the order of g, and so on.

In particular let the set consist of f = a2 = 32 merely. For the concomitant
of degree 1 only one symbol may be used. Hence f = a2 itself is the only
concomitant of degree 1. If i = 2, we have for ¢,

¢ = (ap)Palfy],

and from (97)
ptp=pto=2

Or

Sl el ]
O N
O~ N9
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Thus the only monomial concomitants of degree 2 are

azf; = f2 (aB)asfs = —(af)asfs = 0, (af)? = %D.
For the degree 3

¢ = (aB)’(an)*(B7)" az 877z
p+q+p=2,p+r+o=2,q+r+7=2.

It is found that all solutions of these three linear Diophantine equations lead to
concomitants expressible in the form f*D?, or to identically vanishing concomi-
tants.

DEFINITION.

Any concomitant of a set of forms which is expressible as a rational integral
function of other concomitants of equal or of lower degree of the set is said to
be reducible in terms of the other concomitants.

It will be seen from the above that the only irreducible concomitants of a
binary quadratic f of the first three degrees are f itself and D, its discriminant.
It will be proved later that f, D form a complete irreducible system of f. By this
we mean a system of concomitants such that every other concomitant of f is
reducible in terms of the members of this system. Note that this system for the
quadratic is finite. In another chapter we shall prove the celebrated Gordan’s
theorem that a complete irreducible system of concomitants exists for every
binary form or set of forms and the system consists always of a finite number of
concomitants. All of the concomitants of the quadratic f above which are not
monomial are reducible, but this is not always the case as it will be sometimes
preferable to select as a member of a complete irreducible system a concomitant
which is not monomial (cf. (87)). As a further illustration let the set of forms
be f=a2=p2=...,9=a%2 =02 =...;let i=2. Then employing only two
symbols and avoiding (a3)? = 3D, etc.

¢ = (aa)Pafag,

p+p=pto=2
The concomitants from this formula are,
o2a? = f-g, (aa)aga, = J,(aa)? = h,

J being the Jacobian, and h the bilinear invariant of f and ¢.

3.3.2 Reduction by identities.

As will appear subsequently the standard method of obtaining complete irre-
ducible systems is by transvection. There are many methods of proving con-
comitants reducible more powerful than the one briefly considered above, and
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the interchange of equivalent symbols. One method is reduction by symbolical
identities.

Fundamental identity. One of the identities frequently employed in reduction
is one already frequently used in various connections, viz. formula (92). We
write this

agby — ayby = (ab)(zy). (98)

FEvery reduction formula to be introduced in this book, including Gordan’s
series and Stroh’s series, may be derived directly from (98). For this reason this
formula is called the fundamental reduction formula of binary invariant theory
(cf. Chap. IV).

If we change y; to ca, y2 to —c1, (98) becomes

(be)ay + (ca)by, + (ab)c, = 0. (99)
Replacing = by d in (99),
(ad)(be) + (ca)(bd) + (ab)(cd) = 0. (100)
From (99) by squaring,
2(ab)(ac)byc, = (ab)*c2 + (ac)?b? — (be)*a2. (101)

If w is an imaginary cube root of unity, and
uy = (be)ag, uz = (ca)by, uz = (ab)cy,
we have

(u1 + ug + us) (u1 + wuy + w?us)(ur + wuy + wus)
= (ab)3c2 + (be)®a + (ca)®b2 — 3(ab)(be)(ca)azbyc, = 0. (102)

Other identities may be similarly obtained.
In order to show how such identities may be used in performing reductions,
let f=a3 =03 =--- be the binary cubic form. Then

A=(f, f)2 - (ab)2a$b3¢7
Q = (f,8) = (ab)*(ch)azc;.

1
—(f,Q)* = 3(ab)*(bo)laucy + 2cacyayly=a x do (102,)
%[(ab)Q(ch(bc)axdx + 2(ab)?(ad)(cd) (be)cpdy).
But by the interchanges a ~ d,b ~ ¢

(ab)?(cd)?(be)ayd, = (dc)*(ba)?(cb)ayd, = 0.
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By the interchange ¢ ~ d the second term in the square bracket equals

(ab)?(cd)cyd,[(ad)(be) + (ca)(bd)],

or, by (100) this equals
(ab)3(cd)*cpd, = 0.

Hence (f,Q)? vanishes.
We may note here the result of the transvection (A, A)?;

R = (A, A)? = (ab)*(cd)?(ac)(bd).

3.3.3 Concomitants of binary cubic.

We give below a table of transvectants for the binary cubic form. It shows which
transvectants are reducible in terms of other concomitants. It will be inferred
from the table that the complete irreducible system for the binary cubic f
consists of

f7A7Q’R7

one invariant and three covariants, and this is the case as will be proved later.
Not all of the reductions indicated in this table can be advantageously made by
the methods introduced up to the present, but many of them can. All four of
the irreducible concomitants have previously been derived in this book, in terms
of the actual coefficients, but they are given here for convenient reference:

f :aox‘;’ + 3a1x%x2 + Sagxlxg + a3x§,
A =2(apag — a?)z? + 2(agaz — ayaz)r1x2 + 2(a1az — a3)r3, (cf. (35))
Q =(akas — 3agaiaz + 2a3) x5 + 3(aparas — 2apa3 + ataz)riy

— 3(apasgaz — 2a3az + aya3)rirs — (apa3 — 3ayazaz + 2a3)x3, (cf. (39))
R =8(agay — a?)(aias — a3) — 2(apas — aiay)?. (cf. (741))

The symbolical forms are all given in the preceding Paragraph.

TABLE 1
FIRST TRANSV. SECOND TRANSV. | THIRD TRANSV.
(f?f) (fvf)QZA (f’f)3:
( ) (fv A)2 =0
(A, A) = (A, A2 =R
(,Q) = —%AQ (f,Q)? =0 (f.Q)* =
(A, Q)= 3Rf (A,Q)*=0
(Q7Q) =0 (Q7Q)2 = %RA (Q7Q)3 =
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3.4 Concomitants in Terms of the Roots

Every binary form f = a]' = b)' = ... is linearly factorable in some field of
rationality. Suppose

f= (rél)ajl — rgl)xg)(rf)xl — r§2)x2) . (rém)xl - T%m)l‘g).

Then the coefficients of the form are the elementary symmetric functions of the
m groups of variables (homogeneous)

Pi(r? e =1,2,...,m).
These functions are given by
a; = (01)7 Z ril)ﬁ@) e Tl(j)72(j+1) e TQ(m) (j=0,...,m). (103)
The number of terms in Y evidently equals the number of distinct terms obtain-
able from its leading term by permuting all of its letters after the superscripts

are removed. This number is, then,

N = (m/)jl(m — j)! = C;.

3.4.1 Theorem on linear factors.

Theorem. Any concomitant of f is a simultaneous concomitant of the linear
factors of f, i.e. of the linear forms

(W), (+P), ..., (1),
For,
=0 W) (@) (), (104)
and
ay = (—1)° Z T{(l)T{@) . T{(j)Té(jJrl) . Té(m). (1034)
Let ¢ be a concomitant of f, and let the corresponding invariant relation be
¢' = (ap,....ap,)" (21,25)* = (W) (ao, - .., am)" (1, 22)* = (W) 0.
When the primed coefficients in ¢’ are expressed in terms of the roots from
(103;) and the unprimed coefficients in ¢ in this invariant relation are expressed

in terms of the roots from (103), it is evident that ¢’ is the same function of the
primed 7’s that ¢ is of the unprimed 7’s. This proves the theorem.
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3.4.2 Conversion operators.

In this Paragraph much advantage results in connection with formal manipula-
tions by introducing the following notation for the factored form of f:

F=aWa® ... qm. (105)

Here ag;j) = o +aé7)a:2( =1,--

GUNeD

-,m). The a’s are related to the roots

of the previous Paragraph by the equations

() @ 0 _ .

ai’ =1 i’ = —r;
that is, the roots are (—&—ozéj), —agj))(j = 1,---,m). The umbral expressions

a1, as are now cogredient to agj),az (Chap. I, §2, VII, and Chap. I, (76)).

Hence,
L0 N 0
He2y L0 Y (9 _ Y
(a 8(1) “ 6a1+02 Oas

is an invariantive operator by the fundamental postulate. In the same way

[D,] = <a<1>§a) (Oé(z)i) < (m);a>

[DabC] = [DaHDb][DC] t

and

If the transformation 7" is looked upon as a change of reference points, the
multiplier A undergoes a homographic transformation under 7. are invariantive
operators. If we recall that the only degree to which any umbral pair a1, as can
occur in a symbolical concomitant,

¢ = Xllk(ab)(ac) - -,

of f is the precise degree m, it is evident that [Dgpe...] operated upon ¢ gives a

concomitant which is expressed entirely in terms of the roots (agj ), agj )) of f.
Illustrations follow. Let 2 ¢ be the discriminant of the quadratic

f=ai =0 = ¢=(ab)’.
Then
(d”5>¢2mmmwwuxw2mmwm®w.

da
Hence
[Dap)p = —2(aMa@)2, (106)

This result is therefore some concomitant of f expressed entirely in terms of the
roots of f. It will presently appear that it is, except for a numerical factor, the
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invariant ¢ itself expressed in terms of the roots. Next let ¢ be the covariant Q
of the cubic f = a2 = .... Then
Q = (ab)*(ac)bacy,
[Da] Q = (@Mb)(a@b)(ca®)byc? + (VD) (aPb) (ca® )b, c?
+ (@) (a@b) (zaMbye2,

1
2

1 D] @ = (@) (0®h)(ca®)alde
+(a(1)a(3 )(a(z)a(l))(ca 3))a§;) (a(l)a(2 )(a@)a(?’))(ca@))ag)ci
+HaWa®)(@PaW)(caP)ale] + (aVal®) (@@ a)(ca®)al?
+(a( a(s))(a( a(Q))(ca(Q))ag} (a(3)a(1 )(a( a(?’))(ca(l))ag)ci
+(@@a®)(@Pa®)(ca®)ae? + (aPa®)(a?a?)(ca®)alle]

[Dare] @ = =23 (aWa®)?(aValP)afPaf?), (107)

wherein the summation covers the permutations of the superscripts. This is
accordingly a covariant of the cubic expressed in terms of the roots.

Now it appears from (104) that each coefficient of f = al* = ... is of degree
m in the o’s of the roots (af’) — a{)). Hence any concomitant of degree i

will be of degree im in these roots. Conversely, any invariant or covariant
which is of degree im in the root letters a will, when expressed in terms of the
coefficients of the form, be of degree ¢ in these coefficients. This is a property
which invariants enjoy in common with all symmetric functions. Thus [Dgp)¢
above is an invariant of the quadratic of degree 2 and hence it must be the
discriminant ¢ itself, since the latter is the only invariant of f of that degree (cf.
83). Likewise it appears from Table I that @ is the only covariant of the cubic
of degree-order (3,3), and since by the present rule [Dgyp.] @ is of degree-order
(3,3), (107) is, aside from a numerical multiplier, the expression for @ itself in
terms of the roots.

It will be observed generally that [D,y...] preserves not only the degree-order
(i, w) of ¢, but also the weight since w =} (im + w). If then in any case ¢
happens to be the only concomitant of f of that given degree-order (i, w), the
expression [Dgp...] ¢ is precisely the concomitant ¢ expressed in terms of the
roots. This rule enables us to derive easily by the method above the expressions
for the irreducible system of the cubic f in terms of the roots. These are

f=aPa@a®; a3
A= Z(a(l)a@))%gﬁ?’)?; (ab)?azb,.

Q= Z(a(l)a@))2(a(1)a(3))a££3)2a($2); (ab)?(ac)byc?.
R = (aMa®)?(a@a®)2(a® a2, (ab)?(cd)?(ac)(bd).
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Consider now the explicit form of Q:
2 2 2 2
Q= (au)a@)) (a<1>a<3)) a®2a® + (a<2)a<3>) (a(%(l)) aV2q®)
2 2 2 2
n (aw)au)) (a<3>a<2>) a@2qD (a<3>a<2>) (a<3>a<1>) aM2q(?

n (a(z)a<1>)2 (a<2>a<3>)2 o3240 4 (a<1>a<3>)2 (a(l)a(2)>2 @24

It is to be noted that this is symmetric in the two groups of letters (agj ), aéj )).
Also each root (value off) occurs in the same number of factors as any other
root in a term of Q. Thus in the first term the superscript (1) occurs in three

factors. So also does (2).

3.4.3 Principal theorem.

We now proceed to prove the principal theorem of this subject (Cayley).

Definition.

In Chapter I, Section 1, II, the length of the segment joining C(ziz2), and
D(y1,y2); real points, was shown to be

Au(yz)

CD = ,
()\y1 + yg)()\xl + 172)

where X is the multiplier appertaining to the points of reference P, @, and u is
the length of the segment PQ. If the ratios z1 : x2, y1 : y2 are not real, this

formula will not represent a real segment C'D. But in any case if (rt(lj ),r(j )),
(rgk),rék)), are any two roots of a binary form f = a3, real or imaginary, we

define the difference of these two roots to be the number

() (k)
O+ ) )

P00 —

We note for immediate use that the expression
m(r) = O + ) On) L O™ + ™)

is symmetric in the roots. That is, it is a symmetric function of the two groups

of variables (T(j),TQ(j))(j = 1,...,m). In fact it is the result of substituting
(1,=A) for (z1,z2) in

f = (D)D) . (),

and equals
I(7) = (ap — mar A + ... + (=1)"a, A™).
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Obviously the reference points P, Q can be selected! so that (1,—)) is not a
root, i.e. so that II(T) # 0.

Theorem. Let f be any binary form, then any function of the two types of
differences

D@7 [rDa] = Au(r D z) /A7 + 79 Oy + ),

which is homogenous in both types of differences and symmetric in the roots
(Tl(j),rz(j))(j = 1,...,m) will, when expressed in terms of x1,x2 and the co-
efficients of f, and made integral by multiplying by a power of II() times a
power of (Ax1 + x2), be a concomitant if and only if every one of the products
of differences of which it consists involves all roots (T(]),TQ(J)) (values of j) in
equal numbers of its factors. Moreover all concomitants of f are functions ¢
defined in this way. If only the one type of difference [T(j)r(k)] occurs in @, it is
an invariant, if only the type [T(j)z], it is an identical covariant,—a power of f
itself, and if both types occur, ¢ is a covariant. [Cf. theorem in Chap. III, §2,
VIL]

In proof of this let the explicit form of the function ¢ described in the theorem

be
= Z[T(l)r@)]ak[r(l)T(S)]Bk D] [Py
k
where
o+ +. =Bt =,
p1+0'1+...:p2+0'2+...:...,

and ¢ is symmetric in the roots. We are to prove that ¢ is invariantive when
and only when each superscript occurs in the same number of factors as every
other superscript in a term of ¢. We note first that if this property holds and
we express the differences in ¢ in explicit form as defined above, the terms of
> will, without further algebraical manipulation, have a common denominator,
and this will be of the form

[T ey + 22)”.

Hence [[(r)*(Az1 +x2)"¢ is a sum of monomials each one of which is a product
of determinants of the two types (7)) (rU)z). But owing to the cogrediency
of the roots and variables these determinants are separately invariant under 7',
hence [[(r)*(Az1 4+ z2)"¢ is a concomitant. Next assume that in ¢ it is not true
that each superscript occurs the same number of times in a term as every other
superscript. Then although when the above explicit formulas for differences are
introduced (Ax1 + x2) occurs to the same power v in every denominator in X,

LIf the transformation 7" is looked upon as a change of reference points, the multiplier A
undergoes a homographic transformation under 7.
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this is not true of a factor of the type ()\ng) + réj)). Hence the terms of X
must be reduced to a common denominator. Let this common denominator be

[1(m)*“(Az1 + x2)?. Then [[(r)“(Az1 + x2)?¢ is of the form
ZH P9 4y (p @ yon (b8 s (rDgyer (pDgyor

where not all of the positive integers u;j, are zero. *Now ¢ is invariantive under
T. Hence it must be unaltered under the special case of Tz = —xb, 25 = o’

(@) _ _72/(3') 72(3‘) _ T{(j)

From this ) . Hence

¢ = ZHj()\TQ(j) — Tl(j))"j“(T(l)T(z))“” (7(1)7(3))6" . (T(l)x)”*‘”

and this is obviously not identical with ¢; on account of the presence of the
factor II. Hence ¢; is not a concomitant.

All parts of the theorem have now been proved or are self-evident except
that all concomitants of a form are expressible in the manner stated in the
theorem. To prove this, note that any concomitant ¢ of f, being rational in the
coefficients of f, is symmetric in the roots. To prove that ¢ need involve the roots
in the form of differences only, before it is made integral by multiplication by
II(7)“(Azq1 + x2)?, it is only necessary to observe that it must remain unaltered
when f is transformed by the following transformation of determinant unity:

/ / /
1 =T+ CTy, To = Ty,

and functions of determinants (70)7(®), (7)z) are the only symmetric func-
tions which have this property.

As an illustration of the theorem consider concomitants of the quadratic
f=(Waz®)(rPz). These are of the form

b= Z (EOp (1)] [(Q)x]an

Here owing to homogeneity in the two types of differences,
o0 =0 =...;00+t01=p2to2=....

Also due to the fact that each superscript must occur as many times in a term
as every other superscript,

a1 t+pr =01 +01,02 +p2 =ag+09,....

Also owing to symmetry aj must be even. Hence ay = 2, p, = 0, = 3, and

()P +22)2% = of (7072} (V) ()} = €D7 7,

where C' is a numerical multiplier. Now « and 8 may have any positive integral
values including zero. Hence the concomitants of f consist of the discriminant
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D = —(rMr@)2 the form f = (rMz)(rPz) itself, and products of powers of
these two concomitants. In other words we obtain here a proof that f and D
form a complete irreducible system for the quadratic. We may easily derive the
irreducible system of the cubic by the same method, and it may also be applied
with success to the quartic although the work is there quite complicated. We
shall close this discussion by determining by this method all of the invariants of
a binary cubic f = —(r(M)z)(r®2z)(r®)z). Here

b= Z[T(l)rﬂ)}ak RONOIEANOMOIRS
ko

and
ag + vk = ak + Bk = Bk + Y-
That is,
ap = Br = W = 2a.
Hence

H(r)4a¢ _ C{(T(l),4(2))2(T(2)T(3))2(r(3)r(1))2}a = OR“.

Thus the discriminant R and its powers are the only invariants.

3.4.4 Hermite’s Reciprocity Theorem.

Theorem. If a form f = al' = b* = --- of order m has a concomitant of
degree n and order w, then a form g = o = ... of order n has a concomitant
of degree m and order w.

To prove this theorem let the concomitant of f be
I = Zk(ab)p(ac)qnﬂ;b;---(T+s+~-~ =w),

where the summation extends over all terms of I and k is numerical. In this
the number of distinct symbols a, b, ... is n. This expression [ if not symmetric
in the n letters a,b,c,... can be changed into an equivalent expression in the
sense that it represents the same concomitant as I, and which is symmetric. To
do this, take a term of I, as
k(ab)P(ac)---albs - -,

and in it permute the equivalent symbols a,b,... in all n! possible ways, add
the n! resulting monomial expressions and divide the sum by n!. Do this for all
terms of I and add the results for all terms. This latter sum is an expression J
equivalent to I and symmetric in the n symbols. Moreover each symbol occurs
to the same degree in every term of J as does every other symbol, and this
degree is precisely m. Now let

g=aMa®...qm,
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and in a perfectly arbitrary manner make the following replacements in J:
a, b, c, ..., l
a®, @ a® L o)
The result is an expression in the roots (aéj), fozgj)) of g,

T, = Z ClaWa@)P(aMa®a... oD@ ..

which possesses the following properties: It is symmetric in the roots, and of
order w. In every term each root (value of (j)) occurs in the same number of
factors as every other root. Hence by the principal theorem of this section J,
is a concomitant of g expressed in terms of the roots. It is of degree m in the
coefficients of g since it is of degree m in each root. This proves the theorem.

As an illustration of this theorem we may note that a quartic form f has
an invariant J of degree 3 (cf. (701)); and, reciprocally, a cubic form ¢ has an
invariant R of degree 4, viz. the discriminant of g (cf. (39)).

3.5 (Geometrical Interpretations. Involution
In Chapter I, Section 1, II, III, it has been shown how the roots (rf),rg))(i =
1,...,m) of a binary form

f = (G'Oaala .. '7am)(x1ax2)m

may be represented by a range of m points referred to two fixed points of
reference, on a straight line FF'. Now the evanescence of any invariant of f
implies, in view of the theory of invariants in terms of the roots, a definite
relation between the points of this range, and this relation is such that it holds
true likewise for the range obtained from f = 0 by transforming f by T. A
property of a range f = 0 which persists for f/ = 0 is called a projective property.
Every property represented by the vanishing of an invariant I of f is therefore
projective in view of the invariant equation

I(ay,...) = (M\uw)*I(ag,...).

Any covariant of f equated to zero gives rise to a ”derived” point range con-
nected in a definite manner with the range f = 0, and this connecting relation
is projective. The identical evanescence of any covariant implies projective rela-
tions between the points of the original range f = 0 such that the derived point
range obtained by equating the covariant to zero is absolutely indeterminate.
The like remarks apply to covariants or invariants of two or more forms, and
the point systems represented thereby.
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3.5.1 Involution.

If
f = (aﬂvalv T Q $1,$2)m,g = (bOabla e Q xlaxQ)m

are two binary forms of the same order, then
f+kg= (ao + kbg, a1 + kb, --- Q xl,xg)m,

where k is a variable parameter, denotes a system of qualities which are said to
form, with f and g, an involution. The * single infinity of point ranges given
by k, taken with the ranges f = 0, y = 0 are said to form an involution of point
ranges.

In Chapter I, Section 1, V, we proved that a point pair ((u),(v)) can be
found harmonically related to any two given point pairs ((p), (1)), ((¢),(s)).
If the latter two pairs are given by the respective quadratic forms f, g, the
pair ((u), (v)) is furnished by the Jacobian C of f, g. If the eliminant of three
quadratics f, g, h vanishes identically, then there exists a linear relation

f+kg+1lh=0,
and the pair h = 0 belongs to the involution defined by the two given pairs.

Theorem. There are, in general, 2(m — 1) quantics belonging to the involution
f + kg which contain a squared linear factor, and the set comprising all double
roots of these quantics is the set of roots of the Jacobian of f and g.

In proof of this, we have shown in Chapter I that the discriminant of a form
of order m is of degree 2(m—1). Hence the discriminant of f+kg is a polynomial
in k of order 2(m — 1). Equated to zero it determines 2(m — 1) values of k for
which f + kg has a double root.

We have thus proved that an involution of point ranges contains 2(m — 1)
ranges each of which has a double point. We can now show that the 2(m — 1)
roots of the Jacobian of f and g are the double points of the involution. For if
T1us — wouy is a double factor of f + kg, it is a simple factor of the two forms

of 99 9f 09

Oxy ' " Oxy 0wy | Oxy

and hence is a simple factor of the k eliminant of these forms, which is the
Jacobian of f, g. By this, for instance, the points of the common harmonic
pair of two quadratics are the double points of the involution defined by those
quadratics. The square of each linear factor of C' belongs to the involution
f+kg.

In case the Jacobian vanishes identically the range of double points of the
involution becomes indeterminate. This is to be expected since f is then a
multiple of g and the two fundamental ranges f = 0, g = 0 coincide.
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3.5.2 Projective properties represented by vanishing co-
variants.

The most elementary irreducible covariants of a single binary form f = (ag, a1, ... {
x1,x2)™ are the Hessian H, and the third-degree covariant T', viz.

H=(ff)*T=(fH).

We now give a geometrical interpretation of each of these.

Theorem. A necessary and sufficient condition in order that the binary form
f may be the mth power of a linear form is that its Hessian H should vanish
identically.

If we construct the Hessian determinant of (roxq — rize)™, it is found to
vanish. Conversely, assume that H = 0. Since H is the Jacobian of the two first
partial derivatives of %7 the equation H = 0 implies a linear relation

Oz’
2 L9
28331 1(91‘2 e
Also by Euler’s theorem
of of _
ﬂﬁlaix1 + 9525?2 =mf,
and of of
—d ——dxo = df.
Doy T gy 2 = U

Expansion of the eliminant of these three equations gives
ﬁ . md(ﬁlwl =+ HQJ?Q)
/ K1Z1 + KaT2
and by integration
[ = (kiz1 + Kox2)™,
and this proves the theorem.
Theorem. A necessary and sufficient condition in order that a binary quartic

form f = apx} + -+ should be the product of two squared linear factors is that
its sextic covariant T should vanish identically.

To give a proof of this we need a result which can be most easily proved by
the methods of the next chapter (cf. Appendix (29)) e.g. if i and J are the
respective invariants of f,

i = 2(apays — 4araz + 3a3),

ap a1 a2
J=6 ay az agl,
Az a3 Q4
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then

(T,T)° = i(ﬁ —6J%).

We also observe that the discriminant of f is 5-(i* — 6J2%). Now write a2 as the
square of a linear form, and

F= o2 = at =i =
Then
H = (0343, a;)°
= 1(00)?a? + (ga)?0? + 4(0a) (g0)orgs a2
= £ [3(00)%? + 3(ga)%02 — 2(aq)?aal.
But
(a0 = (f,0)* = 5(aq)2,
(g0 = (£,2)° = 5l(0)*e? + 3(ag)e2).
Hence ) )
H = —=(aq)*f + 7 (g9)* 0. (108)

This shows that when H = 0, f is a fourth power since (aq)?, (qq)? are constants.
It now follows immediately that

T = (f,H) = (a0)(f, ac)o

Next if f contains two pairs of repeated factors, ¢2 is a perfect square, (gq)? = 0,
and T = 0. Conversely, without assumption that a2 is the square of a linear
form, if T'= 0, then
1
T,7)° = —(i® — 6J%) = 0,
(T.7)° = 51~ 6.%)
and f has at least one repeated factor. Let this be a,. Then from

T = L0’ (Fan)a? = 0,

we have either (¢q)? = 0, when ¢2 is also a perfect square, or (f,a,) = 0,
whenf = a2. Hence the condition 7' = 0 is both necessary and sufficient.



Chapter 4

REDUCTION

4.1 Gordan’s Series. The Quartic

The process of making reductions by means of identities, illustrated in Chapter
III, Section 3, is tedious. But we may by a generalizing process, prepare such
identities in such a way that the prepared identity will reduce certain extensive
types of concomitants with great facility. Such a prepared identity is the series
of Gordan.

4.1.1 Gordan’s series.

This is derived by rational operations upon the fundamental identity
agzby = ayby + (ab)(zy).

From the latter we have

apby = lgybwm—l— (ab)lgxy)]:b;"_m(n % m)
> k=0 (k)avyn_ by Rby =™ (ab)® (zy)k.

Since the left-hand member can represent any doubly binary form of degree-
order (m, n), we have here an expansion of such a function as a power series
in (zy). We proceed to reduce this series to a more advantageous form. We
construct the (n—k)th y-polar of

(B = (ab) b,

T )T

(109)

by the formula for the polar of a product (66). This gives
(anb bn)k

x ) Y/ yn—Fk
k
_ (ab)k 7&: m—k n—k qm—k—hghpym—k—hpn—m+h
(7 g \mm kb))

(110)

79
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Subtracting (ab)¥a v kpm= kb” "™ from each term under the summation and
remembering that the sum of the numerical coefficients in the polar of a product
is unity we immediately obtain

(ab)*ar = o —Fpp—m

_ @, (ab)* m"“( m—k )( n—k )
g 5 g kT rmAn—2k)
(—:Lka)hzl m—k—h)\n—m+h
—k—hpm—k—hpn—m( hph _ _hph
X a,’ b by~ " (agby — a,by). (111)

Aside from the factor () the left-hand member of (111) is the coefficient of
(xy)* in (109). Thus this coefficient is the (n—k)th polar of the kth transvectant
of a™, b minus terms which contain the factor (ab)**!(xy). We now use (111)
as a recursion formula, taking k = m,m — 1,.... This gives

(ab)™by =™ = (ay', by )y

Ay s z)y”—m’
1

-1 —m _ 1
(@b)™ aybyby ™™ = (ag', by )yn—mir — n—mio

T YT

(b (zy). (112)

We now proceed to prove by induction that

(ab) g =F 1T = g (a2
+an (@l )y s (wy) +
+a(ag b (ey) + (113)

)mfkfl

+ k- 1(04:5 ;b;l)nib m(‘ry ’

where the a’s are constants. The first steps of the induction are given by (112).
Assuming (113) we prove that the relation is true when k is replaced by k — 1.
By Taylor’s theorem

Tl el =t 1 (E— D) bty o (6= D)2t (E—1) + .
Hence
(albl—albl) = tn_1(ab)" (xy)" + th_a(ab)" ' (zy)" ' ayb, + .
+ th,i(ab)hf”l(xy)h*iﬂaéflb?l A+ to(ab)(:cy) h= lbh 1 (114)
Hence (111) may be written

(ab)ka TR = (a0

1) »Yx
m—k h
+ Z ZAhz ab h—i+k+1 ;n k—h+i— 1bm k—h+i— 1bn m( y)h—z+1’ (115)
h=1 i=1
in which the coefficients Aj,; are numerical. But the terms

Ty = (ab)~ gkttt (i — g > h 2 1,4 < h)
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for all values of h, i are already known by (112), (113) as linear combinations
of polars of transvectants; the type of expression whose proof we seek. Hence
since (115) is linear in the Ty, its terms can immediately be arranged in a form
which is precisely (113) with & replaced by k — 1. This proves the statement.
We now substitute from (113) in (109) for all values of k. The result can
obviously be arranged in the form
ay'by = Co(a, b )yn + C1(a] ,bx)@l,n—l(ﬂﬁy) +o (116)

Y

+ (@ b)) (xy) + -+ Coag' ) ()™

It remains to determine the coefficients C;. By (911) of Chapter III we have,
after operating upon both sides of (116) by €/ and then placing y = z,

m!n!

(m —5)(n—j)!

Solving for C;, placing the result in (116) (j = 0,1,...,m), and writing the
result as a summation,

(ab) m— gbn 7 Cj(m+n_J+1)

ab)la™ Iy,

e~ (1))
@y by = Z (m+n]fj+1)(

zy) (b

x> T)y L—j

(117)

Jj=0

This is Gordan’s series.

To put this result in a more useful, and at the same time a more general form
let us multiply (117) by (ab)” and change m, n into m — r, n — r respectively.
Thus

m—r mf'r) nfr .
SO0 iam gt (115)

§=0 ( j )

If we operate on this equation by (z ) (y-Z 2k, we obtain the respective for-
mulas

(ab) al' " bibn "R

m—r\ (n—r—k
:ZMW G (119)
(ab)ramfrfk kbnfr

m r— k:)(n r) o

= Z m+n 2r ]+1)( y) ( 2 bn) n—j—r+k:* (120)

It is now desirable to recall the standard method of transvection; replace y; by
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¢2, Y2 by —c; in (119) and multiply by ¢2~"*"+* with the result

(ab)r(bc)nfrfkangrblccc;gfn+r+k

m—r\ (n—r—k
B AR L e (121)

m+n 2r J+1)
J J

Likewise from (120)

(ab)r(bc) (ac)kam r— kcp n+r—=k

m—r—k\ (m—r
_ Z ju(( m bn)JﬂLT,CZ)n*J’*TWLk. (122)

m+n 2r j+1) $’ x
J

The left-hand member of equation (121) is unaltered in value except for the
factor (—1)"~* by the replacements a ~ ¢,m ~ p,r ~n —r — k; and likewise
(122) is unaltered except for the factor (—1)"** by the replacements a ~ ¢, m ~
p,7 ~ n —r. The right-hand members are however altered in form by these
changes. If the changes are made in (121) and if we write f =07, g = a*, h =
. a; =0,a =n—1r—k,a3 =1, we obtain

Z( )

m((ﬁ )t h)eatez

D‘IZ )( )((f; )a2+] )a1+a3*j’ (123)

n+p 2a0— J+1)
J J

where we have
g +ag Fn,az+ap Fm,a +as Fp, (1241)

together with oy = 0.

If the corresponding changes, given above, are made in (122) and if we write
a1 = k,a0 =n —r,a3 = r, we obtain the equation (123) again, precisely. Also
relations (124;) reproduce, but there is the additional restriction as + az = n.
Thus (123) holds true in two categories of cases, viz. (1) ay = 0 with (124;),
and (2) ag + a3 = n with (124;). We write series (123) under the abbreviation

I g9 h
n m pliastazFnazta Fm,al+as Fp,
Q] Q2 O3

(1) a1 = O7
(ii) a1 + ag = n.
It is of very great value as an instrument in performing reductions. We proceed

to illustrate this fact by proving certain transvectants to be reducible.
Consider (A, Q) of Table I.
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Here n = p = 2, m = 3, and we may take oy = 0, ag = a3 = 1, giving the series

A f A

2 3 2|,

0 1 1
that is,

(A, ), ) + S8, % A)° = (A, A), )+ (A, A, 1)
But
(A,A) =0, (A, )2 =0,(A,A)? = R.

Hence

(8.@)= (A, f),8) = S RF,

which was to be proved.

Next let f = a™ be any binary form and H = (f, f)? its Hessian. We wish
to show that ((f, f)2, f)? is always reducible and to perform the reduction by
Gordan’s series. Here we may employ

P
031’

and since (f, f)?"*1 = 0, this gives at once

m—1\ /3 m—1\ /3 m—3 1
%22(1)(00, 27+ (;in%f?’)((f, AL = %«ﬁ HLHC.
") (! ")

Solving we obtain

m—3
2(2m —5)

m—3

m((f,f)4,f)0:

(D50 = if, (124)
where i = (f, f)*.

Hence when m 2 4 this transvectant is always reducible.

4.1.2 The quartic.

By means of Gordan’s series all of the reductions indicated in Table I and the
corresponding ones for the analogous table for the quartic, Table II below, can
be very readily made. Many reductions for forms of higher order and indeed
for a general order can likewise be made (Cf. (124)). It has been shown by
Stroh! that certain classes of transvectants cannot be reduced by this series but
the simplest members of such a class occur for forms of higher order than the

1Stroh; Mathematische Annalen, vol. 31.
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fourth. An example where the series will fail, due to Stroh, is in connection
with the decimic f = al®. The transvectant

(£, ) )

is not reducible by the series in its original form although it is a reducible co-
variant. A series discovered by Stroh will, theoretically, make all reductions,
but it is rather difficult to apply, and moreover we shall presently develop pow-
erful methods of reduction which largely obviate the necessity of its use. Stroh’s
series is derived by operations upon the identity (ab)c, + (bc)ay + (ca)by = 0.

TABLE IT
r=1 r=2 r=3 r=4
(f )" 0 H 0 i
(f, H)" T Lif 0 J
(f, 1) | 5(if*—6H?) 0 1(Jf —iH) 0
(H,H)" 0 1(2Jf —iH) 0 242
(H,T) | +(Jf*—ifH) 0 = (2f —6JH) 0
(T, 7)" 0 5 (2 f* 4+ 6iH* — 12J fH) 0 0

We infer from Table IT that the complete irreducible system of the quartic

consists of

L H, T, J

This will be proved later in this chapter. Some of this set have already been

derived in terms of the actual coefficients (cf. (701)).

They are given below.

These are readily derived by non-symbolical transvection (Chap. III) or by
the method of expanding their symbolical expressions and then expressing the
symbols in terms of the actual coefficients (Chap. III, Section 2).

4 2,2 4
f = aox] + dayxizy + 6agarics + dagziws + agws,

H = 2[(apay — a?)z] + 2(apas — aras)x3as

+ (apas + 2a1a3 — 3a3)xizi + 2(a1aq — asaz)rirs + (azas — al)as),

2 3\..6 2 2 2 5
T = (agas — 3apaiaz + 2a3)x] + (agas + 2apaiaz — 9aga; + 6ajaz)xixs

2 4,2 2 2y..3..3
+ 5(aparas — 3agasas + 2aias)rizs + 10(ajas — apasz)xixs

2\ 2
+ 5(—agagaq + 3arazaq — 2a103)TiT5

4

+ (9a4a3 — a3ag — 2a1a3a4 — 6azas)x 25

2 3
+ (3azazay — aray — 2a3)xs,

6

— 2(@0@4 —4aqiaz + 3@%),

J:6a1

ap aip az
=6 2 3 2 2

az ag| = 6(apazas + 2a1a2a3 — a5 — apaz — aias).

az a3z a4

(125)

These concomitants may be expressed in terms of the roots by the methods of
Chapter III, Section 4, and in terms of the Aronhold symbols by the standard
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method of transvection. To give a fresh illustration of the latter method we
select T'= (f,H) = —(H, f). Then

(H, f) = ((ab)*a2b3, c3)

- e (Y],

= %(ab) (be)azb,cd + - (ab) *(ac)azbizd
= (ab)?*(ac)azbc3.

Similar processes give the others. We tabulate the complete totality of such
results below. The reader will find it very instructive to develop these results
in detail.

Except for numerical factors these may also be written

f = aDa@a®a®

€T

(32412,

H =3 (ol o)l

7= Y (eial a0 a0l (126)
i= Y (a0 a0 o)’

= 3 a0 0l (oD Dol

It should be remarked that the formula (90) for the general rth transvectant
of Chapter III, Section 2 may be employed to great advantage in representing
concomitants in terms of the roots.

With reference to the reductions given in Table IT we shall again derive in de-
tail only such as are typical, to show the power of Gordan’s series in performing
reductions. The reduction of (f, H)? has been given above (cf. (124)).

We have

(_T,H)3 = ((va)7H)3 = (HaT)3'

Here we employ the series

o~
SCRN,
H»ka
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This gives

3
Z Hf1+JH

j=0 j Jj=0 j

H H)3+] f)l_j~

Substitution of the values of the transvectants (H, f)", H, H)* gives

1 2
57 (Z6TH +°).

The series for (T,T)? = ((f, H),T)? is

(H,T)* =

f H T
4 4 6|,
0 2 1

((f H), 1) + ((f, H)?,T) = ((f, ) H) + %((ﬂ )%, h)°.

But 1
(T,T)* = —E(Ff2 +6iH? —12JH),

Hence, making use of the third line in Table II,
1
(T,T)% = —E(z’QfQ +6iH? —12JHf),

which we wished to prove. The reader will find it profitable to perform all of the
reductions indicated in Table II by these methods, beginning with the simple
cases and proceeding to the more complicated.

4.2 Theorems on Transvectants

We shall now prove a series of very far-reaching theorems on transvectants.

4.2.1 Monomial concomitant a term of a transvectant

Every monomial expression, ¢, in Aronhold symbolical letters of the type pecu-
liar to the invariant theory, i.e. involving the two types of factors (ab), ay;

¢ = H (ab)Pact...alblcy ...,

is a term of a determinate transvectant.

In proof let us select some definite symbolical letter as a and in all deter-
minant factors of ¢ which involve a set a; = —y2, az = y1. Then ¢ may be
separated into three factors, i.e.

¢ = PQaf,
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where @ is an aggregate of factors of the one type by, Q = bzcg..., and P is a
symbolical expression of the same general type as the original ¢ but involving
one less symbolical letter,

p = (be)*(bd)"...b5cT ...

x

Now PQ does not involve a. It is, moreover, a term of some polar whose index
r is equal to the order of @ in y. To obtain the form whose rth polar contains
the term PQ it is only necessary to let y = x in PQ since the latter will then go
back into the original polarized form (Chap. Ill, Section 1, I). Hence ¢ is a term
of the result of polarizing (PQ)y=,7 times, changing y into ¢ and multiplying
this result by a®. Hence by the standard method of transvection ¢ is a term of
the transvectant

(PQ)y=s,az"P)"(r +p=m). (127)
For illustration consider

¢ = (ab)?(ac)(be)azbyc?

Placing a ~ y in (ab)?(ac) we have
2 2 2

¢ = —byc;(be)bsci - ay

Placing y ~ z in ¢’ we obtain
¢" = —(be)bEcia,.
Thus ¢ is a term of
A= (=(bo)bics, az)’.

In fact the complete transvectant A is

1

1 9 2 2 9 2 2
+A= —%(bc)(ca)saxbi—%(bc)(ca) (ba)ambzcm—%(bc)(ca)(ba) azbyc?——(be)(ba)3a,c?

20
and ¢ is its third term.

DEFINITION.

The mechanical rule by which one obtains the transvectant (ab)a™ 1b6™~1 from
the product '}, consisting of folding one letter from each symbolical form
al, b into a determinant (ab) and diminishing exponents by unity, is called
convolution. Thus one may obtain (ab)?(ac)a,b2cs from (ab)albici by convo-

xr-xrTr
lution.

4.2.2 Theorem on the difference between two terms of a
transvectant.

Theorem. (1) The difference between any two terms of a transvectant is equal
to a sum of terms each of which is a term of a transvectant of lower index of
forms obtained from the forms in the original transvectant by convolution.
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(2) The difference between the whole transvectant and one of its terms is
equal to a sum of terms each of which is a term of a transvectant of lower index
of forms obtained from the original forms by convolution (Gordan).

In proof of this theorem we consider the process of constructing the formula
for the general rth transvectant in Chapter III, Section 5. In particular we
examine the structure of a transvectant-like formula (89). Two terms of this
or of any transvectant are said to be adjacent when they differ only in the
arrangement of the letters in a pair of symbolical factors. An examination of a
formula such as (89) shows that two terms can be adjacent in any one of three
ways, Viz.:

(1) p(a(i)g(j))(a(h)/g(k)) and p(a(t)g(k))(a(h)lg(j))’
(2) P(a®B5))al and P(a® B0))al?,
(3) P(a®@B)8) and P(a®p™)5,
where P involves symbols from both forms f, g as a rule, and both types of

symbolical factors.
The differences between the adjacent terms are in these cases respectively

(1) Pa®al)(3050),
(2) P(a@aM)gy”,
(3) P(B®)3D)al.
These follow directly from the reduction identities, i.e. from formulas (99),
(100).
Now, taking f, g to be slightly more comprehensive than in (89), let

f=40Ma® oM,

g=BoMsY .5,

where A and B involve only factors of the first type (v4). Then formula (90)
holds true;

1 Z (a(l)g(l))(a@)g@) L (a(r)g(ﬂ)
A~ [ aPal 0050

and the difference between any two adjacent terms of (f,¢)” is a term in which
at least one factor of type (af) is replaced by one of type (aa’) or of type
(B86"). There then remain in the term only 7 — 1 factors of type (a(3). Hence
this difference is a term of a transvectant of lower index of forms obtained from
the original forms f, g by convolution.

For illustration, two adjacent terms of ((ab)2a2b2,ct)? are

[ i

(f,9)" = fa|-

T

(ab)?(ac)*b2c2, (ab)*(ac)(be)agbyc?.

Tr-x

The difference between these terms, viz. (ab)3(ac)byc2, is a term of

((ab)gawbxv Ci)a
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and the first form of this latter transvectant may be obtained from (ab)?a2b?
by convolution.

Now let t1, t2 be any two terms of (f,g)”. Then we may place between t1,
to a series of terms of (f, g)™ such that any term of the series,

t1,t11,t12, .- -, t1i, to

is adjacent to those on either side of it. For it is always possible to obtain ¢, from
t1 by a finite number of interchanges of pairs of letters,—a pair being composed
either of two a’s or else of two 3’s. But

t1 —ta = (t1 — t11) + (f11 — t12) + ... + (t1 — t2),

and all differences on the right are differences between adjacent terms, for which
the theorem was proved above. Thus the part (1) of the theorem is proved for
all types of terms.

Next if ¢ is any term of (f,g)”, we have, since the number of terms of this

transvectant is
m\ (n
r! ,

1
J9) —t= T > 128

‘\r T

1
S ()
A =
and by the first part of the theorem and on account of the form of the right-
hand member of the last formula this is equal to a linear expression of terms of
transvectants of lower index of forms obtained from f, g by convolution.

4.2.3 Difference between a transvectant and one of its
terms.

The difference between any transvectant and one of its terms is a linear combi-
nation of transvectants of lower index of forms obtained from the original forms
by convolution.

Formula (128) shows that any term equals the transvectant of which it is a
term plus terms of transvectants of lower index. Take one of the latter terms
and apply the same result (128) to it. It equals the transvectant of index
s < 7 of which it is a term plus terms of transvectant of index < s of forms
obtained from the original forms by convolution. Repeating these steps we
arrive at transvectants of index 0 between forms derived from the original forms
by convolution, and so after not more than 7 applications of this process the
right-hand side of (128) is reduced to the type of expression described in the
theorem.

Now on account of the Theorem I of this section we may go one step farther.
As proved there every monomial symbolical expression is a term of a determinate
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transvectant one of whose forms is the simple f = a* of degree-order (1,m).
Since the only convolution applicable to the form a" is the vacuous convolution
producing al* itself, Theorem III gives the following result:

Let ¢ be any monomial expression in the symbols of a single form f, and
let some symbol a occur in precisely r determinant factors. Then ¢ equals a
linear combination of transvectants of index < r of a?* and forms obtained from
(PQ)g=y (cf. (127)) by convolution.

For illustration

¢ = (ab)®(be)*azcs = ((ab)?azbic,)” — ((ab)’asby, ;) + %((ab)4vci)0~

It may also be noted that (PQ)y=, and all forms obtained from it by convo-
lution are of degree one less than the degree of ¢ in the coeflicients of f. Hence
by reasoning inductively from the degrees 1, 2 to the degree ¢ we have the result:

Theorem. Fvery concomitant of degree i of a form f is given by transvectants
of the type A

(Cifl, f)lv
where the forms C;_1 are all concomitants of f of degree i — 1. (See Chap. III,
§2, VIL.)

4.3 Reduction of Transvectant Systems

We proceed to apply some of these theorems.

4.3.1 Reducible transvectants of a special type. (C;_1, f)".

The theorem given in the last paragraph of Section 2 will now be amplified by
another proof. Suppose that the complete set of irreducible concomitants of
degrees < i of a single form is known. Let these be

fu’yl7’727"' y Vks

and let it be required to find all irreducible concomitants of degree i. The only
concomitant of degree unity is f = a}'. All of degree 2 are given by

(f, )7 = (ab)Taz" " Tb T,

where, of course, 7 is even. A covariant of degree i is an aggregate of symbolical
products each containing ¢ symbols. Let C; be one of these products, and a one
of the symbols. Then by Section 2 C; is a term of a transvectant

(Ci—la z;n)z,

where C;_1 is a symbolical monomial containing ¢ — 1 symbols, i.e. of degree
1 — 1. Hence by Theorem II of Section 2,

Ci=(Cict, 1)+ Y _(Cia £ (3 < 9, (129)
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where C;_; is a monomial derived from C;_; by convolution. Now C;_q, C;_1
being of degree ¢ — 1 are rational integral expressions in the irreducible forms
71, ,vk. That is they are polynomials in f,v1,...,7, the terms of which
are of the type

Gi1 = fU ek

Hence C; is a sum of transvectants of the type

(¢i-1, £)'(j S m),

and since any covariant of f, of degree i is a linear combination of terms of the
type of C;, all concomitants of degree i are expressible in terms of transvectants
of the type

(611, £, (130)

where ¢;_1 is a monomial expression in f,~vi,...,v, of degree i — 1, as just
explained.

In order to find all irreducible concomitants of a stated degree i we need
now to develop a method of finding what transvectants of (130) are reducible
in terms of f,7y1,...,7,. With this end in view let ¢;_1 = po, where p,o are
also monomials in f,v1,...,7, of degrees < i — 1. Let p be a*form of order nq;
p=p, and 0 = ¢22. Then assume that j < na, the order of 0. Hence we have

(Pi1, ) = (Do, al).

Then in the ordinary way by the standard method of transvection we have the
following:

(Pi-1,f); = K{pglagz_jai}y:aa;”_j 4.
ZKp(o'7f)j+... . (131>

Hence if py now represents (o, f)7, then pps is a term of (¢;_1, f), so that

(b1, ) =pp2+ > (6i_1, F)2(5 < j). (132)

Evidently p, ps are both covariants of degree /Iti and hence are reducible in terms
of f,v1, - ,7%. Now we have the right to assume that we are constructing the
irreducible concomitants of degree i by proceeding from transvectants of a stated
index to those of the next higher index, i.e. we assume these transvectants to be
ordered according to increasing indices. This being true, all of the transvectants
(¢i—1, f)7" at the stage of the investigation indicated by (132) will be known

in terms of f,v1,---,7% or known to be irreducible, those that are so, since
j'/ltj. Hence (132) shows (¢p;_1, f) to be reducible since it is a polynomial in
f,71, -, and such concomitants of degree i as are already known.

The principal conclusion from this discussion therefore is that irreducible
concomitants of degree i are obtained only from transvectants (¢;_1, f)7 for
which no factor of order = j occurs in ¢; 1. Thus for instance if m = 4, (2, f)?
is reducible for all values of j since f? contains the factor f of order 4 and j
cannot exceed 4.

We note that if a form v is an invariant it may be omitted when we form
¢i_1, for if it is present (¢;_1, f)? will be reducible by (80).
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4.3.2 Fundamental systems of cubic and quartic.

Let m = 3 (cf. Table I). Then f = a2 is the only concomitant of degree 1.
There is one of degree 2, the Hessian (f, f)? = A. Now all forms ¢ of (¢, f)?
are included in

¢2 = faAﬂa

and either « = 2,8 = 0, or a = 0,3 = 1. But (f?, f)? is reducible for all
values of j since f2 contains the factor f of order 3 and j % 3. Hence the only
transvectants which could give irreducible concomitants of degree 3 are

(Avf)j (] = 1’2)'

But (A, f)? = 0 (cf. Table I). In fact the series

frr
3 3 3
1 2 1

gives 2((f, )%, 1) = =((f, /)%, f)? = —=(A, f)> = 0. Hence there is one irre-
ducible covariant of degree 3, e.g.

(A>f) =—Q.

Proceeding to the degree 4, there are three possibilities for ¢3 in (¢3, f)7.
These are ¢3 = f3, fA,Q. Since 5 # 3 (f3, )7, (fA, )/ (j = 1,2,3) are all
reducible by Section 3, I. Of (@, f) (5 = 1,2, 3),(Q, f)?> = 0, as has been proved
before (cf. (102)), and (Q, f) = $A? by the Gordan series (cf. Table I)

fAaf
3 2 3
0 1 1

Hence (Q, f)® = —R is the only irreducible case. Next the degree 5 must be
treated. We may have

¢)4:f47f2Aan7RaA2'

But R is an invariant, A is of order 2, and @ of order 3. Hence since j % 3
in (¢4, f)7 the only possibility for an irreducible form is (A2, f)7, and this is
reducible by the principle of I if j < 3. But

(A% f)? = (07677, a3)° = (8a)*(8'a)d;, = (87, (da)®az) = 0.

For (6a)%a, = (A, f)? = 0, as shown above. Hence there are no irreducible
concomitants of degree 5. It immediately follows that there are none of degree
> 5, either, since ¢5 in (¢s, f)7 is a more complicated monomial than ¢, in
the same forms f,A,Q and all the resulting concomitants have been proved
reducible.
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Consequently the complete irreducible system of concomitants of f, which
may be called the fundamental system (Salmon) of f is

f7A7Q7R'

Next let us derive the system for the quartic f; m = 4. The concomitants
of degree 2 are (f, f)2 = H, (f, f)* = i. Those of degree 3 are to be found from

(Hmf)](J = 1,27374)~

Of these (f, H) = T and is irreducible; (f, H)* = J is irreducible, and, as has
been proved, (H, f)? = £if (cf. (124)). Also from the series

rrr
4 4 4],
1 3 1

(H, f)? = 0. For the degree four we have in (¢3, f)
¢3 = f37 fHa T,

all of which contain factors of order = j % 4 except T. From Table II all of the
transvectants (T, f)?(j = 1,2, 3,4) are reducible or vanish, as has been, or may
be proved by Gordan’s series. Consider one case; (T, f)*. Applying the series

f H f
4 4 4,
1 3 1
we obtain 3
((fﬂH)vf)4 = _((faH)2af)3 - E((f,H)3,f)2

But ((f,H)?, f)® = %i(f, f)? =0;and (f, H)® = 0 from the proof above. Hence

((va)af)4 = (T7f)4 =0.

There are no other irreducible forms since ¢4 in (¢4, f)* will be a monomial in
f, H, T more complicated than ¢3. Hence the fundamental system of f consists
of

%

f’H’T’i7J;

It is worthy of note that this has been completely derived by the principles of
this section together with Gordan’s series.

4.3.3 Reducible transvectants in general.

In the transvectants studied in (I) of this section, e.g. (¢;_1, f)?, the second
form is simple, f = a}', of the first degree. It is possible and now desirable to
extend those methods of proving certain transvectants to be reducible to the
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more general case where both forms in the transvectants are monomials in other
concomitants of lesser degree.

Consider two systems of binary forms, an (A) system and a (B) system. Let
the forms of these systems be

(A): Ay, Ag, ..., Ag, of orders aq,aq, . . ., ai respectively;
and

(B): By, Bs,..., By, of orders by, b, ..., by respectively.
Suppose these forms expressed in the Aronhold symbolism and let

¢=AP A LAY =B"By,...B).

Then a system (C') is said to be the system derived by transvection from (A)
and (B) when it includes all terms in all transvectants of the type

(6, 9)". (133)

Evidently the problem of reducibility presents itself for analysis immediately.
For let

¢ = po, ¥ = pv,
and suppose that j can be separated into two integers,
J=J1+J2

such that the transvectants A
(P, )", (o, v)"

both exist and are different from zero. Then the process employed in proving
formula (132) shows directly that (¢,)? contains terms which are products of
terms of (p, p)®* and terms of (o, v)%, that is, contains reducible terms.

In order to discover what transvectants of the (C) system contain reducible
terms we employ an extension of the method of Paragraph (I) of this section.
This may be adequately explained in connection with two special systems

(4) = f.(B) =i,
where f is a cubic and ¢ is a quadratic. Here
(C) = (9, 9)" = (f*,¢")"
Since f® must not contain a factor of order > j, we have
3a—3<j<3a;j =3a,3a — 1,3 — 2.

Also
28-2<5<2B;5=23,20-1

Consistent with these conditions we have
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Of these, (f2,i?)* contains terms of the product (f,7)?(f,)?, that is, reducible
terms. Also (f2,i%)% is reducible by (f,4)? (f,i%)%. In the same way (f3,i%)7,
...all contain reducible terms. Hence the transvectants of (C) which do not
contain reducible terms are six in number, viz.

L (F0), (f,0)%, (F,4%)°, (f,3%)°.

The reader will find it very instructive to find for other and more complicated
(A) and (B) systems the transvectants of (C') which do not contain reducible
terms. It will be found that the irreducible transvectants are in all cases finite
in number. This will be proved as a theorem in the next chapter.

4.4 Syzygies

We can prove that m is a superior limit to the number of functionally indepen-
dent invariants and covariants of a single binary form f = a* of order m. The
totality of independent relations which can and do subsist among the quantities

xlvl'%mllax;aagvai(i =0,... am)a )‘17)‘27N17ﬂ27M = ()\‘LL)

are m + 4 in number. These are

m—1i

o = af aL(i =0,...,m);x1 = M) + 12y, T2 = A + p2axh;
M = Mg — Aapir.

When one eliminates from these relations the four variables A1, Aa, p1, 2 there
result at most m relations. This is the maximum number of equations which can
exist between o, a;(i = 0,...,m),x1,z2, 2,25, and M. That is, if a greater
number of relations between the latter quantities are assumed, extraneous con-
ditions, not implied in the invariant problem, are imposed upon the coefficients
and variables. But a concomitant relation

plady, ..., ol xh, xh) = MFp(ag, ..., Qm, z1,22)

is an equation in the transformed coefficients and variables, the untransformed
coefficients and variables and M. Hence there cannot be more than m alge-
braically independent concomitants as stated.

Now the fundamental system of a cubic contains four concomitants which are
such that no one of them is a rational integral function of the remaining three.
The present theory shows, however, that there must be a relation between the
four which will give one as a function of the other three although this function
is not a rational integral function. Such a relation is called a syzygy (Cayley).
Since the fundamental system of a quartic contains five members these must also
be connected by one syzygy. We shall discover that the fundamental system of
a quintic contains twenty-three members. The number of syzygies for a form of
high order is accordingly very large. In fact it is possible to deduce a complete
set of syzygies for such a form in several ways. There is, for instance, a class of
theorems on Jacobians which furnishes an advantageous method of constructing
syzygies. We proceed to prove these theorems.
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4.4.1 Reducibility of ((f,g),h).

Theorem. If f g, h are three binary forms, of respective orders n,m,p all
greater than unity, the iterated Jacobian ((f,g),h) is reducible.

The three series

fg n
n om pl,
0 1 1
hf g
p n om|,
0 1 1
g h f
m p n
0 1 1
give the respective results
-1 -1
(19 0) = (£, 1).9) + =5 (g = 2 = (f.9)*h,
1 1
(e £)o9) = (), ) = L m g (g = (),
1 1
((g: 1), f) = (g, f), h) + #(%ﬂzh - miiH(g’h)Qf'

We add these equations and divide through by 2, noting that (f,g) = —(g, f),
and obtain

((f’ g)vh) =

n—m

Smrn—29) 9)*h + %(f, B2 — = (g, h)F. (134)

2

This formula constitutes the proof of the theorem. It may also be proved
readily by transvection and the use of reduction identity (101).

4.4.2 Product of two Jacobians.

Theorem. Ife =a',f =02,9 = &, h = di are four binary forms of orders
greater than unity, then

(e, )9 1) =~ 5,0+ 3)es W fg + 3 (F9)eh — 2 (f,9)%o. (135)

We first prove two new symbolical identities. By an elementary rule for
expanding determinants
CL% a1a9 a%
b2 biby b3 = —(ab)(bc)(ca).
C% C1C2 C%
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Hence

a? ajay a3||d: —2dedy d?
b2 byby B3| |e2  —2e0e; €2
G ace G||f5 2ffi
= 2(ab)(be)(ca)(de)(ef)(fd)
(ad)® (ae)® (af)?
=[(bd)> (be)2 (bf)?]. (136)

(cd)* (ce)® (cf)?

In this identity set ¢; = —x2,c0 = x1, f1 = —x2, fo = 1.
Then (136) gives the identity.

(ad)®  (ae)? a3
2(ab)(de)azbydye, = [(bd)* (be)? b2|. (137)
d? e2 0

We now have

(e, f)(g,h) = (a,b)(c;d)ay 0y~ Hdd ™
(ac)® (ad)? a2

x
=1am—21);—2c§—2d3—2 (be)?  (bd)? b2

2 e &0

by (137). Expanding the right-hand side we have formula (135) immediately.

4.5 The square of a Jacobian.

The square of a Jacobian J = (f, g) is given by the formula

—2J% = (£, 1?9+ (9,9)°f* = 2(f,9)* fg. (138)

This follows directly from (135) by the replacements

e=f,f=99=fh=yg.

4.5.1 Syzygies for the cubic and quartic forms.

In formula (138) let us make the replacements J = @, f = f,g = A, where f is
a cubic, A is its Hessian, and @ is the Jacobian (f, A). Then by Table I
S =2Q%+ A%+ RF? =0. (139)

This is the required syzygy connecting the members of the fundamental system
of the cubic.

Next let f, H,T,1,J be the fundamental system of a quartic f. Then, since
T is a Jacobian, let J =T, f = f, g = H in (138), and we have

—2T?% = H® — 2(f, H)*fH + (H, H)* f*.



98 CHAPTER 4. REDUCTION

But by Table II
9 1. o 1 .
Hence we obtain
1 1
S:2T2+H3—§if2H+§Jf3:O. (140)

This is the syzygy connecting the members of the fundamental system of the
quartic.

Of the twenty-three members of a system of the quintic nine are expressible
as Jacobians (cf. Table IV, Chap. VI). If these are combined in pairs and
substituted in (135), and substituted singly in (138), there result 45 syzygies
of the type just derived. For references on this subject the reader may consult
Meyer’s ” Bericht ueber den gegenwértigen Stand der Invariantentheorie” in the
Jahresbericht der Deutschen Mathematiker-Vereinigung for 1890-91.

4.5.2 Syzygies derived from canonical forms.
We shall prove that the binary cubic form,
f= aoxf + 3&1.’17%.’1]2 + 3a2x1x§ + agacg,
may be reduced to the form,
f=X>+Y?,

by a linear transformation with non-vanishing modulus. In general a binary
quantic f of order m has m + 1 coefficients. If it is transformed by

T:x1 = M2y + s, 12 = Mz + powh,

four new quantities A1, g1, Ao, p2 are involved in the coefficients of f’. Hence
no binary form of order m with less than m — 3 arbitrary coefficients can be
the transformed of a general quantic of order TO by a linear transformation.
Any quantic of order m having just m — 3 arbitrary quantities involved in its
coefficients and which can be proved to be the transformed of the general form f
by a linear transformation of non-vanishing modulus is called a canonical form
of f. We proceed to reduce the cubic form f to the canonical form X3 + Y3,
Assume

f=aox?+...=pi(z1 +o122)® + po(21 + aprs)® = X3 + Y3, (140,)

This requires that f be transformable into its canonical form by the inverse of
the transformations

1 1 1 1
S: X =pix1+piaix,Y =pdx1 +psaxe.
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We must now show that pi, ps, a1, @s may actually be determined, and that the
determination is unique. Equating coefficients in (140;) we have
P1 + P2 = ao,
aip1 + azpe = ai, (1402)
aipr + azps = ag,

3 3
a1p1 + asps = as.

Hence the following matrix, M, must be of rank 2:

1 o o of
M=|1 a; a3 a3

Qg Q1 Qo Q3

From M = 0 result

1 o o 1 o o
1 az a3|=0,]1 a oi|=0.
Qo Q1 2 ap Gy a3

Expanding the determinants we have

Pap + Qag + Ras = 0,
Pay + Qas + Rag =0,

Also, evidently
P+ Qo; +Ra? =0(i = 1,2)

Therefore our conditions will all be consistent if a7, s are determined as the
roots, & + &2, of

1 (7)) (651 (65
—A = a1 (6%} az| = 0.

2 & —4H4& &

This latter determinant is evidently the Hessian of f, divided by 2. Thus the
complete reduction of f to its canonical form is accomplished by solving its
Hessian covariant for the roots ag, @, and then solving the first two equations
of (1405) for p1,ps. The inverse of S will then transform f into X3 + Y3. The
determinant of S is

D = (p1-p2)¥(az - au),

and D # 0 unless the Hessian has equal roots. Thus the necessary and sufficient
condition in order that the canonical reduction be possible is that the discrim-
inant of the Hessian (which is also the discriminant, R, of the cubic f) should
not vanish. If R = 0, a canonical form of f is evidently X2Y.

Among the problems that can be solved by means of the canonical form are,
(a) the determination of the roots of the cubic f = 0 from

X3 47?3 = (X +Y)(X +wY)(X +w?Y).
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w being an imaginary cube root of unity, and (b) the determination of the
syzygy among the concomitants of f. We now solve problem (b). From Table
I, by substituting ag = a3 = 1,13 = as = 0, we have the fundamental system
of the canonical form:

X3 4+Y32XY, X3 Y3 —2.

Now we may regard the original form f to be the transformed form of X3 4 Y3
under S. Hence, since the modulus of S is D, we have the four invariant relations

f=X>+Y?
A =2D?*XY,
Q=D}X*-Y?),
R=-Db%.2.

It is an easy process to eliminate D, X,Y from these four equations. The result
is the required syzygy:
fPR4+2Q*+ A% =0

A general binary quartic can be reduced to the canonical form (Cayley)
Xt Yt 4 6mX?Y?
a ternary cubic to the form (Hesse)
X +Y?+ 2%+ 6mXY Z.

An elegant reduction of the binary quartic to its canonical form may be
obtained by means of the provectant operators of Chapter 111, Section 1, V. We
observe that we are to have identically

f=(ag,a1,...,a4)(x1,22)* = X7 + X3 +6mX X2,
where X1, X5 are linear in x1, x9;
X1 = a1y + aara, Xo = f121 + [az2.
Let the quadratic X; X be ¢ = (Ag, A1, A) (21, 22)2. Then

9 9\ :
8Q'X;1 = (Ao, A1, Az) <8x2’_8$1> X;‘l =0(j=12).

6mdq- XiX3 =12-2(4A0A; — AD)mX1 Xs = 120X X.

Equating the coefficients of x2, x122, 23 in the first equation above, after oper-
ating on both sides by dq, we now have

A0a2 — A1a1 + A2a0 = )\1407
1

Apaz — Ajaz + Azay = 5)\140,

A0a4 - A1a3 + AQCI,Q = )\AQ
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Forming the eliminant of these we have an equation which determines A, and
therefore m, in terms of the coefficients of the original quartic f. This eliminant
is

ap aq ags — A
1
a1 as + 5)\ as =0,
as — A as a4

or, after expanding it,
1 1
N CiN— T =
2z 3J 0,

where 4, J are the invariants of the quartic f determined in Chapter III, §1, V.
It follows that the proposed reduction of f to its canonical form can be made
in three ways.
A problem which was studied by Sylvester,? the reduction of the binary
sextic to the form
X? + 25+ X§ 4+ 30mXT X7 X3,

has been completely solved very recently by E. K. Wakeford.?

4.6 Hilbert’s Theorem

We shall now prove a very extraordinary theorem due to Hilbert on the reduction
of systems of quantics, which is in many ways closely connected with the theory
of syzygies. The proof here given is by Gordan. The original proof of Hilbert
may be consulted in his memoir in the Mathematische Annalen, volume 36.

4.6.1 Theorem

Theorem. If a homogeneous algebraical function of any number of variables be
formed according to any definite laws, then, although there may be an infinite
number of functions F satisfying the conditions laid down, nevertheless a finite
number Fi, Fo, ..., F. can always be found so that any other F' can be written
in the form

F=AF+AFR+--+AF,

where the A’ s are homogeneous integral functions of the variables but do not
necessarily satisfy the conditions for the F'’s.

An illustration of the theorem is the particular theorem that the equation of
any curve which passes through the intersections of two curves F; = 0, F» =0
is of the form

F = AlFl +A2F2 =0.

Here the law according to which the F’s are constructed is that the correspond-
ing curve shall pass through the stated intersections. There are an infinite
number of functions satisfying this law, all expressible as above, where A;, A

2Cambridge and Dublin Mathematical Journal, vol. 6 (1851), p. 293.
3Messenger of Mathematics, vol. 43 (1913-14), p. 25.
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are homogeneous in x1,xs,x3 but do not, as a rule, represent curves passing
through the intersections.
We first prove a lemma on monomials in n variables.

Lemma 1. If a monomial z'ak? .. zk»

.xyr, where the k’s are positive integers,
be formed so that the exponents ki ..., ky, satisfy prescribed conditions, then,
although the number of products satisfying the given conditions may be infinite,
nevertheless a finite number of them can be chosen so that every other is divisible

by one at least of this finite number.

To first illustrate this lemma suppose that the prescribed conditions are

2k + 3ko — k3 — kg =0, (141)
by + kg = koo + k.

Then monomials satisfying these conditions are

w2a2adal piaday, voxsa?, atrawiad, . ..
and all are divisible by at least one of the set zix3zy, Toz32].

Now if n = 1, the truth of the lemma is self-evident. For all of any set of
positive powers of one variable are divisible by that power which has the least
exponent. Proving by induction, assume that the lemma is true for monomials
of n — 1 letters and prove it true for n letters.

Let K = %252 .. zF» be a representative monomial of the set given by the
prescribed conditions and let P = 27232 ... 2% be a specific product of the
set. If K is not divisible by P, one of the numbers k must be less than the
corresponding number a. Let k,. < a,.. Then k, has one of the series of values

0,1,2,...,a, — 1,

that is, the number of ways that this can occur for a single exponent is finite
and equal to
N=ai+as+...+a,.

The cases are

k1 equals one of the series 0,1,--- ,a; — 1; (a1 cases),

k2 equals one of the series 0,1, -+ ,as — 1; (a2 cases), (142)

etc.

Now let k,, = m and suppose this to be case number p of (142). Then the n—
1 remaining exponents ki, ko, -+ ,kr—1,kry1," - , ky, satisfy definite conditions

which could be obtained by making k, = m in the original conditions. Let

_ k1 _ ko m kn _ . m gt
Ky, =a'wg =" ---al’ - ayr = a'K,

be a monomial of the system for which k. = m. Then K, contains only m — 1
letters and its exponents satisfy definite conditions which are such that xTKZ’)
satisfies the original conditions. Hence by hypothesis a finite number of mono-
mials of the type K, say,

Ly, Ly, -, Lg,,
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exist such that all monomials Kz/7 are divisible by at least one L. Hence K, =
J:TK]’D is divisible by at least one L, and so by at least one of the monomials

M®Y =Ly, M®) =2 Ly, -+, M{"™) = 2™ L, .

Also all of the latter set of monomials belong to the original system. Thus in
the case number p in (142) K is divisible by one of the monomials

1 2 a,
M}S),MZS),W »Mé »),

Now suppose that K is not divisible by P. Then one of the cases (142) certainly
arises and so K is always divisible by one of the products

M1<1>’M1<2>’... 7M1<a1>7M2<1>7M2<2>,,.. ’M2<az>’... 7MJ<VQN>,

or else by P. Hence if the lemma holds true for monomials in n — 1 letters, it
holds true for n letters, and is true universally.

We now proceed to the proof of the main theorem. Let the variables be
X1,- -, Xn and let F be a typical function of the system described in the theorem.
Construct an auxiliary system of functions n of the same variables under the
law that a function is an n function when it can be written in the form

n=SAF (143)

where the A’s are integral functions rendering n homogeneous, but not otherwise
restricted except in that the number of terms in 7 must be finite.
Evidently the class of n functions is closed with respect to linear operations.
That is,
YBn=Bin + Bang +... = XBAF = S A'F

is also an 7 function. Consider now a typical n function. Let its terms be
ordered in a normal order. The terms will be defined to be in normal order if
the terms of any pair,

, b1 b ,
S=x1'x52 .. e T = X11X22~~X?1”~

are ordered so that if the exponents a,b of S and T are read simultaneously
from left to right the term first to show an exponent less than the exponent in
the corresponding position in the other term occurs farthest to the right. If the
normal order of S, T is (S,T'), then T is said to be of lower rank than S. That
is, the terms of 77 are assumed to be arranged according to descending rank and
there is a term of highest and one of lowest rank. By hypothesis the 7 functions
are formed according to definite laws, and hence their first terms satisfy definite
laws relating to their exponents. By the lemma just proved we can choose a
finite number of n functions, 71,72, ...7, such that the first term of any other
7 is divisible by the first term of at least one of this number. Let the first term
of a definite n be divisible by the first term of 7,,, and let the quotient be P;.
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Then n — Py, is an n function, and its first term is of lower rank than the
first term of 7. Let this be denoted by

n = Pinm, +n.

Suppose next that the first term of (! is divisible by Nms; thus,
N = Py, + 1,

and the first term of 1(?) is of lower rank than that of n"). Continuing, we
obtain

77(T71) = P, + n(r)-

Then the first terms of the ordered set

are in normal order, and since there is a term of lowest rank in 77 we must have
for some value of r

0" = Panmga.
That is, we must eventually reach a point where there is no n function n("*+1) of

the same order as n and whose first term is of lower rank than the first term of
n("). Hence

n=Pinm, + Ponm, + ... + P7'+177m7~+1 (144)

and all n’s on the right-hand side are members of a definite finite set

’171,772,...,77p.

But by the original theorem and (143), every F is itself an n function. Hence
by (144)

F=AF+ A +...+ A F, (145)

where F;(i = 1,...,r) are the F functions involved linearly in n1,m2,..., 7.
This proves the theorem.

4.6.2 Linear Diophantine equations.

If the conditions imposed upon the exponents k consist of a set of linear Dio-
phantine equations like (141), the lemma proved above shows that there exists
a set of solutions finite in number by means of which any other solution can be
reduced. That is, this fact follows as an evident corollary.
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Let us treat this question in somewhat fuller detail by a direct analysis of the
solutions of equations (141). The second member of this pair has the solutions

ki, ko, k3, K,
1 o o0 1 1
2 0 1 o0 1
@ 1 0 1 o0
4 1 1 0 o0
G) 2 1 1 0
6@ 0 0 1 1

Of these the fifth is obtained by adding the first and the fourth; the sixth is
reducible as the sum of the third and the fourth, and so on. The sum or difference
of any two solutions of any such linear Diophantine equation is evidently again a
solution. Thus solutions (1), (2), (3), (4) of k1 + k4 = ko + k3 form the complete
set of irreducible solutions. Moreover, combining these, we see at once that the
general solution is

Dki=x+yko=x+zks=y+w,ks=2+w.
Now substitute these values in the first equation of (141)
2k1 + 3ky — 3ks — ky = 0.

There results
5r +y + 2z = 2w

By the trial method illustrated above we find that the irreducible solutions of
the latter are

r=2,w=5y=2,w=Lz=1lw=Lr=1y=1w=23,

where the letters not occurring are understood to be zero. The general solution
is here
(I) z =2a+d,y=2b+d,z =c,w=>5a+ b+ c+ 3d,

and if these be substituted in (I) we have
k1 =2a+ 2b+ 2dks = 2a + ¢+ dks = 5a + 3b+ ¢+ 4dks = 5a + b+ 2¢ + 3d
Therefore the only possible irreducible simultaneous solutions of (141) are

4

[\DO[\D[\D?
»—l»—lOl\Dt;?‘
oot d

o~

)
1
2
3
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But the first is the sum of solutions (3) and (4); and (4) is the sum of (2) and
(3). Hence (2) and (3) form the complete set of irreducible solutions referred to
in the corollary. The general solution of the pair is

k1 =2a,ke = B, ks = 3a, kg = o+ 205.
The corollary may now be stated thus:

Corollary 1. Every simultaneous set of linear homogeneous Diophantine equa-
tions possesses a set of irreducible solutions, finite in number.

A direct proof without reference to the present lemma is not difficult.* Ap-
plied to the given illustration of the above lemma on monomials the above
analysis shows that if the prescribed conditions on the exponents are given by
(141) then the complete system of monomials is given by

2.6, 3a+B _ a+23
T ToTg Ty )

where o and 3 range through all positive integral values independently. Every
monomial of the system is divisible by at least one of the set

2.3 2
$1I3$4, x2x3x4,

which corresponds to the irreducible solutions of the pair (141).

4.6.3 Finiteness of a system of syzygies.

A syzygy S among the members of a fundamental system of concomitants of a
form (cf. (140)) f,
LiIs,... .1,

is a polynomial in the I's formed according to the law that it will vanish iden-
tically when the I’s are expressed explicitly in terms of the coefficients and
variables of f. The totality of syzygies, therefore, is a system of polynomials
(in the invariants I) to which Hilbert’s theorem applies. It therefore follows at
once that there exists a finite number of syzygies,

S1,89,...,5,
such that any other syzygy S is expressible in the form
S=C1581+Cy5 +---+C.S, (146)

Moreover the C’s, being also polynomials in the I’s are themselves invariants of
f. Hence

Theorem. The number of irreducible syzygies among the concomitants of a
form f is finite, in the sense indicated by equation (146).

4Elliott, Algebra of Qualities, Chapter IX.
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4.7 Jordan’s Lemma

Many reduction problems in the theory of forms depend for their solution upon
a lemma due to Jordan which may be stated as follows:

Lemma 2. If u; +us+us = 0, then any product of powers of uy,us,us of order
n can be expressed linearly in terms of such products as contain one exponent
equal to or greater than %n

We shall obtain this result as a special case of a considerably more general
result embodied in a theorem on the representation of a binary form in terms
of other binary forms.

Theorem. If a;, by, cy,... are r distinct linear forms, and A,B,C, ... are bi-
nary forms of the respective orders ., 3,7, . .. where
a+pB+y+...=n—-r+1

then any binary form f of order n can be expressed in the form
f=a"" A+ PB4+ CMC+ ..,
and the expression is unique.

As an explicit illustration of this theorem we cite the case n = 3,7 = 2.
Then a+ 3 =2,a=0=1.

f = a2(poox1 + porx2) + b2 (proz1 + pr122) (147)

Since f, a binary cubic, contains four coefficients it is evident that this relation
(147) gives four linear nonhomogeneous equations for the determination of the
four unknowns pog, po1, P10, P11- Thus the theorem is true for this case provided
the determinant representing the consistency of these linear equations does not
vanish. Let a, = a1x1 + asxa, b, = bixy + baxo, and D = a1by — asb;. Then the
aforesaid determinant is

a? 0 b? 0

2a1 as a% 2b1 b2 b%
Cl% 2&1 ag b% 2b1 b2
0 a3 0 b2

This equals D*, and D # O on account of the hypothesis that a, and b, are
distinct. Hence the theorem is here true. In addition to this we can solve for
the p, and thus determine A, B explicitly. In the general case the number of
unknown coefficients on the right is

a+B8+y+...+r=n+1

Hence the theorem itself may be proved by constructing the corresponding con-
sistency determinant in the general case;® but it is perhaps more instructive to
proceed as follows:

5Cf. Transactions Amer. Math. Society, Vol. 15 (1914), p. 80.
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It is impossible to find r binary forms A, B, C, ... of orders a, (3,7, . .. where
a+f8+y+...=n—-r+1,
such that, identically,
E=a"“A+b" PB4+ 7CH+...=0.

In fact suppose that such an identity exists. Then operate upon both sides of
this relation o + 1 times with

Aeayd 40

a]— (ap = a121 + asxs).
8%1 8$2 *

Let g2 be any form of order n and take az = 0. Then

a+l n __ a+l n—a—a
A gm - k(al : 92) g{L’
_ a+l n—a—1 a+1l,_n—a—1 a+l n—a—2 a+2 n—a—2
= ki1a" g7 95 — 24 k2al™" g 9o "Xy

a+1 n—a—1
+ .ot kn_aalT gyl ,

where the k’s are numerical. Hence A“*1g" cannot vanish identically in case
as = 0, and therefore not in the general case as # 0, except when the last n — «
coeflicients of ¢ vanish: that is, unless ¢ contains a?~“ as a factor. Hence
+lp _ pn—a—B—1 —a—y—1
AR = pr-o=f=lpl 4 enmoa=r=lor 4o
where B’, C' are of orders 3,7, ... respectively. Now At E is an expression of

the same type as E, with r changed into r — 1 and n into n — «a — 1, as is verified
by the equation

B+v+...=n—a-1)—-(r-1)+l=n—-r+l-a

Thus if there is no such relation as ¥ = 0 for r — 1 linear forms a,,b,,...,
there certainly are none for r linear forms. But there is no relation for one
form (r = 1) save in the vacuous case (naturally excluded) where A vanishes
identically. Hence by induction the theorem is true for all values of 7.

Now a count of coefficients shows at once that any binary form f of order
n can be expressed linearly in terms of n + 1 binary forms of the same order.
Hence f is expressible in the form

f=a" YA+ PB4+ "D+ ...
That the expression is unique is evident. For if two such were possible, their

difference would be an identically vanishing expression of the type F = 0, and,
as just proved, none such exist. This proves the theorem.
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4.7.1 Jordan’s lemma.

Proceeding to the proof of the lemma, let ug = —(u1 + uz), supposing that
u1,ug replace the variables in the Theorem I just proved. Then ug,uq,us are
three linear forms and the Theorem I applies with r =3, a+ 8 +~v =n — 2.
Hence any homogeneous expression f in uq, us,us can be expressed in the form

WA+ Uy PB4+ ul T,

or, if we make the interchanges
n—a n—0F n—rvy
A 7 v

ut A+ uff B+ u4C, (148)

in the form

where
A+ pu+v=2n+2. (149)

Again integers \, i, v may always be chosen such that (149) is satisfied and

2 2
AZ-n,u2-nv > 3"
Hence Jordan’s lemma is proved.
A case of three linear forms w; for which u; + us + ug = 0 is furnished by
the identity
(ab)ey + (be)ay + (ca)b, = 0.

If we express A in (148) in terms of uy,us by means of uy + us + ug = 0, B
in terms of us,us, and C' in terms of ugz,u;, we have the conclusion that any
product of order n of (ab)cy, (bc)a,, (ca)b, can be expressed linearly in terms of

e " 2P 2

(ab)* (be)" Acqag ™2,
(be)™a”, (be)" " *(ca)al™ 1bgc,(bc) 2(ca)?a™ 02, . . .,

(be)(ca) " Hatbl =+ (150)
(ca)™by, (ca)™H(ab)by ™ ex, (ca)" 2 (ab)*by~cZ, ..,

(ca)”(ab)" ™ byey™",

where

2 2 2
Azg”aﬂign#zgn

It should be carefully noted for future reference that this monomial of order n in
the three expressions (ab)c,, (bc)a,, (ca)b, is thus expressed linearly in terms of
symbolical products in which there is always present a power of a determinant
of type (ab) equal to or greater than %n The weight of the coefficient of the
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leading term of a covariant is equal to the number of determinant factors of the
type (ab) in its symbolical expression. Therefore (150) shows that if this weight
w of a covariant of f does not exceed the order of the form f all covariants
having leading coefficients of weight w and degree 3 can be expressed linearly in
terms of those of grade not less than 2w. The same conclusion is easily shown

3
to hold for covariants of arbitrary weight.

4.8 Grade

The process of finding fundamental systems by passing step by step from those
members of one degree to those of the next higher degree, illustrated in Section
3 of this chapter, although capable of being applied successfully to the forms
of the first four orders fails for the higher orders on account of its complexity.
In fact the fundamental system of the quintic contains an invariant of degree
18 and consequently there would be at least eighteen successive steps in the
process. As a proof of the finiteness of the fundamental system of a form of
order n the process fails for the same reason. That is, it is impossible to tell
whether the system will be found after a finite number of steps or not.

In the next chapter we shall develop an analogous process in which it is
proved that the fundamental system will result after a finite number of steps.
This is a process of passing from the members of a given grade to those of the
next higher grade.

4.8.1 Definition.

The highest index of any determinant factor of the type (ab) in a monomial sym-
bolical concomitant is called the grade of that concomitant. Thus (ab)*(ac)?b2ct
is of grade 4. The terms of covariants (84), (87) are each of grade 2.

Whereas there is no upper limit to the degree of a concomitant of a form f
order n, it is evident that the maximum grade is n by the theory of the Aronhold
symbolism. Hence if we can find a method of passing from all members of the
fundamental system of f of one grade to all those of the next higher grade, this
will prove the finiteness of the system, since there would only be a finite number
of steps in this process. This is the plan of the proof of Gordan’s theorem in
the next chapter.

4.8.2 Grade of a covariant.

Theorem. Every covariant of a single form f of odd grade 2XA — 1 can be
transformed into an equivalent covariant of the next higher even grade 2.

We prove, more explicitly, that if a symbolical product contains a factor
(ab)?*~1 it can be transformed so as to be expressed in terms of products each
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containing the factor (ab)**. Let A be the product. Then by the principles of
Section 2A is a term of

((a/b)Z)\—1a2—§-1—2)\bg+1—2>\7 (b)'y
Hence by Theorem III of Section 2.

A= ((ab)Q)\—la7L+1—2>\bn+l—2>\ (b)'y + Z K(((ab)g)\_la;z+7172)\bg+172,\ (E)’Y/
T T 9 x 9 9
_ (151)
where 7/ < v and ¢ is a concomitant derived from ¢ by convolution, K being
numerical. Now the symbols are equivalent. Hence

w _ (ab)2>‘71a"+172)‘b"+172)‘ — —(ab)”‘*la"+172)‘b"+172>‘ _ 0
x x x x N
Hence all transvectants on the right-hand side of (151), in which no convolution
in v occurs, vanish. All remaining terms contain the symbolical factor (ab)?*,
which was to be proved.
DEFINITION. A terminology borrowed from the theory of numbers will now

be introduced. A symbolical product, A, which contains the factor (ab)” is said
to be congruent to zero modulo (ab)";

A = 0(mod (ab)").

Thus the covariant (84)
1 2
C= g(ab)g(ba)%i% + g(ab)2(aa)(ba)ambzax

gives

C = Z(ab)?(ac)(ba)agby o, (mod(ba)?).

[SSRN )

4.8.3 Covariant congruent to one of its terms

Theorem. Every covariant of f = al) = b = ... which is obtainable as a
covariant of (f, f)?* = g2~ = (ab)®**a?=2kp7—2k (Chap. 1I, §4) is congruent
to any definite one of its own terms modulo (ab)?*+!.

The form of such a concomitant monomial in the g symbols is

A= (9192)"(9193)" ... 97295 - --

Proceeding by the method of Section 2 of this chapter change g; into y; i.e.
g11 = Y2, 912 = —y1. Then A becomes a form of order 2n—4k in y, viz. ai”"lk =
B4k = ... Moreover

)

A= (a2n—4k 2n—4k)2n—4k — ( 2n—4k, (ab)Qkan—kaZL—2k)2n—4k

Y » I 1y @y Y
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by the standard method of transvection. Now this transvectant A is free from y.
Hence there are among its terms expressed in the symbols of f only two types
of adjacent terms, viz. (cf. §2, IT)

(da)(eb)P, (db)(ea)P.

The difference between A and one of its terms can therefore be arranged as
a succession of differences of adjacent terms of these two types and since P
involves (ab)2* any such difference is congruent to zero modulo (ab)?**!, which
proves the theorem.

4.8.4 Representation of a covariant of a covariant.

Theorem. If n = 4k, any covariant of the covariant
g2tk — (g)2kqn—2kpn—2k
s expressible in the form
Z Cops1 + (ab) 2 (bc)? (ca) 2T, (152)

where Cok41 represents a covariant of grade 2k + 1 at least, the second term
being absent (T'=0) if n is odd.

Every covariant of g2"~4* of a stated degree is expressible as a linear com-
bination of transvectants of g2"~** with covariants of the next lower degree (cf.
§2, III). Hence the theorem will be true if proved for T = (g2n—4k g2n—4k)o
the covariants of second degree of this form. By the foregoing theorem T is
congruent to any one of its own terms mod (ab)?**!. Hence if we prove the
present theorem for a stated term of T, the conclusion will follow. In order to

select a term from T we first find T by the standard transvection process (cf.

Chap. III, §2). We have after writing s = n — 2k for brevity, and ab% = a2*
T = (ab)?* (cd)?* Z %ciftdif‘”t (ca)t(da)?ta2t 0. (153)
t=0 o

Now the terms of this expression involving a may be obtained by polarizing
a2 t times with respect to y, o —t times with respect to z, and changing y into
c and z into d. Performing these operations upon a;b; we obtain for T,

T=23.2 i Kruo(ab)?* (cd)** (ac)* (ad)® (be)' =" (bd) "~

t=0 u=0v=0
Xy U m (154)

where Ky, is numerical. Evidently o is even.
We select as a representative term the one for which t = o, u =v =0.
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This is
¢ — (ab)2k(bc)a(Cd)2ka;L72kb272kfaC;Lkafad;172k.

Assume n = 4k. Then by Section 6,

¢ _ (ab)Zk(bc)a(Ca)2kag—4kbg—2k—acg—2k—a

can be expressed in terms of covariants whose grade is greater than 2k unless
o =2k = 5. Also in the latter case v is the invariant

¥ = (ab)¥ (be)’? (ca)?.

It will be seen at once that n must then be divisible by 4. Next we transform ¢
by (cd)a, = (ad)c, — (ac)d,. The result is

2k

2 ) . ) )

¢/ = Z < f)( b)Qk(bC)U(Ca)Z(ad)Zk_zag_4kbz_zk_acg_o_zdg_gk—m.
i=0

(I) Now if o > k, we have from Section 6 that ¢ is of grade > % - 3k, i.e.
> 2k, or else contains (ab)? (bc)? (ca)? i.e.

¢ = Copsr+ (ab)? (be)? (ca) 3 T. (155)

(IT) Suppose then oleggk. Then in ¢’, since ¢ = 2k has been treated under
1) above, we have either

(a)i 2 k,

or
(b)2k —i > k.

In case (a) (155) follows directly from Section 6. In case (b) the same con-
clusion follows from the argument in (I). Hence the theorem is proved.
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Chapter 5

GORDAN’S THEOREM

We are now in position to prove the celebrated theorem that every concomitant
of a binary form f is expressible as a rational and integral algebraical function of
a definite finite set of the concomitants of f. Gordan was the first to accomplish
the proof of this theorem (1868), and for this reason it has been called Gordan’s
theorem. Unsuccessful attempts to prove the theorem had been made before
Gordan’s proof was announced.

The sequence of introductory lemmas, which are proved below, is that which
was first given by Gordan in his third proof (cf. Vorlesungen uber Invarianten-
theorie, Vol. 2, part 3). ' The proof of the theorem itself is somewhat simpler
than the original proof. This simplification has been accomplished by the the-
orems resulting from Jordan’s lemma, given in the preceding chapter.

5.1 Proof of the Theorem

We proceed to the proof of a series of introductory lemmas followed by the
finiteness proof.

5.1.1 Lemma

Lemma 3. If (A) : Ay, As, ..., A is a system of binary forms of respective
orders ay,as,...,ax, and (B) : By, Ba,..., By, a system of respective orders by
b1,b2,...,b;, and if

¢ =ASTAS2 . A% = BBy ... B

denote any two products for which the a’s and the (3’s are all positive integers
(or zero), then the number of transvectants of the type of

T=(¢,9)

which do not contain reducible terms is finite.

LCf. Grace and Young; Algebra of Invariants (1903).
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To prove this, assume that any term of 7 contains p symbols of the forms
A not in second order determinant combinations with a symbol of the B forms,
and o symbols of the B’s not in combination with a symbol of the A’s. Then
evidently we have for the total number of symbols in this term, from (A) and
(B) respectively,

a1 + agae + ...+ apag = p+ 4,
b1B1+ b2+ ...+ b8 =047 (156)

To each positive integral solution of the equations (156), considered as equa-
tions in the quantities «, 3, p, o, j, will correspond definite products¢, ) and a
definite index j, and hence a definite transvectant 7. But as was proved (Chap.
IV, Section 3, III), if the solution corresponding to (¢,)7 is the sum of those
corresponding to (¢y,11)7t and (¢a,12)72, then 7 certainly contains reducible
terms. In other words transvectants corresponding to reducible solutions con-
tain reducible terms. But the number of irreducible solutions of (156) is finite
(Chap. IV, Section 5, II). Hence the number of transvectants of the type 7
which do not contain reducible terms is finite. A method of finding the irre-
ducible transvectants was given in Section 3, III of the preceding chapter.

Definitions.

A system of forms (A) is said to be complete when any expression derived by
convolution from a product ¢ of powers of the forms (A) is itself a rational
integral function of the forms (A).

A system (A) will be called relatively complete for the modulus G consisting
of the product of a number of symbolical determinants when any expression
derived by convolution from a product ¢ is a rational integral function of the
forms (A) together with terms containing G as a factor.

As an illustration of these definitions we may observe that

f=a=- A= (ab)*r,b,,Q = (ab)*(ca)byc2,
R = (ab)*(cd)?(ac)(bd)

is a complete system. For it is the fundamental system of a cubic f, and hence
any expression derived by convolution from a product of powers of these four
concomitants is a rational integral function of f, A, @, R.

Again f itself forms a system relatively complete modulo (ab)?.

Definition.

A system (A) is said to be relatively complete for the set of moduli G1,Ga, -
when any expression derived from a product of powers of A forms by convolution
is a rational integral function of A forms together with terms containing at least
one of the moduli G1,Gs,-- as a factor.
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In illustration it can be proved (cf. Chap. IV, §7, IV) that in the complete
system derived for the quartic

H = (ab)*a>b?

rx)

any expression derived by convolution from a power of H is rational and integral
in H and

G1 = (ab)*, Gy = (bc)?(ca)?(ab)?.
Thus H is a system which is relatively complete with regard to the two moduli
G1 = (ab)*, G2 = (be)*(ca)?(ab)®.

Evidently a complete system is also relatively complete for any set of moduli.
We call such a system absolutely complete.

Definitions.

The system (C) derived by transvection from the systems (A), (B) contains an
infinite number of forms. Nevertheless (C) is called a finite system when all
its members are expressible as rational integral algebraic functions of a finite
number of them.

The system (C) is called relatively finite with respect to a set of moduli
G1,Ga, ... when every form of (C) is expressible as a rational integral algebraic
function of a finite number of the forms (C) together with terms containing at
least one of the moduli G1,Gs, ... as a factor.

The system of all concomitants of a cubic f is absolutely finite, since every
concomitant is expressible rationally and integrally in terms of f, A, @, R.

Lemma 4. If the systems (A), (B) are both finite and complete, then the system
(C) derived from them by transvection is finite and complete.

We first prove that the system (C) is finite. Let us first arrange the transvec-
tants

T=(¢,9)

in an ordered array
T1,T2y 3 Try s 7(157)

the process of ordering being defined as follows:

(a) Transvectants are arranged in order of ascending total degree of the
product ¢ in the coefficients of the forms in the two systems (A), (B).

(b) Transvectants for which the total degree is the same are arranged in order
of ascending indices j; and further than this the order is immaterial.

Now let ¢,t' be any two terms of 7. Then

(t—t) =269 (' < j),
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where ¢ is a form derived by convolution from ¢. But by hypothesis (A), (B)
are complete systems. Hence ¢, are rational and integral in the forms A, B
respectively,

¢ = F(A),v = G(B).

Therefore (¢,1)7 can be expressed in terms of transvectants of the type 7 (i.e.
belonging to (C')) of index less than j and hence coming before 7 in the ordered
array (157). But if we assume that the forms of (C) derived from all transvec-
tants before 7 can be expressed rationally and integrally in terms of a finite
number of the forms of (C),

C1,Co,...,C,
then all C’s up to and including those derived from

7= (¢, 9)
can be expressed in terms of
Cy,Cs, ..., Cht.

But if 7 contains a reducible term ¢ = t1t5 then since 1, to must both arise from
transvectants before 7 in the ordered array no term ¢ need be added and all C’s
up to and including those derived from 7 are expressible in terms of

C1,Cy,...,Ch.

Thus in building by this procedure a system of C’s in terms of which all forms
of (C) can be expressed we need to add a new member only when we come to
a transvectant in (157) which contains no reducible term. But the number of
such transvectants in (C') is finite. Hence, a finite number of C’s can be chosen
such that every other is a rational function of these.

The proof that (C) is finite is now finished, but we may note that a set of
C’s in terms of which all others are expressible may be chosen in various ways,
since t in the above is any term of 7. Moreover since the difference between any
two terms of 7 is expressible in terms of transvectants before 7 in the ordered
array we may choose instead of a single term ¢ of an irreducible 7 = (¢, )7,
an aggregate of any number of terms or even the whole transvectant and it
will remain true that every form of (C) can be expressed as a rational integral
algebraic function of the members of the finite system so chosen.

We next prove that the finite system constructed as above is complete.

Let

017027"'a07'

be the finite system. Then we are to prove that any expression X derived by
convolution from

X=Crcy...cr
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is a rational integral algebraic function of C1,...,C,. Assume that X contains
p second-order determinant factors in which a symbol from an (A) form is in
combination with a symbol belonging to a (B) form.

Then X is a term of a transvectant (¢,)”, where ¢ contains symbols from
system (A) only, and 1) contains symbols from (B) only. Then ¢ must be
derivable by convolution from a product ¢ of the A’s and ¢ from a product v
of B forms. Moreover

X = (6.9 + > (0.9 (0 <p),

and (Z,iz having been derived by convolution from ¢, ), respectively, are ulti-
mately so derivable from ¢, . But

¢=F(4), ¢=0G(B)
and so X is expressed as an aggregate of transvectants of the type of

T=(6,0)"
But it was proved above that every term of 7 is a rational integral function of
Ci,...,C,.

Hence X is such a function; which was to be proved.

5.1.2 Lemma

Lemma 5. If a finite system of forms (A), all the members of which are covari-
ants of a binary form f, includes f and is relatively complete for the modulus
G'; and if, in addition, a finite system (B) is relatively complete for the mod-
ulus G and includes one form By whose only determinantal factors are those
constituting G', then the system (C) derived by transvection from (A) and (B)
is relatively finite and complete for the modulus G.

In order to illustrate this lemma before proving it let (A) consist of one form
f=a3=---, and (B) of two forms

A = (ab)?azbs, R = (ab)?(ac)(bd)(cd)?.

Then (A) is relatively complete for the modulus G’ = (ab)?. Also B is absolutely
complete, for it is the fundamental system of the Hessian of f. Hence the lemma
states that (C) should be absolutely complete. This is obvious. For (C') consists
of the fundamental system of the cubic,

[AQR,

and other covariants of f.
We divide the proof of the lemma into two parts.
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Part 1. First, we prove the fact that if P be an expression derived by convo-
lution from a power of f, then any term, t, of ¢ = (P,4)* can be expressed as
an aggregate of transvectants of the type

T=(6,9),

in which the degree of ¢ is at most equal to the degree of P. Here ¢ and 1) are
products of powers of forms (A), (B) respectively, and by the statement of the
lemma (A) contains only covariants of f and includes f itself.

This fact is evident when the degree of P is zero. To establish an inductive
proof we assume it true when the degree of P is < r and note that

t=(Py) + S(P,9) (i <i),
and, inasmuch as P and P are derived by convolution from a power of f,

P=F(A)+GY = F(A4) (modG"),
P=F(A)+GY =F'(A) (mod Q).

Also
Y = ®(B) + GZ = ®(B)( mod G).

Hence t contains terms of three types (a), (b), (¢).

(a) Transvectants of the type (F(A), ¢(B)), the degree of F'(A) being r, the
degree of P.

(b) Transvectants of type (G'Y,4)*, G'Y being of the same degree as P.

(¢) Terms congruent to zero modulo G.

Now for (a) the fact to be proved is obvious. For (b), we note that G'Y can
be derived by convolution from B; f*, where s < r. Hence any term of (G'Y,v)*
can be derived by convolution from Bj f®i and is expressible in the form

> (P, Biv),

where P’ is derived by convolution from f* and is of degree < r. But by
hypothesis every term in these latter transvectants is expressible as an aggregate

= Z((b, ¥) (modulo G),

inasmuch as
B1v¢ = ®(B)(modulo G).

But in this (¢,1)" ¢ is of degree < s < r. Hence

t= (¢,¢) (mod G),

and the desired inductive proof is established.
As a corollary to the fact just proved we note that if P contain the factor
G', then any term in

(P,v)’
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can be expressed in the form

PCRDE (158)

where the degree of ¢ is less than that of P.

Part 2. We now present the second part of the proof of the original lemma,
and first to prove that (C) is relatively finite modulo G.

We postulate that the transvectants of the system (C) are arranged in an
ordered array defined as follows by (a), (b), (¢).

(a) The transvectants of (C) shall be arranged in order of ascending degree
of ¢1p, assuming the transvectants to be of the type 7 = (¢,v)7.

(b) Those for which the degree of ¢ is the same shall be arranged in order
of ascending degree of ¢.

(¢) Transvectants for which both degrees are the same shall be arranged in
order of ascending index j; and further than this the ordering is immaterial.

Let ¢, t' be any two terms of 7. Then

t'—t=3(6,4)' (' <J).
Also by the hypotheses of the lemma
¢=F(A)+GY, ¢ = ®(B)+GZ.

Hence
t' —t = N(F(A),®(B)) + 2(G'Y, ®(B))’ (modG).

Now transvectants of the type (F(A),®(B)) belong before 7 in the ordered
array since j/ < j and the degree of F(A) is the same as that of ¢. Again
(G"Y,®(B))? can by the above corollary (158) be expressed in the form

P CRA
where the degree of ¢’ is less than that of G'Y and hence less than that of ¢.
Consequently, t’ — ¢ can be written

' —t="(¢" 0"y + Y (¢, ¢') (mod G),

where the degree of ¢” is the same as that of ¢ and where j'/Itj, and where
the degree of ¢ is less than that of ¢. Therefore if all terms of transvectants
coming before

T =(¢,9)"
in the ordered array are expressible rationally and integrally in terms of

C1,Cs,...,Cq,

except for terms congruent to zero modulo G, then all terms of transvectants
up to and including T can be so expressed in terms of

C17C27"'7Cq7t5
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where ¢ is any term of 7. As in the proof of lemma 2, if 7 contains a reducible
term t = t1to, t does not need to be added to

017027"'50q7

since then ¢, to are terms of transvectants coming before /tau in the ordered
array. Hence, in building up the system of C’s in terms of which all forms of
(C) are rationally expressible modulo G, by proceeding from one transvectant
T to the next in the array, we add a new member to the system only when we
come to a transvectant containing no reducible term. But the number of such
irreducible transvectants in (C) is finite. Hence (C') is relatively finite modulo G.
Note that C, ..., C, may be chosen by selecting one term from each irreducible
transvectant in (C).
Finally we prove that (C) is relatively complete modulo G. Any term X
derived by convolution from
X=CrCy...Ce

[

is a term of a transvectant (¢, )", where, as previously, ¢ is derived by convo-
lution from a product of A forms and v from a product of B forms. Then

X =600 +%0.9) 0 <p.
That is, X is an aggregate of transvectants (¢,v)?,¢ = P can be derived by
convolution from a power of f, and
¥ = ®(B) (mod G).
Thus,
X =) (P,®(B))’ (mod G)
=) _(P¢)? (mod G)

= (¢,¥)" (mod G)

where ¢ is of degree not greater than the degree of P, by the first part of the
proof. But all transvectants of the last type are expressible as rational integral
functions of a finite number of C’s modulo G. Hence the system (C') is relatively
complete, as well as finite, modulo G.

5.1.3 Corollary

Corollary 2. If the system (B) is absolutely complete then (C) is absolutely
complete.

Corollary 3. If (B) is relatively complete for two moduli Gy, G and contains
a form whose only determinantal factors are those constituting G', then the
system (C') is relatively complete for the two moduli G1, Gs.
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5.1.4 Theorem

Theorem. The system of all concomitants of a binary form f =al = ... of
order n is finite.

The proof of this theorem can now be readily accomplished in view of the
theorems in Paragraphs III, IV of Chapter IV, Section 7, and lemma 3 just
proved.

The system consisting of f itself is relatively complete modulo (ab)?. It
is a finite system also, and hence it satisfies the hypotheses regarding (A) in
lemma 3. This system (A) = f may then be used to start an inductive proof
concerning systems satisfying lemma 3. That is we assume that we know a
finite system Ajp_; which consists entirely of covariants of f, which includes
f, and which is relatively complete modulo (ab)?*. Since every covariant of f
can be derived from f by convolution it is a rational integral function of the
forms in Aj_; except for terms involving the factor (ab)?*. We then seek to
construct a subsidiary finite system Bj_; which includes one form B; whose
only determinant factors are (ab)?* = G’, and which is relatively complete
modulo (ab)?¥*2 = G. Then the system derived by transvection from A;_; and
By_1 will be relatively finite and complete modulo (ab)?**2. That is, it will
be the system Aj. This procedure, then, will establish completely an inductive
process by which we construct the system concomitants of f relatively finite
and complete modulo (ab)?**2 from the set finite and complete modulo (ab)?*,
and since the maximum grade is n we obtain by a finite number of steps an
absolutely finite and complete system of concomitants of f. Thus the finiteness
of the system of all concomitants of f will be proved.

Now in view of the theorems quoted above the subsidiary system Bj_; is
easily constructed, and is comparatively simple. We select for the form B; of
the lemma

By = (ab)**a"=2kpn=2F = p,.

Next we set apart for separate consideration the case (¢) n = 4k. The remaining
cases are (a) n > 4k, and (b) n < 4k.

(a) By Theorem IV of Section 7 in the preceding chapter if n > 4k any form
derived by convolution from a power of hy is of grade 2k 4+ 1 at least and hence
can be transformed so as to be of grade 2k + 2 (Chap. IV, §7, II). Hence hy,
itself forms a system which is relatively finite and complete modulo (ab)2¥+2
and is the system Bj_1 required.

(b) If n < 4k then hy is of order less than n. But in the problem of con-
structing fundamental systems we may proceed from the forms of lower degree
to those of the higher. Hence we may assume that the fundamental system of
any form of order < n is known. Hence in this case (b) we know the fundamen-
tal system of hy. But by III of Chapter IV, Section 7 any concomitant of hy is
congruent to any one of this concomitant’s own terms modulo (ab)?**1. Hence
if we select one term from each member of the known fundamental system of hy
we have a system which is relatively finite and complete modulo (ab)?**2; that
is, the required system Bj_1.
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(c) Next consider the case n = 4k. Here by Section 7, IV of the preceding
chapter the system Bj_1 = hy is relatively finite and complete with respect to
two moduli

Gl _ (ab)2k+2,G2 _ (ab)Zlc(bc)21~c(cd)2k7

and G5 is an invariant of f. Thus by corollary 2 of lemma 3 the system, as Cy
derived by transvection from Ax_1 and By_; is relatively finite and complete
with respect to the two moduli G, Gy. Hence, if C, represents any form of the
system C}, obtained from a form of Cj by convolution,

ék = Fl(Ck) + G2P1 (mod(ab)2k+2)‘

Here P, is a covariant of degree less than the degree of Cj. Hence P, may be
derived by convolution from f, and so

P = Fg(ck) + Gng(mod(ab)2k+2),

and then P; is a covariant of degree less than the degree of P1. By repetitions
of this process we finally express Cj as a polynomial in

Gz = (ab)** (be)** (ca)™",

whose coefficients are all covariants of f belonging to Cj, together with terms
containing Gy = (ab)?**2 as a factor, i.e.

ék = F1(0k> + GQFQ(Ck) + G%Fg(ck) + -+ GEFT(Ck)(mOdGl).

Hence if we adjoin G2 to the system C we have a system Ay which is relatively
finite and complete modulo (ab)2*+2.

Therefore in all cases (a), (b), (¢) we have been able to construct a system Ay,
relatively finite and complete modulo (ab)?*2 from the system Aj_; relatively
finite and complete modulo (ab)?*. Since Ay evidently consists of f itself the
required induction is complete.

Finally, consider what the circumstances will be when we come to the end
of the sequence of moduli

(ab)?, (ab)*, (ab)®, -~ .

If n is even, n = 2g, the system A,_; is relatively finite and complete
modulo (ab)?* = (ab)™. The system B,_; consists of the invariant (ab)" and
hence is absolutely finite and complete. Hence, since A, is absolutely finite and
complete, the irreducible transvectants of A, constitute the fundamental system
of f. Moreover A, consists of A,_; and the invariant (ab)”.

If n is odd, n = 2¢g 4+ 1, then A,_; contains f and is relatively finite and
complete modulo (ab)?9. The system.B,_ is here the fundamental system of
the quadratic (ab)*9a,b, e.g.

B,_1 = {(ab)*9a,b,, (ab)*?(ac)(bd)(cd)**}.
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This system is relatively finite and complete modulo (ab)?9*!. But this modulus

is zero since the symbols are equivalent. Hence B,_; is absolutely finite and

complete and by lemma 34, will be absolutely finite and complete. Then the

set of irreducible transvectants in A, is the fundamental system of f.
Gordan’s theorem has now been proved.

5.2 Fundamental Systems of the Cubic and Quar-
tic by the Gordan Process

It will now be clear that the proof in the preceding section not only establishes
the existence of a finite fundamental system of concomitants of a binary form
f of order n, but it also provides an inductive procedure by which this system
may be constructed.

5.2.1 System of the cubic.

For illustration let n = 3,
fea=p=
The system Ag is f itself. The system By is the fundamental system of the

single form
hi = (ab)*azb,,

since hy is of order less than 3. That is,
By = {(ab)*azb,, D}

where D is the discriminant of hy. Then A; is the system of transvectants of
the type of
7= (f*h’ D).
But By is absolutely finite and complete. Hence A; is also.
Now D belongs to this system, being given by « = 8 = j = 0,y = 1. If
7 > 0 then 7 is reducible unless v = 0, since D is an invariant. Hence, we have
to consider which transvectants

T=(f"HYY

are irreducible. But in Chapter IV, Section 3 II, we have proved that the
only one of these transvectants which is irreducible is Q = (f, h1). Hence, the
irreducible members of A; consist of

Al = {fahvavD}v
or in the notation previously introduced,
Al = {f7 A? Q7 R}

But By is absolutely complete and finite. Hence these irreducible forms of A;
constitute the fundamental system of f.
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5.2.2 System of the quartic.
Let f =at =b%=.... Then Ay = {f}. Here By is the single form

By = (ab)2a2t2,
and By is relatively finite and complete (modd(ab)*, (ab)?(bc)?(ca)?). The sys-
tem C7 of transvectants .

= (f Y

is relatively finite and complete (modd(ab)?, (ab)?(bc)?(ca)?). In 7 if j > 1, 7
contains a term with the factor (ab)?(ac)? which is congruent to zero with respect
to the two moduli. Hence j = 1, and by the theory of reducible transvectants
(Chap. IV, Section 3, III)

da — 4 < j < Aa,

or a = 1,08 = 1. The members of C; which are irreducible with respect to the
two moduli are therefore

fahla (fahl)

Then
Av = {f, h1, (f, 1), J = (ab)?(be)?(ca)®}.

Next B; consists of i = (ab)* and is absolutely complete. Hence, writing h; =
H,(f, h1) =T, the fundamental system of f is

f7H7T7i7J'



Chapter 6

FUNDAMENTAL
SYSTEMS

In this chapter we shall develop, by the methods and processes of preceding
chapters, typical fundamental systems of concomitants of single forms and of
sets of forms.

6.1 Simultaneous Systems

In Chapter V, Section 1, II, it has been proved that if a system of forms (A)
is both finite and complete, and a second system (B) is also both finite and
complete, then the system (5) derived from (A) and (A) by transvection is finite
and complete. In view of Gordan’s theorem this proves that the simultaneous
system of any two binary quantics f,g is finite, and that this simultaneous
system may be found from the respective systems of f and g by transvection.
Similarly for a set of n quantics.

6.1.1 Linear form and quadratic.

The complete system of two linear forms consists of the two forms themselves
and their eliminant. For a linear form [ = [, and a quadratic f, we have

(A) =1,(B)={f.D}.
Then S consists of the transvectants
S={(f*D%1")°}.

Since D is an invariant S is reducible unless 8 = 0. Also § < ~, and unless
§ =1, (f*,17)? is reducible by means of the product

(Fo00)°(1, 700

127
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Hence v = §. Again, by
(Fomh 72072 (2,
S is reducible if § > 2. Hence the fundamental system of f and [ is
S={f, D1, (f.0),(f,1*)}.
When expressed in terms of the actual coefficients these forms are
l:a0$1+a19§2:lm:l;:...,
f= bol’% + 2b1x1T0 + bg(I}% = ai = bi =...
D = 2(boby = b3 = (ab)?,
(f,l) e (b0a1 - blao)l‘l + (b1a1 - bg(lo)xg e (al)ax,
(f,1%)? = bga? — 2byapay + baal = (al)(al’).

6.1.2 Linear form and cubic.

Ifl=1, and f =a2 =03 = ..., then (cf. Table I),

(4) ={1};(B) = {/,A,Q, R},

and
S = (f*A°Q R 1),

Since R is an invariant € = 0 for an irreducible transvectant. Also n = § as in
(I). If @ # 0 then, by the product

(£ P (FotafQr1072)
S is reducible unless 6 < 3, and if § < 3 S is reducible by
(£’ (F1A"QY, 1)
unless =~ =0, @ = 1. Thus the fundamental system of f and [ is
S = {LAQRL(f1),(f,%)% (£,
(8,0, (A, 1)%,(@,1),(Q.1%)*,(Q. 1°)°}.
6.1.3 Two quadratics.
Let f=a2=a?;g=02=b2=.... Then
(A)={f.D1}, (B)={g, D2}, §=(f*D{.g"D3)"
Here =9 =0. Also

20 > €>2a—1,
27 26227_17
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and consistent with these we have the fundamental system

S:{fagvD1;D27(fvg)v(fvg)2}‘ (61)

Written explicitly, these quantities are

2 2.2 2 2
f=aox] + 2012120 + a525 =as =a; =+,

g =boxt +2b1x139 + boxd =02 =b2=-.. |
Dy = 2(agay — a?) = (ad’)?,
Dy = 2(boby — b7) = (b0')?,
J=(f.9)
= (apb1 — a1bo)z? + (aobs — asbo)z122 + (ar1by — azby)x3 = (ab)aybs,
h=(f,9)* = aoby — 2a1b1 + asby = (ab)®.

6.1.4 Quadratic and cubic.

Consider next the simultaneous system of f = a2 = a2 =--- g =03 = b2 =
-+-. In this case

(A) ={f,D},(B) = {g,A,Q, R}, S = (f*D”,g"A*Q°R%)".

In order that S may be irreducible, 3 = d = 0. Then in case v > 2 and b # 0,
S = (f*, g*APQ°)" is reducible by means of the product

(f7 A)2<fa_1, gaAb—lQC)’y—Z.
Hence only three types of transvectants can be irreducible;
(fi ), (£, )%, (f*,9°Q%)".

The first two are, in fact irreducible. Also in the third type if we take ¢ = 0, the
irreducible transvectants given by (f<, g*)? will be those determined in Chapter
IV, Section 3, III, and are

£r9,(F:9), (F,9)% (£2,9)%, (£2, 4)°.

If ¢ > 1, we may substitute in our transvectant (f<, g*Q¢)” the syzygy
1, ..
Q= *i(Ad + Rg*);

and hence all transvectants with ¢ > 1 are reducible. Taking a = 0,c = 1 we
note that (f, Q) is reducible because it is the Jacobian of a Jacobian. Then the
only irreducible cases are

(£, Q)% (% Q).
Finally if ¢ = 1, a # 0, the only irreducible transvectant is

(f%,9Q)°.

Therefore the fundamental system of a binary cubic and a binary quadratic
consists of the fifteen concomitants given in Table III below.
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TABLE III
ORDER

DEGREE 0 1 2 3
1 / g
2 D (f,9)° A | (f.9)
3 (LA [ (e [(hA) ] @
4 R (f,Q)?
) (f%,9°)° | (f%,Q)°
7 (f%,9Q)°

6.2 System of the Quintic

The most powerful process known for the discovery of a fundamental system
of a single binary form is the process of Gordan developed in the preceding
chapter. In order to summarize briefly the essential steps in this process let
the form be f. Construct, then, the system Ag which is finite and complete
modulo (ab)?, i.e. a system of forms which are not expressible in terms of forms
congruent to zero modulo (ab)?. Next construct Aj, the corresponding system
modulo (ab)?, and continue this step by step process until the system which is
finite and complete modulo (ab)™ is reached. In order to construct the system
Ay which is compl